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Abstract

The current article introduced Double Aboodh transform, Triple Aboodh
transform and their properties. The relation between Double Laplace and
Double Aboodh transform, Double Sumudu and Double Aboodh transform,
the comparison between Laplace transform, Aboodh transform and Sumudu
transform given in this paper. Using Double Aboodh transform and Triple
Aboodh transform solution of partial differential equations are given in this
article. The results related to Aboodh transform are proved and Applications
of Aboodh transform is shown to solve engineering problems.
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1. INTRODUCTION

In an application of engineering, the partial differentiation plays a crucial role. To
get to the bottom of these differential equations Integral transforms are used. The
solutions of initial and boundary value problems are given by several Integral
transforms methods [1-2]. The concept of Laplace transform is widely used in
engineering. In Engineering Mechanics, Electrical Engineering the linear and partial
differential equations and there solutions were solved by Laplace transform. Recently
Double Laplace transform [3] is used to solve partial differential equations and
integral equations. Karaballi, Eltayeb, Kalicman work on Sumudu transform
developed by Watugula [4]. Kalicman [6-7] compare Sumudu and Laplace transform
and solve problems in engineering. A. Babakhani work on double Laplace-Carson
transforms and proved theorems for solving partial differential equations. Like of
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Laplace —Carson transform Aboodh introduce Laplace- Aboodh transform and used it
to solve ordinary and partial differential equations [14-15].

The main objective of this article is to compare Laplace, Aboodh and Sumudu
transform. Also to introduce concept of Double and Triple Aboodh transform with
their properties. In the first part the definition and duality with other transforms is
given and in second part theorems with proof, applications of Aboodh transform are
shown. This paper will provide a good platform for those who want to solve partial
differential equations, engineering problems using Integral transforms. The Laplace-
Aboodh transform is modification in Laplace transform and Aboodh gave it name
Aboodh transform, so we will take the same name Aboodh transform throughout in
this paper.

The Aboodh transform defined for t > Othe function f(t),t > 0 is,
Let f(t) be an exponential order function in the set A as
A={f:If(Ol < Me!"%,t € (=1)/ x [0,0),j = 1,2; M, ay,a; > 0}

Any function in the set A, the constant M is finite number and a4, a, are finite or may
be infinite numbers. Then the Aboodh transform is,

ALFO] =2 [7 e f@)dt = 6(p),ay <p < ay (1)
And Inverse Aboodh transform is,
f®) == [ ePPG(p)dp 5y 2 0 0

Theorem 1.:- Let f(t) € A and the A[f(t)] = G(p) is Aboodh transform such that
pG(p) is a meromorphic function, with singularities having Re(p) <y and there
exists a circular region I with radius R and positive constants Mand n with pG(p) <

g—n then the function f(t) is given by,

f(©) = 2= [T ePpG (p)dp = X residues of ("' pG(p)) 3)

y—ico
Proof of this theorem will be obtained using Aboodh-Laplace duality [16] and
theorems on Laplace transform [2].

The properties of Aboodh transform are given below,
Let A[f(6)] = G(p)
1. Afafi(0) + bf,(0)} = aA[f1(D)] + bA[f2(0)]

2. Ale"f©1= (%) 6 ~a)
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4. Al f©dt] = 26

5. Letf; () ={/( N @), £ Lthen ALA O] = e PG ()

6. Alf' (O] = pG(p) - 52

7. Alf'(0)] = p*G(p) - ”") ~ £(0)

2. DOUBLE ABOODH TRANSFORM

Double Aboodh transform is defined for the continuous and an exponential order
functions.

Let f(x,y) be function of two variables defined in the first quadrant of the XOY
plane. Consider the set

C ={f:1f )| < Me™4*VIBj x,y € (—1)/ x [0,),j = 1,2, M, a;, ; > 0} be
the set of continuous and exponential order functions, Let f(x,y) be any function in
the set C, the constant M is finite number and a]-,B]. are finite or may be infinite

numbers. Then the Double Aboodh transform is,
Alf )] = [ e P y)dady = 6(p.q) e <p<afi<q<p ()
And Inverse Double Aboodh transform is,
+ 100 + 100
Fy) = o [V [0 eV paG(p, q)dp dq ;v; 2 0 (5)

Provided the integral exists and it is absolutely convergent in the given interval.

