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Abstract 

The current article introduced Double Aboodh transform, Triple Aboodh 

transform and their properties. The relation between Double Laplace and 

Double Aboodh transform, Double Sumudu and Double Aboodh transform, 

the comparison between Laplace transform, Aboodh transform and Sumudu 

transform given in this paper. Using Double Aboodh transform and Triple 

Aboodh transform solution of partial differential equations are given in this 

article. The results related to Aboodh transform are proved and Applications 

of Aboodh transform is shown to solve engineering problems. 
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1. INTRODUCTION 

   In an application of engineering, the partial differentiation plays a crucial role. To 

get to the bottom of these differential equations Integral transforms are used. The 

solutions of initial and boundary value problems are given by several Integral 

transforms methods [1-2]. The concept of Laplace transform is widely used in 

engineering. In Engineering Mechanics, Electrical Engineering the linear and partial 

differential equations and there solutions were solved by Laplace transform. Recently 

Double Laplace transform [3] is used to solve partial differential equations and 

integral equations. Karaballi, Eltayeb, Kalicman work on Sumudu transform 

developed by Watugula [4]. Kalicman [6-7] compare Sumudu and Laplace transform 

and solve problems in engineering. A. Babakhani work on double Laplace-Carson 

transforms and proved theorems for solving partial differential equations. Like of 
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Laplace –Carson transform Aboodh introduce Laplace- Aboodh transform and used it 

to solve ordinary and partial differential equations [14-15].  

The main objective of this article is to compare Laplace, Aboodh and Sumudu 

transform. Also to introduce concept of Double and Triple Aboodh transform with 

their properties. In the first part the definition and duality with other transforms is 

given and in second part theorems with proof, applications of Aboodh transform are 

shown. This paper will provide a good platform for those who want to solve partial 

differential equations, engineering problems using Integral transforms. The Laplace- 

Aboodh transform is modification in Laplace transform and Aboodh gave it name 

Aboodh transform, so we will take the same name Aboodh transform throughout in 

this paper. 

The Aboodh transform defined for t ≥ 0the function 𝑓(𝑡), 𝑡 > 0 is, 

Let f(t) be an exponential order function in the set 𝐴 as 

𝐴 = {𝑓: |𝑓(𝑡)| < 𝑀𝑒|𝑡|𝛼𝑗 , 𝑡 ∈ (−1)𝑗 × [0, ∞), 𝑗 = 1,2; 𝑀, 𝛼1, 𝛼2 > 0} 

Any function in the set 𝐴, the constant 𝑀 is finite number and 𝛼1, 𝛼2 are finite or may 

be infinite numbers. Then the Aboodh transform is, 

𝐴[𝑓(𝑡)] =
1

𝑝
∫ 𝑒−𝑝𝑡𝑓(𝑡)𝑑𝑡

∞

0
 = 𝐺(𝑝), 𝛼1 ≤ 𝑝 ≤ 𝛼2                                                (1) 

And Inverse Aboodh transform is, 

𝑓(𝑡) =
1

2𝜋𝑖
∫ 𝑒𝑝𝑡𝑝𝐺(𝑝)𝑑𝑝

𝛾+𝑖∞

𝛾−𝑖∞
 ; 𝛾 ≥ 0                                                                    (2)  

Theorem 1.:- Let 𝑓(𝑡) ∈ 𝐴 and the 𝐴[𝑓(𝑡)] = 𝐺(𝑝) is Aboodh transform such that 

𝑝𝐺(𝑝) is a meromorphic function, with singularities having 𝑅𝑒(𝑝) < 𝛾 and there 

exists a circular region 𝛤𝑅 with radius 𝑅 and positive constants 𝑀and 𝑛 with 𝑝𝐺(𝑝) <
𝑀

𝑅𝑛 then the function 𝑓(𝑡) is given by, 

𝑓(𝑡) =
1

2𝜋𝑖
∫ 𝑒𝑝𝑡𝑝𝐺(𝑝)𝑑𝑝

𝛾+𝑖∞

𝛾−𝑖∞
= ∑ 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠 𝑜𝑓 (𝑒𝑝𝑡𝑝𝐺(𝑝))                                 (3) 

Proof of this theorem will be obtained using Aboodh-Laplace duality [16] and 

theorems on Laplace transform [2]. 

