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Abstract

In this paper, we devote to investigating the blow-up of solutions of a quasilinear
parabolic equation with non-local boundary conditions. By constructing
appropriate auxiliary function, combined with the improved differential inequality
technique, we establish conditions to guarantee the solution blows up in a finite
time.Moreover, upper and lower bounds estimation of the blow-up time are
derived.
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1. INTRODUCTION

The blow-up phenomena of the solutions for nonlinear parabolic problems have aroused
widespread concern of researchers.Recently,a vast literature on the study of blow-up
phenomena and the bounds for the blow-up time of parabolic equations and system(see
[1-10]).As we all know,the solution of the parabolic problems may remain bounded or
blow up at finite time.When blow up occurs,the blow-up time cannot be determined
explicitly.So,it’s essential for us to do estimation about the upper and lower bounds of
the blow-up time.In this paper,we consider the following quasilinear parabolic equation
with nonlocal boundary conditions.
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
(g(u))t = ∇ · (ρ(u)∇u) + b(t) f (u), in D × (0, t∗),
∂u
∂ν

= k(t)
∫

D
h(u)dx, on ∂D × (0, t∗),

u(x, 0) = u0(x) ≥ 0, in D,

(1.1)

where D represents a bounded convex region in Rn(n ≥ 2) with smooth boundary
∂D,∂u

∂ν
is the outward normal derivatives on ∂D,and (0, t∗) is the maximum existence

interval of time.We assume that g′(s) > 0 for all s > 0 ,suppose that f and h
are nonnegative C1(R+) functions,b, k are the positive boundedC1(R+) functions,ρ is
positive C2(R+) functions,and u0(x) is nonnegative C1(D) functions which satisfy the
compatibility condition and u0(x) . 0,x ∈ D. It follows from the parabolic maximum
principle[16]that the solution of(1.1)is nonnegative in x ∈ D and t ∈ [0, t∗).

In order to finish our research,we focus on the following works.Marras and Vernier Piro
[11]studied the following equations

ut = ∆u + k1(t) f (u), in Ω × (0, t∗),
∂u
∂ν

= k2(t)
∫

Ω

g(u)dx, on ∂Ω × (0, t∗),

u(x, 0) = u0(x) ≥ 0, in Ω,

(1.2)

where Ω is bounded convex domain in RN(N ≥ 2) with smooth boundary.The authors
proved that under proper conditions on data,the blow-up occurs at time t∗,and when
it does ,they obtained an upper bound for blow-up time.Moreover,lower bounds for
blow-up time to the cases of Ω ⊂ R3 were also obtained,respectively.In[12],Juntang
Ding dealt with 

(b(u))t = ∇ · (ρ(u)∇u) + f (u), in D × (0, t∗),
∂u
∂ν

+ γu = 0, on ∂D × (0, t∗),

u(x, 0) = u0(x) ≥ 0, in D,

(1.3)

where D ⊂ RN(N ≥ 2) is bounded convex domain with smooth boundary conditions
which guarantee that blow up does not occur are obtained.the author proved that under
certain conditions on data,the solution blows up in finite time.they derived an upper and
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lower bound for blow-up time.In[13],Xuhui Shen and Juntang Ding studied
ut = ∇ · (ρ(u)∇u) + k1(t) f (u), in D × (0, t∗),
∂u
∂ν

= k2(t)
∫

D
g(u)dx, on ∂D × (0, t∗),

u(x, 0) = u0(x) ≥ 0, in D,

(1.4)

where D is a bounded convex region in Rn(n ≥ 2) ,and the boundary is smooth.They
impose conditions on data to get an upper bound of blow-up time when blow-up
occurs.Furthermore,when D ⊂ Rn(n ≥ 3),the lower bounds of t∗ are obtained.

Inspired by the aforementioned three papers,we study the blow-up problem of(1.1).The
main difficulty in studying(1.1)is to construct appropriate auxiliary functions.while
auxiliary functions defined in [11-13]are not suitable for our study,we need to build
new auxiliary functions and use Sobolev inequalities to complete our research.The
paper is organized as follows.In section 2,we give conditions on the data of (1.1)to
guarantee the blow-up of the solution and derive an upper bound for the blow-up time
in D ⊂ Rn(n ≥ 2).In section 3,we devoted to get a lower bound for the blow-up time in
D ⊂ Rn(n ≥ 3) when blow-up does occur.