On the similar way one can defined Triple Aboodh transform as,

A3lf oy, D)) = o [ fy e P D f (x,y, )dxdydz = G(p,q,5),

a; <p<ayf1<q<Prm<p<n

And Inverse Double Aboodh transform is,

+ico +ico o)
fy,2) = g Sy LV [ P4 pasG(p,q,s)dp dqds ;y; = 0

Y1—lo YY3—10 YY5— [15%)

Provided the integral exists and it is absolutely convergent in the given interval.
Aboodh-Laplace Duality:
Theorem 2:- If A,[f(x,y)] = G(p,q) double Aboodh transform and L,[f(x,y)] =
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F(p, q) be double Laplace transform then
¢(.q) = -F(p,q) and F(p, ) = pqG(p, q) (6)

Proof:- Consider G(p, q) = ifgo Jy e” D f (x, y)dxdy =£F(p, q)

Aboodh-Sumudu Duality:

Theorem 3:- If A,[f(x,y)] = G(p,q) double Aboodh transform and S,[f(x,y)] =
SF(p, q) double Sumudu transform then

(G2)and 6. 9) = 5 SF(5.7) )

Proof:- Consider G(p, q) = if:) Jy e f (x, y)dxdy

1 ff —(%+%)f( i . (1 1)
= — e x,y)axay = =
pa) ) p%q* p'q

1
SF(p’ q) = pzqz

Theorem 4:- Let f(x,y) € C and it is absolutely integrable function having first order
partial derivative and mixed second order partial derlvatlve (x y) € C such that

0<x,y<w and if Double  Aboodh transform A lf(x, )] =
L[ [ e wer ) f (, y)dxdy = G(p, @), <P <y < q <y s absolutely

convergent then

+ico +ico
flx,y) = - 477:2) sz i fn  ePX+aY paG(p, q)dp dq ¥ 20

This result directly follows from the results of Double Laplace transform and
Aboodh- Laplace duality.

Theorem 5:- Let A,[f (x,y)] = G(p,q) , A3[f (x,y,2)] = G(p, q,s) then
Azlafi(x,y) + bfr(x,¥)] = aGi(p, @) + bG2(p, Q).

AS[afl(xlylZ) + bfZ(xiylZ)] = aGl(p' q,S) + bGZ(p' q,S)
Proof: Consider, A,[af;(x,y) + bfy(x,y)]

= —f Iy e PP [afi(x,y) + bfy(x, y)]ldxdy
0 OO e 1 0 OO e
= gfo Jo e P afy(x,y)dxdy + = [ [; e P Pbfy (x, y)dxdy

= aG,(p,q) + bG,(p,q) (8)
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Theorem 6:- Let A[f(x)] = G(p) and the Heaviside’s unit step function

(1 ifx=
H(x —y) —{0 ifx <y Y then
L Alf(OHx —y)] = [ ~246(p + )]
2. AU@HY -0 =360 + )]
3. A[f()H(x +y)] = W 26 + ]

1

4. Ay[H(x = y)] = oD
Proof: 1. Consider, A,[f (x)H (x — y)] —f f e P*¥~9Y f(x)H(x — y)dxdy

= p—lq fgo f;o e P*~4 f(x)dxdy
By changing the order of integration,
Alf OH(x = )] = [ [y e P (x)dxdy
Alf (OH(x = )] = = [ 11 — e"9¥]e P f (x)dx

Alf@HE =] =% [|6() ~E26(p + )]

2. Consider, A,[f(x)H(y — x)] —f f e P*~4 f(x)H(y — x)dxdy
= ooy [ e f () dxdy
A [f()H(x —y)] = _f e” e P f(x)dx

Af)H(x -] =2 G +q)

3. Consider, A,[f(x)H(x + y)] = f f e P*¥=aY f(x)H (x + y)dxdy

— L (*(® o-px-qy
oo I, e f(x)dxdy
By changing the order of integration,

Alf(OH(x = y)] = f [ e PP f(x)dxdy

1083
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Af (DH(x = Y)] =~ [ [e™]e P f()dx

ALIfOHx -] =—=G6Cp-q)

pqz

4. Consider, A,[H(x —y)] = —f f e PX"DH(x — y)dxdy

1
q (r+9)

Af(HXx = y)] =

Theorem 7:- Let A,[f(x,¥)]=G(p,q) and A;[f(x,y,2)]=G(p,q,s) the
Heaviside’s unit step function for two variable and three variables are defined as,

(1 ;ifx>ay>b
H(x—a,y—b)—{o sif x<a&for y<b

1 ;ifx>ay>bz>c
0 ;otherwise

H(x—a,y—b,z—c) ={
then for any real constants a, b, c > 0,
Alf(x—a,y —b)H(x —a,y — b)] = e"*7G(p, q). 9)
As[f(x—a,y—b,z—c)H(x —a,y — b,z —c)] = e~ ®~b47¢5G(p, q,s) (10)
Proof: Consider, A,[f(x —a,y —b)H(x —a,y — b)]

= éf:)f:)e_wf—qyf(x —a,y—b)H(x —a,y — b)dxdy

=, [, e Vf(x —a,y - b)dxdy
By using the substitution x —a = u,y — b = v then

Alf(x —a,y —D)H(x — a,y — b)]

= if;o fgoe‘p(”a)‘qw*b)f(u, v)dudv

=e PP G(p,q)
Similar calculation can be done for second proof.

Theorem 8:- Let A,[f;(x,y)] = G;(p,q) and A,[f,(x,y)] = G,(p, q) are absolutely
convergent then

A fi(x, y) * f2(x, )] = pqG1(p, 9) G2 (P, @) (11)
Where  fi(x,y) ** fo,(x,y) = fox foy fitx—a,y = b)fy(a,b)dadb is  called
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convolution product of f; (x,y) and f,(x, y).
Proof: Consider, A, [f(x,y) ** f,(x, y)]

1 00 OO _ _
= Efo fo fox foy e px qy[fl(x -a,y — b)fz(a, b)dadb]dxdy
By changing the order of integration in the above integral,

f Jy fo(a,b) [T [ e P [, (x — a,y — b)dxdy]dadb

= Ef;” Iy fa@b) [ fi e P fi(x — a,y — b)H(x — @,y — b)dxdyldadb

= F;(p, 9)F,(p, @) Using equation (9) get the result.

Same way one can do it for Triple Aboodh transform as,

Let As;[fi(x,y,2)] = Gi(p,q,s) and As[fo(x,y,2)] = G,(p,q,s) are absolutely
convergent then A, [fi(x,y,2) *** f,(x,y,2)] = pqsG:(p,q,s)G,(p,q,s).

Where f;(x,y, z) *** f5(x,y,2) = fOx foy fozfl(x —a,y—b,z—c)f,(a,b,c)dadbdc
is called convolution product of f; (x,y,z) and f,(x,y, z).

Theorem 9:- Let A[f (x)] = G(p) and A[f(y)] = G(q) and f(x + y) € C then

Alf(x+y)] = [qG(q) — pG(p)]

ra(p —q)
Proof: Consider, A,[f(x + y)] = —f f e PX" f(x + y)dxdy

Put x + y = u and changing the order of integration,

i i -x(p—q) ,—qu
Aalf G+ 7)) = oj oj e~ f (u)dxdu
1
Alf(x+y)] = e [9G(q) — pG(p)]

Examples:
a) If f(x,y) =1forx,y > 0 then

1 (oo poo _ 1
1] = Efo fo e (pX+qy)dxdy T p2g2 (12)
b) If f(x,y) = e@*DY) forall x,y then
(ax+by)] = L [® [© o= (@x+ay) p(ax+by) -
Azle | rq Jo Jo e ¢ dxdy = ) (13)

c) If f(x,y) = cos(ax + by) then
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Aj[cos(ax + by)] = pq(p:z;)a(l;ubh (14)

d) A,[sin(ax + by)] = pq(pz-lp-(b;:)q(32+b2) (15)

e) A,[sinh(ax + by)] = pq(pzfz-:)q(zz—bz) (16)

f) A,[cosh(ax + by)] = pq(pzfz;)a(ZZ—bZ) (17)