2. AN UPPER BOUND FOR THE BLOW-UP TIME T ∗

In order to obtain an upper bound of t∗ in D ⊂ Rn(n ≥ 2), We assume that
functions ρ, f , g, h and b, k satisfy

b(t) f (s) ≥ b1sp, h(s) ≥ sq, ρ(s) ≥ c1, k(t) ≥ b2, g′(s) ≤ d1, s ≥ 0 (2.1)

where b1, b2 and p, q, c1, d1 are positive constants with

p > 1, q > 1 (2.2)

then the auxiliary function Φ(t) is defined as follow

Φ(t) =

∫
D
φ(u(x, t))dx, t ≥ 0, φ(s) =

∫ s

0
g′(y)dy, s > 0 (2.3)

Theorem 2.1. Let u(x, t) be a classical solution of problem (1.1).we assume that
(2.1)-(2.2)hold.Then the solution u(x, t) blows up at time t∗ in the measure Φ(t) .
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Proof.Making use of the divergence theorem and (2.1)-(2.3),we obtain

Φ′(t) =

∫
D

g′(u)utdx =

∫
D
∇ · (ρ(u)∇u)dx + b(t)

∫
D

f (u)dx

=

∫
∂D
ρ(u)

∂u
∂ν

ds + b(t)
∫

D
f (u)dx

= k(t)
∫
∂D
ρ(u)ds

∫
D

h(u)dx + b(t)
∫

D
f (u)dx

≥ c1b2|∂D|
∫

D
uqdx + b1

∫
D

updx

(2.4)

We apply the Hölder inequality to get

∫
D

udx ≤ |D|
q−1

q

(∫
D

uqdx
) 1

q

,

∫
D

udx ≤ |D|
p−1

p

(∫
D

updx
) 1

p

(2.5)

and then we have∫
D

uqdx ≥ |D|1−q(
∫

D
udx)q,

∫
D

updx ≥ |D|1−p(
∫

D
udx)p (2.6)

inserting(2.6)into(2.4),then we obtain

Φ′(t) ≥ c1b2|∂D||D|1−q(
∫

D
udx)q + b1|D|1−p(

∫
D

udx)p (2.7)

from (2.1)we have φ(u) ≤
∫ u

0
d1dy = d1u ,and then we obtain∫

D
udx ≥

1
d1

∫
D
φ(u)dx =

1
d1

Φ(t) (2.8)

so from (2.7)we have

Φ′(t) ≥ j1(Φ(t))q + j2(Φ(t))p, t ≥ 0 (2.9)

where j1 = c1b2|∂D||D|1−q 1
dq

1
, j2 = b1|D|1−p 1

dp
1

we integrate(2.9)over [0, t] to obtain

t ≤
∫ Φ(t)

Φ(0)

dη
j1ηq + j2ηp (2.10)

it is easy to find the solution must blow up at t∗ in the measure Φ(t),passing to the limit
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as t → t∗,inequality (2.10)becomes

t∗ ≤
∫ +∞

Φ(0)

dη
j1ηq + j2ηp (2.11)

3. A LOWER BOUND FOR THE BLOW-UP TIME T ∗

In order to obtain a lower bound of t∗ in this section, We restrict D ⊂ Rn (n ≥ 3) and
suppose that functions ρ, f , g, h, k, b and positive constants n satisfy

b(t) f (s) ≤ b1sp, h(s) ≤ sq, c2 ≤ ρ(s) ≤ c3, k(t) ≤ b2, g′(s) ≥ d2, s ≥ 0, t ≥ 0 (3.1)

where b1, b2 and p, q, c2, c3, d2 are positive constants with

p > 1, q > 1, (3.2)

It follows from the reference[14] we obtain that

(∫
D

(
u

n(p−1)
2

) 2n
n−2

dx
) n−2

2n

≤ C
(∫

D
un(p−1)dx +

∫
D
|∇u

n(p−1)
2 |2dx

) 1
2

(3.3)

where C = C(n,D) is a Sobolev embedding constant depending on n and D.In this
section,we need to use the Sobolev inequality (3.3).We construct the following auxiliary
function

Ψ(t) =

∫
D
ψ(u(x, t))dx, ψ(s) = (m + 1)

∫ s

0
g′(y)ymdy, s ≥ 0 (3.4)

where
m > max{1,

n(p − 1)
2

− 1, q − 1} (3.5)