(n?; ,nisinteger
Q) Al =400, | (18)
ooz TS not an integer

Theorem 10:- Let f(x, y) then for any pair of real constants a, b > 0

Ag[eCH I f(x, )] = LU G(p —a,q — b) (19)

pq
Proof:- Consider 4,[e %P f (x,y)] = if:) fgoe_(p“q”e(_ax_b”f(x, y)dxdy

— L [ (®o-x(p+a) ,~¥(q+b) —(P~a)(a-b) - -
quo Jy e e f(x,y)dxdy - G(p—a,q—>b)

Theorem 11:- Let A[f(x)] = G(p) and A[g(¥)] = G(q) then A,[f(x)] = p—;c(p)
and

Aolg)] = — G(@).
Proof: Consider, 4,[f(x)] = i J, e [ " e7P*f(x)dxdy = p—:z G(p)
Similar way for the proof of A,[g(y)] = #G(q)
Theorem 12:- Let A[f(x)] = G(p) and A[g(y)] = G(q) then

Az[f (ax)g(by)] = = G(p/a)G(q/b).

Proof: Consider, 4, [f(ax)g(by)] = i [ [ e f(ax) g (by)dxdy

1 o0 o0
- f eV (ax)dx f e~ g (by)dy
0 0

Using substitution ax = u, by = v in the integration get the required proof

1
A>[f (@) g(by)] = = G(p/a)G (a/b)
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Theorem 13:- Let f(x,y) be periodic function in C then

Aolf Qo) = ey o o e PP f () dxdy. (20)
A3 [f(x' yJ Z)] = pqs(l—e_pil_qT2_5T3) f()Tl f()TZ f(;r3 e—px—qyf(x' y)dXdy

Proof will obvious from Duality of Double Aboodh-Laplace transform.

Theorem 14:- If A, [f(x,y)] = G(p, q)and Az[f(x,y,z)] = G(p, q, s) then
L Alxf el == (5+2) 6o
Alyf el = = (5 +7) 6. @) (21)
Aslxf (3, 2] = = (5 +3) 6,09

G
Aslyf(y, D] = = (5 +7) 60,09,
-

Aslzf (3,2 = = (52 +3) 60,9 (22)
3, Az[xyf<x,y)]=(aj—aq+§j—q+;;’p ) 6@.9) (23)
4. A[x? fGe )] = |3 + 23] G, @) (24)
5. A,ly? F(x,)] = a—l+qaq] ) 25)

Proof: 1. Consider, —G(p, Q) —f fo ap( e PX=aY f(x, y)) dxdy

= (P (°(Ltppx-aqy, _ 1 ,-px—qy
_fo fo (pqe X== qe )f(x,y)dxdy

0o 1
Aalxf e ) = = (35+7) 6. 0)

4 X—
and 32 (p.q) = [ Jy 5 (- e P (x,9)) dxdy

—f f (—e px— qyy_ﬁe px= qy)f(x,y)dxdy

0 1
Aalyf ey = = (50 +2) 60.0)



1088 S. B. Kiwne and Sandip M. Sonawane

The proof of second is similar to 1.

7] 1

3. Consider, A, [xyf(x,y)] = (% + ;) (aq + %) G, q)

of of % f 9?
Theorem 15:- Let f(x, y),é ,é ,a—x’; '6_31]; € Cand A, [f(x,y)] =
G(p,q),Alf (x)] = G(p) then

L Az [Z(6y)| = pAs[f (6, )] = ZALF(0,)]
2. 4|3 n)| = ado[f )] = £ ALf (2, 0)]
3. 4|52 @) = P Aalf ()] = ALF(0,1)] = 2 AL£(0,)]
4. 4, [SEC0y)] = @ AlF ()] - AL (0] - 2 AL, (x,0)]

r Q2
5. 4, 2L

Proof: 1. Consider, 4, [Z_i (x, y)] = ifgo foooe‘px‘qyg—idxdy

1 0 _ 0, Of
_Efoe qy(foe 2"xadx)dy

1
q

= pAo[f (6, )] =~ Alf(0,)]

0 OO _ _ 1 o _
=Jy Iy €777 f(xy)dxdy — — [ "e™% f(0,y)dy

(26)

(27)

(28)

(29)

| 2L (x,9)| = padalf ()] - 2AIF (6, 00] - LAIF(0,)] - = £(0,0) (30)
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i or — L [°p-px-ay 2L
2. Consider, A, [ay (x, y)] = Jy Iy e P dxdy

1 o _ © _gy 0f
_Efo e px(fo e qyady)dx

1

0 (OO 1 poo _
==Jy Iy €77 f(xy)dxdy —— [ e7P* f(x,0)dx

= qA21f (6, )]~ AIF (0,7)]
3. Consider, 4, [227’: (x, y)] = i f0°° f(;" e~ P¥—aqy 2271; dxdy
= ifoooe““’ (f:)e‘pxz%dx) dy
= A, [f (e, )] = ALF (0, )] = S AI£(0,7)]

2 00 ~00 2
4. Consider, 4, [27]; (x, y)] = ifo fO e‘px‘qyg—;;dxdy

1 o _ © _q0 0%f
:Efoe px(foe qyﬁdy)dx

= Az f (6, )] = ALf (x, 0)] = 2 AL, (%, 0)]

. 92 1 (0 (0 s oy 02
5. Consider, K, ﬁ(x,y)] =Ef0 J, e7P* qyﬁdxdy

=sada e (e )y
= pgAs [f (e, )] = ZAlf (x, 0)] = LA[f (0, )] + - £(0,0)

Comparison between Laplace, Aboodh and Sumudu transform:

Let us take the example given in [7] for the comparison of Laplace and Sumudu
transform

Consider the steady-state temperature distribution function u(x,y) in a long square
bar with one face held at constant temperature u, and other face held at zero
temperature is given by

*u(xy) | *uxy) _
oxz T o2 0 (31)

With the boundary conditions, u(0,y) = 0,u(x,0) = 0,u(m,y) = 0,u(x,m) = u,

The solution using Laplace transform one can see [7]. Here we discuss the solution
using Aboodh and Sumudu transform.
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1) Using Aboodh transform
Taking Double Aboodh transform of both sides of equation (31) one will get,

1
p*Az[ux, y)] — Alu(0,)] - EA[ux(O, W]+ q*Az[ux, )] — Alu(x, 0)]
- %A[uy(x, 0]=0

Let Afu,(0,y)] = AH(q),A[uy(x, 0)] = AG(p)and A,[u(x,y)] = AU(p,q) one
will get,

AH(q) AG(p)
p(®?+q9?)  q(®?+q?)

AU(p, q) =
Taking Inverse Aboodh transform with respect to “p’
AU(x,q) = AHT(q)sin(qx) + %fOxAG(v)cos q(x —v)dv

Now using third condition u(m,y) =0 and simplifying the terms with using
trigonometry and [* f(x)dx = [ f(x)dx + [ f(x)dx, one will get

f cosqu sing(m — x)AG (v)dv — f sin(gx)cosq(m —

UCx,q) = qsm(qn)
v)AG (v)dv

qsm(qn)

To use result given in equation (3) one will get

f sin(qv)sing(m — x)AG (v)dv — —f sin(gx)sing(m —

qU(x,q) =
v)AG(v)dv

sm(qn)

We get poles at ¢ = + n and residues are,

ey .m . e
n= _Tfo AG(v)sinnxcosnvdv, r, =

[ee] _2 T
u(x,y) = Z —sinhny I j G(v)cosnvdvl sinnx
n 0
n=1
Now using last condition and concept of Fourier series one will get,

S 4u, sinhny |
u(x,y) = Z — sinnx, n = odd

nmw sinhnm
n=1
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2) Using Sumudu transform