Theorem 3.1. Let u(x, t) be a classical solution of problem (1.1).we assume that
(3.1)-(3.2)hold and u(x, t) become unbounded in the measure Ψ(t) at some finite time
t∗. Then t∗ is bounded below by

t∗ ≥
∫ +∞

Ψ(0)

dτ

κ1τ
m+q
m+1 + κ2τ

m+2q−1
m+1 + κ3τ

2(m+p)−n(p−1)
2(m+1)−n(p−1) + κ4τ

m+p
m+1

(3.6)
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where

κ1 = A1
1
d2

m+q
m+1

, κ2 = A2
1
d2

m+2q−1
m+1

, κ3 = A3
1
d2

2(m+p)−n(p−1)
2(m+1)−n(p−1)

, κ4 = A4
1
d2

m+p
m+1

(3.7)

A1 =
b2c3(m + 1)N

ρ0
|D|

m−q+2
m+1 , A2 =

md0b2c3

ρ0ε1
|D|

m−q+2
m+1

A3 = b1(m + 1)(
√

2Cs)
n(p−1)

m+1

(
1
ε2

) n(p−1)
2(m+1)−n(p−1)

(
1 −

n(p − 1)
2(m + 1)

)
A4 = b1(m + 1)(

√
2Cs)

n(p−1)
m+1

(3.8)

Proof.Making use of the divergence theorem and (3.1),we obtain

Ψ′(t) = (m + 1)
∫

D
umg′(u)utdx = (m + 1)

∫
D

um(g(u))tdx

= (m + 1)
∫

D
um∇ · (ρ(u)∇u)dx + b(t)(m + 1)

∫
D

um f (u)dx

= (m + 1)
∫

D
∇ · (umρ(u)∇u)dx − m(m + 1)

∫
D

um−1ρ(u)|∇u|2dx + b(t)(m + 1)
∫

D
um f (u)dx

= (m + 1)
∫
∂D

umρ(u)
∂u
∂ν

ds − m(m + 1)
∫

D
um−1ρ(u)|∇u|2dx + b(t)(m + 1)

∫
D

um f (u)dx

≤ b2c3(m + 1)
∫
∂D

umds
∫

D
uqdx − c2m(m + 1)

∫
D

um−1|∇u|2dx + b1(m + 1)
∫

D
um+pdx

= b2c3(m + 1)
∫
∂D

umds
∫

D
uqdx −

4mc2

m + 1

∫
D
|∇u

m+1
2 |2dx + b1(m + 1)

∫
D

um+pdx

(3.9)

Firstly, for the first term of the right side of (3.9),we use the divergence theorem,and
then obtain following inequality(see [15])

∫
∂D

umds ≤
N
ρ0

∫
D

umdx +
md0

ρ0

∫
D

um−1|∇u|dx (3.10)

where ρ0 = minx∈∂D(x · ν), d0 = maxx∈D |x|. According to Hölder inequality we have∫
D

umdx ≤ |D|
1

m+1

(∫
D

um+1dx
) m

m+1

(3.11)
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∫
D

um−1|∇u|dx ≤
(∫

D
um−1dx

) 1
2
(∫

D
um−1|∇u|2dx

) 1
2

=
2

m + 1

(∫
D

um−1dx
) 1

2
(∫

D
|∇u

m+1
2 |2dx

) 1
2

(3.12)

By Hölder inequality we have

∫
D

um−1dx ≤ |D|
2

m+1

(∫
D

um+1dx
)m−1

m+1

(3.13)

and ∫
D

um−1|∇u|dx ≤
2

m + 1
|D|

1
m+1

(∫
D

um+1dx
) m−1

2(m+1)
(∫

D
|∇u

m+1
2 |2dx

) 1
2

(3.14)

We substitute(3.11)-(3.14)into(3.10)to derive

∫
∂D

umds ≤
N
ρ0
|D|

1
m+1

(∫
D

um+1dx
) m

m+1

+
2md0

ρ0(m + 1)
|D|

1
m+1

(∫
D

um+1dx
) m−1

2(m+1)
(∫

D
|∇u

m+1
2 |2dx

) 1
2

(3.15)

Apply the Hölder inequality again,by (3.5)we have∫
D

uqdx ≤ |D|
m+1−q

m+1

(∫
D

um+1dx
) q

m+1

(3.16)