Taking Double Sumudu transform of both sides of equation (31) one will get,
1 1 1 1
— So[u(x, ¥)] — FS[U(O, ] - ES[ux(O' ]+ ?52 [uCx, y)] - FS[u(x' 0)]
1
— ES[uy(x, 0]=0

Let S[u,(0,y)] = SH(q), S[u,(x,0)] = SG(p) and S,[u(x,y)] = SU(p,q) one will
get,

SU(p, @) = 5 st LU )+ D2tq L SG(p)

+q 2
__Pp »t
O

Taking Inverse Sumudu transform with respect to ‘p’
SU(x,q) = Hl(q)sm( ) +f Gl(v)sm( - )dv

where qSH(q) = H1(q), pSG(p) = G1(p)
Now using third condition u(m,y) =0 and simplifying the terms and using
trigonometry and [* f(x)dx = [ f(x)dx + [ f(x)dx, one will get

X

-1 -x

SU(x,q) = - fsm Sm >Gl(v)dv
sm( . q

3

B sinl(z) f st (g) sin (” ; 17) Gy (v)dv

X

vQ

To use result given in [7] replace q by% and multiply by% , one will get

1 1
;SU (x q) qsm(qn)f sin(qv)sing(mr — x)G(v)dv —

f sin(gx)sing(mr — v)G(v)dv

qsm(qn)
Wegetpolesatg =0,g=+n

Forqg =0wegetresidueO0andatg = +n

_ e m . . _e
we get 1 = — ) 0 G (v)sinnxsinnvdv, r, =
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o0 2 T
u(lx,y) = E Esinhny l f G(v)sinnvdvl sinnx
0
n=1

Now using last condition and concept of Fourier series one will get,

- 4u, sinhny

ulx,y) = —
() s N sinhnr
n=

sinnx,n = odd

Here we can see that the solution exists by Sumudu transform and the solution of
Laplace- Aboodh transform is same as that of Sumudu transform and Laplace
transform [7].

Applications to solve Engineering Problems:

Let us define A[u(t) = AU(p),A,[u(x,t)] = AU(p,q) be Aboodh transform and
Double Aboodh transform

1. A particle moving along plane curve at any time t with coordinates (x,y) are
given by

%+2x=sin2t, %—2y=c052t,t>0ifatt=0,x=1,y=0

Let us find the curve using Aboodh transform

_2© =
pAY (p) ; + 2AX (p) v, and
axw) =20 vy = —1
p p)———— p) =
p (P> +4)
Simplifying and finding it for x and y one will get,
1 1 . 1 .
AX(p) = orrn T Grrs dives x(t) = 5 sin2t + cos2t and

2 . .
AY(p) = ™y gives y(t) = sin2t

Laplace transform gives the same result.
2. Consider the example for Electrical system. The currents i; and i, in mesh are
given by the differential equations

dh _ wi, = acoskt , da y wi, = asinkt

dt dt

Let us find the currents using Aboodh transform ifatt = 0,i; = 0,i, =0
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Using Aboodh transform and simplifying one will get,

a(p?+w)
p(p?+k2)(p2+w?)

Aii(p) = we get

i = ﬁ (sinwt + sinkt) Similarly one will get

a
i, = coswt — coskt
2T w+k ( )

3. Let us find the voltage v in a line of length [, t seconds after the ends are suddenly
grounded satisfies Radio Equations [18 p.983]

0%v _ 0%v
axz 7 ot?
. .. . X v
Subject to the conditions v(0,t) = v(,t) = 0, v(x,0) = vysin (—)(—) =
l at t=0

Appling Aboodh transform of both side and simplifying the terms, one will get
d*[AV (x, q)]
dx?

Where AV (x, q) = A[v(x, t)], After solving the equation we get,

— LCq*[AV (x,q)] = —vyLCsin (nl_x)

. (X
VoSin (T

N——

AV(x,q) = Cle‘/ﬁqx + Cze_‘/ﬁqx +

2
9+ I

Using given conditions one will get C; = C, =0
VoSin (nl_x)

2
2 T
9+ I

AV(x,q) =

X

Taking Inverse Aboodh transform v(x,t) = vosin( l )cos (%)

4. Consider a Mechanical system with two degrees of freedom, satisfies the
. d?x dy _ d’y  Ldx _
equations 2-5+3-=42-5-3-=0,
and initially x, y,d—x,d—y all vanishesatt = 0
dat " dt
Appling Aboodh transform and simplifying the terms one will get

AX(p) = AY(p) =

12
p3(4p?+9)

8
p?(4p?+9)’
8

Gives x(t) = g(l — cos%t) and y(t) = g(t — gsinzt)
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5. Consider the example related to Civil engineering, The deflection of a beam of
length [, clamped horizontally at both ends and loaded at x = [/4 by a weight W/, is
given by
d*y l
Bl = Wb (x =)
Taking Aboodh transform and simplifying the terms, one will get

g ¢ W1
AY(p) = =+ =+ ——¢WP/4
(») " +p5 +E1p4e
where y'(0) = ¢;,y"""(0) = ¢, Taking Inverse Aboodh transform

3

) = N x3+W( l) H( l)
YW =aX T T e \* " 1 X7y

Using given conditions, the final answer,

(© = TW 2 w 3+W< l)3H( l)
YW = 12861 ¥ T 8EI" TeEI\* 1 X7

6. Consider the wave equation
Upe — Uy = —3e2*T 0 <x < o0t >0

With initial and boundary conditions,
u(0,t) =2et, t=0

Jdu
u(x,0) = e?* +e¥ = — , 0<x<ow
dtle=o

u,(0,t) =3et, x>0
Let us take Double Aboodh transform of both sides of given equation
Ag[ue] — Az[tey] = Az[—3e27]
= q*Ax[ulx, )] — Alu(x, 0)] - %A[ut(x, 0)] — p?A;[ulx, )] + A[u(0, )] +

-3

1

-A 0, )| ————
P [14:(0,0)] pa(p-2)(q—1)

After substituting the given conditions, given equation is reduces in to,

(q+1)(g-1)(p-2)+(p—1)(q?-2p?+p+2)
pa(p-1)(-2)(q-1)(q-p)(q+p)

U(p,q) = Now using equation (3) one can get

= u(x, t) — 62x+t _ ex+t
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7. Consider the equation
Uy — Ut — U —Uu =0, x,t >0

With initial and boundary conditions,
u(0,t) =e’t, ux,0) =e*, u,(0,t) =e’%, u(x,0)=0

Let us take Aboodh transform of both sides of given equation

1095

P2 Ay uCx, )] — A[u(0, )] - 2 Al (0, 0] g A [u(x, O] + Alu(x, 0)] +

S Al (x, 0)]

~qAz[f ()] + ZALf (x, 0] = A, [u(x, 0)] = 0

After substituting the given conditions, given equation is reduces in to,

— Pz—qz—q—l . _ x—t
Ulp. @) = pa(q+1) (-1 (p?-q2-q-1) u(x,t) =e

8. Consider the Fourier heat equation in a quarter plane
U =Kuyy, x=20, t>0

With initial and boundary
u(x,0) =0, u(x,t) » 0,x » ©

u(0,t) = 2u,, u,(0,t) =0,

Let us take Aboodh transform of both sides of given equation

Azue] = KAz [iy,]

After substituting the given conditions, given equation is reduces in to,
2upk

q*(q — kp?)

culxt) =A"1 <§ Ie‘j%x + e_\j%xl >

= u(x,t) = uoerfc(

Ulp,q) =

)

This is because we want finite solution.

conditions,

9. A thin membrane of great extent is released from rest in the position u = f(x,y)

[1] one can find the displacement as,

U = Uy +Uyy), x>0, >0
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Taking Double Aboodh transform of above equation and taking t as a constant,

d*U(p,q)
dt?