By (3.15)and (3.16),we obtain∫
∂D

umds
∫

D
uqdx

≤
N
ρ0
|D|

m−q+2
m+1

(∫
D

um+1dx
)m+q

m+1

+
2md0

ρ0(m + 1)
|D|

m−q+2
m+1

(∫
D

um+1dx
)m+2q−1

2(m+1)
(∫

D
|∇u

m+1
2 |2dx

) 1
2

=
N
ρ0
|D|

m−q+2
m+1

(∫
D

um+1dx
)m+q

m+1

+
2md0

ρ0(m + 1)
|D|

m−q+2
m+1

 1
ε1

(∫
D

um+1dx
)m+2q−1

m+1


1
2 (
ε1

∫
D
|∇u

m+1
2 |2dx

) 1
2

≤
N
ρ0
|D|

m−q+2
m+1

(∫
D

um+1dx
)m+q

m+1

+
2md0

ρ0(m + 1)
|D|

m−q+2
m+1

 1
2ε1

(∫
D

um+1dx
)m+2q−1

m+1

+
ε1

2

∫
D
|∇u

m+1
2 |2dx


=

N
ρ0
|D|

m−q+2
m+1

(∫
D

um+1dx
)m+q

m+1

+
md0

ε1ρ0(m + 1)
|D|

m−q+2
m+1

(∫
D

um+1dx
)m+2q−1

m+1

+
ε1md0

ρ0(m + 1)
|D|

m−q+2
m+1

∫
D
|∇u

m+1
2 |2dx

(3.17)



620 Xumin Li and Zejian Cui

Substitute (3.17)into(3.9),we derive

Ψ′(t) ≤
b2c3(m + 1)N

ρ0
|D|

m−q+2
m+1

(∫
D

um+1dx
)m+q

m+1

+
md0b2c3

ρ0ε1
|D|

m−q+2
m+1

(∫
D

um+1dx
)m+2q−1

m+1

+
ε1md0b2c3

ρ0
|D|

m−q+2
m+1

∫
D
|∇u

m+1
2 |2dx −

4mc2

m + 1

∫
D
|∇u

m+1
2 |2dx + b1(m + 1)

∫
D

um+pdx

(3.18)

Secondly, we estimate the last term of the right side of(3.18).By (3.2),(3.5)and apply
the Hölder inequality and sobolev inequality(3.3),we obtain∫

D
um+p ≤

(∫
D

um+1dx
) 2(m+p)−n(p−1)

2(m+1)
(∫

D

(
u

m+1
2
) 2n

n−2 dx
) (n−2)(p−1)

2(m+1)

≤

(∫
D

um+1dx
) 2(m+p)−n(p−1)

2(m+1)
C 2n

n−2
s

(∫
D

um+1dx +

∫
D
|∇u

m+1
2 |2dx

) n
n−2


(n−2)(p−1)

2(m+1)

= C
n(p−1)

m+1
s

(∫
D

um+1dx
) 2(m+p)−n(p−1)

2(m+1)
(∫

D
um+1dx +

∫
D
|∇u

m+1
2 |2dx

) n(p−1)
2(m+1)

(3.19)

using the inequality

(α + β)µ ≤ 2µ(αµ + βµ), α > 0, β > 0, µ > 0 (3.20)

then we derive∫
D

um+p ≤ (
√

2Cs)
n(p−1)

m+1

(∫
D

um+1dx
) 2(m+p)−n(p−1)

2(m+1)
(∫

D
um+1dx

) n(p−1)
2(m+1)

+

(∫
D
|∇u

m+1
2 |2dx

) n(p−1)
2(m+1)


= (
√

2Cs)
n(p−1)

m+1

(∫
D

um+1dx
)m+p

m+1

+ (
√

2Cs)
n(p−1)

m+1

(∫
D

um+1dx
) 2(m+p)−n(p−1)

2(m+1)
(∫

D
|∇u

m+1
2 |2dx

) n(p−1)
2(m+1)

(3.21)
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we know 1 − n(p−1)
2(m+1) =

2(m+1)−n(p−1)
2(m+1) ,apply the Young inequality with ε,we have

(
√

2Cs)
n(p−1)

m+1

(∫
D

um+1dx
) 2(m+p)−n(p−1)

2(m+1)
(∫

D
|∇u

m+1
2 |2dx

) n(p−1)
2(m+1)

= (
√

2Cs)
n(p−1)

m+1

( 1
ε2

) n(p−1)
2(m+1)−n(p−1)

(∫
D

um+1dx
) 2(m+p)−n(p−1)

2(m+1)−n(p−1)


1− n(p−1)
2(m+1) (

ε2

∫
D
|∇u

m+1
2 |2dx

) n(p−1)
2(m+1)

≤ (
√

2Cs)
n(p−1)

m+1

(
1
ε2

) n(p−1)
2(m+1)−n(p−1)

(
1 −

n(p − 1)
2(m + 1)

) (∫
D

um+1dx
) 2(m+p)−n(p−1)

2(m+1)−n(p−1)

+ (
√

2Cs)
n(p−1)

m+1
ε2n(p − 1)
2(m + 1)