U(p,q) = Acos ((c\/p2 + q? )t) + Bsin ((c\/p2 + q? )t)
Using initial condition, at t = 0u = f(x,y) and u;(x,y) = 0, one can get

A=Gp,q) =A4[f(x,y)], B=0

= c2(p*U(p,q) + q*U(p, @),

_1 o0 o0
uly) == f f eP**WpqG(p, q)dpdq
0 0

TABLE 1: ABOODH TRANSFORM OF FUNCTIONS

Aboodh Transform of Functions
Sr. No. | Function f(t) Aboodh Transform G (p)
1
1 et _
p(p —a)
) 1
cosat 7T a2
3 j ¢
sinat (0 + a?)
1
4 coshat m
5 inh ¢
nhat ————<
St p(p? — a?)
n!
n
6 t" n=0 o
y(a+1)
7 t* ,a>-1 W
1 Vr
8 — -
\/f p3/2
V1T
9 24/t 57
10 the et yntl)
p(p + )"
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Aboodh Transform of Functions
Sr. No. | Function f(t) Aboodh Transform G (p)
11 e%cosbt P~
pl(p —a)? + b?]
b
12 e%sinbt > >
pl(p — a)? + b?]
2 _ 2
13 tcosat 1%
p (p* +a?)
2a
14 tsinat YRV
(p% + a?)
—— 1
15 S”;“ Etan_l(a/p)
t sinx 1
16 Si(t) =] de 7 cot™1(p)
0
] ® cosx 1 5
17 Ci(t) = —f " dx _Z_pz log(p®+ 1)
t
2 2
18 sinhat sinat #
p* + 4a*
2 3
19 sinhat — sinat %
p(p* —a*)
2 2
20 coshat — cosat %
p*—a
(b* = a?)
21 cosat — cosbt
@7 + ) + b7
22 et — bt 1_la-b)
p(—a)(p—Db)
(a—b)
23 ae® — pebt
P—-a)(->b)
1 1 p—a
24 —(pbt _ sat _ ( )
G 519\, =5
25 "Fp-alt Ry
p3/2
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Aboodh Transform of Functions
Sr. No. | Function f(t) Aboodh Transform G (p)
T
26 3 p-alt Nz e 2 q >0
Vvap
27 t—%e—a2/4t ﬁ e_a@ ’a > 0
ap
T
28 t—%e—az/‘lt p3_\/:2 e WP a=0
—a’t?/4 _T[ - pz E
29 e i (5 )erfc (a) ,a>0
t 1
30 erf (Z) 2 e(azpz)erfc(ap) ,a>0
a 1
31 erf (—) —(1-e"@P) a>0
2Vt p?
a 1
32 er (—) —e @® 4>0
Je oV pz° “
1 N At a
33 tge—az/tlt 7[W+F] e~ (avp) ,a>0
34 e®terf(avt) %
p¥*(p —a*)
1
35 a’t
e erfc(a\/f) p3/2(\/5_ a?)
36 L + ae®terf(avt) _
Jmt Jp(p —a?)
37 — —ae%terf,(aVt —
2 1 2 a 1
38 —t2e~ 4 /4 _ ger (—) —— e WP 4>0
T Je 24t p>/?
L Vr
% Vi+a W@“”erfc(dap) ,a>0
e ()
40 -2 —2aVT ——eYPerf.l— ) ,a>0
t 2e ,a=>0 p3/2 fe \/5
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Aboodh Transform of Functions
Sr. No. | Function f(t) Aboodh Transform G (p)
] r
41 ﬁcos(Za\/f) 7 e~=a/p
1 Vi
42 ﬁsm(Za\/f) T e—a/p
43 cosh(2a+/t ) p_;r/czl ea/p
44 sinh(2avt) p—”S"/‘zl ea/p
; 3
45 sm(fa\/? Eerf(a/\/;)
46 5(t — a) e Laz0
1
47 H(t—a) ?e a  a=0
48 6'(t—a) e ,a=0
49 5™(t —a) p"lem® a>0
. “e 1
50 Ei(—t) = j de ?log(l +p)
t

3. CONCLUSION

In this article Double Aboodh transform and Triple Aboodh transform are introduced
and their properties are proved. They are used to partial differential equations with
initial and boundary conditions.
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