∫
D
|∇u

m+1
2 |2dx

(3.22)

Thirdly, substitute (3.21)and(3.22)into(3.18),we obtain

Ψ′(t) ≤
b2c3(m + 1)N

ρ0
|D|

m−q+2
m+1

(∫
D

um+1dx
)m+q

m+1

+
md0b2c3

ρ0ε1
|D|

m−q+2
m+1

(∫
D

um+1dx
)m+2q−1

m+1

+ b1(m + 1)(
√

2Cs)
n(p−1)

m+1

(
1
ε2

) n(p−1)
2(m+1)−n(p−1)

(
1 −

n(p − 1)
2(m + 1)

) (∫
D

um+1dx
) 2(m+p)−n(p−1)

2(m+1)−n(p−1)

+ b1(m + 1)(
√

2Cs)
n(p−1)

m+1

(∫
D

um+1dx
)m+p

m+1

+ b1(m + 1)(
√

2Cs)
n(p−1)

m+1
ε2n(p − 1)
2(m + 1)

∫
D
|∇u

m+1
2 |2dx

+
ε1md0b2c3

ρ0
|D|

m−q+2
m+1

∫
D
|∇u

m+1
2 |2dx −

4mc2

m + 1

∫
D
|∇u

m+1
2 |2dx

(3.23)

let ε1 =
2ρ0c2

b2d0c3(m+1)|D|
m−q+2

m+1
, ε2 = 4mc2

b1n(p−1)(m+1)(
√

2Cs)
n(p−1)

m+1
,we have

Ψ′(t) ≤ A1

(∫
D

um+1dx
)m+q

m+1

+ A2

(∫
D

um+1dx
)m+2q−1

m+1

+ A3

(∫
D

um+1dx
) 2(m+p)−n(p−1)

2(m+1)−n(p−1)

+ A4

(∫
D

um+1dx
)m+p

m+1

(3.24)

where A1, A2, A3, A4 are given in(3.7).by (3.1)and (3.4),we have

ψ(u) = (m + 1)
∫ u

0
g′(y)ymdy ≥ (m + 1)

∫ u

0
d2ymdy = d2um+1 (3.25)
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and ∫
D

um+1dx ≤
1
d2

∫
D
ψ(u)dx =

1
d2

Ψ(t) (3.26)

Now,substitute (3.26)into (3.24),we derive

Ψ′(t) ≤ A1

(
1
d2

Ψ(t)
)m+q

m+1

+ A2

(
1
d2

Ψ(t)
)m+2q−1

m+1

+ A3

(
1
d2

Ψ(t)
) 2(m+p)−n(p−1)

2(m+1)−n(p−1)

+ A4

(
1
d2

Ψ(t)
)m+p

m+1

= A1
1
d2

m+q
m+1

Ψ(t)
m+q
m+1 + A2

1
d2

m+2q−1
m+1

Ψ(t)
m+2q−1

m+1 + A3
1
d2

2(m+p)−n(p−1)
2(m+1)−n(p−1)

Ψ(t)
2(m+p)−n(p−1)
2(m+1)−n(p−1)

+ A4
1
d2

m+p
m+1

Ψ(t)
m+p
m+1

(3.27)

then we have

Ψ′(t) ≤ κ1Ψ(t)
m+q
m+1 + κ2Ψ(t)

m+2q−1
m+1 + κ3Ψ(t)

2(m+p)−n(p−1)
2(m+1)−n(p−1) + κ4Ψ(t)

m+p
m+1 (3.28)

where κ1, κ2, κ3, κ4, are given in(3.6).

At last,integrating (3.28)from 0 to t,we obtain

t ≥
∫ Ψ(t)

Ψ(0)

dτ

κ1τ
m+q
m+1 + κ2τ

m+2q−1
m+1 + κ3τ

2(m+p)−n(p−1)
2(m+1)−n(p−1) + κ4τ

m+p
m+1

(3.29)

Thus ,if u blow up in the measure of Ψ(t) at some finite time t∗,passing the limit as
t → t∗,we have

t∗ ≥
∫ +∞

Ψ(0)

dτ

κ1τ
m+q
m+1 + κ2τ

m+2q−1
m+1 + κ3τ

2(m+p)−n(p−1)
2(m+1)−n(p−1) + κ4τ

m+p
m+1

(3.30)

where m+q
m+1 ,

m+2q−1
m+1 , 2(m+p)−n(p−1)

2(m+1)−n(p−1) ,
m+p
m+1 > 1 inview of(3.2)and(3.5).
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