The properties of Aboodh transform are given below, 

Let  𝐴[𝑓(𝑡)] = 𝐺(𝑝) 

1. 𝐴{𝑎𝑓1(𝑡) + 𝑏𝑓2(𝑡)} = 𝑎𝐴[𝑓1(𝑡)] + 𝑏𝐴[𝑓2(𝑡)] 

2. 𝐴[𝑒𝑎𝑡𝑓(𝑡)] = (
𝑝−𝑎

𝑝
) 𝐺(𝑝 − 𝑎) 

3. 𝐴[𝑡𝑓(𝑡)] = (−
𝑑

𝑑𝑝
−

1

𝑝
) 𝐺(𝑝) 
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4. 𝐴 [∫ 𝑓(𝑡)𝑑𝑡
𝑡

0
] =

1

𝑝2 𝐺(𝑝) 

5. Let 𝑓1(𝑡) = {
𝑓(𝑡 − 𝑎), 𝑡 > 𝑎

0 𝑡 < 𝑎
 then 𝐴[𝑓1(𝑡)] = 𝑒−𝑎𝑝𝐺(𝑝) 

6. 𝐴[𝑓′(𝑡)] = 𝑝𝐺(𝑝) −
𝑓(0)

𝑝
 

7. 𝐴[𝑓′′(𝑡)] = 𝑝2𝐺(𝑝) −
𝑓′(0)

𝑝
− 𝑓(0) 

 

2. DOUBLE ABOODH TRANSFORM 

Double Aboodh transform is defined for the continuous and an exponential order 

functions. 

Let 𝑓(𝑥, 𝑦) be function of two variables defined in the first quadrant of the XOY 

plane. Consider the set 

𝐶 = {𝑓: |𝑓(𝑥, 𝑦)| < 𝑀𝑒|𝑥|𝛼𝑗+|𝑦|𝛽𝑗 , 𝑥, 𝑦 ∈ (−1)𝑗 × [0, ∞), 𝑗 = 1,2; 𝑀, 𝛼𝑗 , 𝛽𝑗 > 0} be 

the set of continuous and exponential order functions, Let f(x, y) be any function in 

the set C, the constant M is finite number and αj, β
j
 are finite or may be infinite 

numbers. Then the Double Aboodh transform is, 

𝐴2[𝑓(𝑥, 𝑦)] =
1

𝑝𝑞
∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦)𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
 = 𝐺(𝑝, 𝑞), 𝛼1 < 𝑝 < 𝛼2, 𝛽1 < 𝑞 < 𝛽2    (4) 

And Inverse Double Aboodh transform is, 

𝑓(𝑥, 𝑦) =
1

(−4𝜋2)
∫ ∫ 𝑒𝑝𝑥+𝑞𝑦  𝑝𝑞𝐺(𝑝, 𝑞)𝑑𝑝

𝛾4+𝑖∞

𝛾3−𝑖∞
𝑑𝑞

𝛾2+𝑖∞

𝛾1−𝑖∞
 ; 𝛾𝑗 ≥ 0                         (5) 

Provided the integral exists and it is absolutely convergent in the given interval. 

On the similar way one can defined Triple Aboodh transform as, 

𝐴3[𝑓(𝑥, 𝑦, 𝑧)] =
1

𝑝𝑞𝑠
∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦+𝑠𝑧)𝑓(𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦𝑑𝑧

∞

0

∞

0
 = 𝐺(𝑝, 𝑞, 𝑠),             

𝛼1 < 𝑝 < 𝛼2, 𝛽1 < 𝑞 < 𝛽2, 𝜂1 < 𝑝 < 𝜂2                

And Inverse Double Aboodh transform is, 

𝑓(𝑥, 𝑦, 𝑧) =
1

(−8𝜋3𝑖)
∫ ∫ ∫ 𝑒𝑝𝑥+𝑞𝑦  𝑝𝑞𝑠𝐺(𝑝, 𝑞, 𝑠)𝑑𝑝

𝛾6−𝑖∞

𝛾5−𝑖∞

𝛾4+𝑖∞

𝛾3−𝑖∞
𝑑𝑞𝑑𝑠

𝛾2+𝑖∞

𝛾1−𝑖∞
 ; 𝛾𝑗 ≥ 0      

Provided the integral exists and it is absolutely convergent in the given interval. 

Aboodh-Laplace Duality: 

Theorem 2:- If 𝐴2[𝑓(𝑥, 𝑦)] = 𝐺(𝑝, 𝑞) double Aboodh transform and 𝐿2[𝑓(𝑥, 𝑦)] =
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𝐹(𝑝, 𝑞) be double Laplace transform then 

𝐺(𝑝, 𝑞) =
1

𝑝𝑞
𝐹(𝑝, 𝑞) and 𝐹(𝑝, 𝑞) = 𝑝𝑞𝐺(𝑝, 𝑞)                                                      (6) 

Proof:- Consider 𝐺(𝑝, 𝑞) =
1

𝑝𝑞
∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦)𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

0
=

∞

0

1

𝑝𝑞
𝐹(𝑝, 𝑞)  

 

Aboodh-Sumudu Duality: 

Theorem 3:- If 𝐴2[𝑓(𝑥, 𝑦)] = 𝐺(𝑝, 𝑞) double Aboodh transform and 𝑆2[𝑓(𝑥, 𝑦)] =

𝑆𝐹(𝑝, 𝑞) double Sumudu transform then 

          𝑆𝐹(𝑝, 𝑞) =
1

𝑝2𝑞2  𝐺 (
1

𝑝
,

1

𝑞
) and 𝐺(𝑝, 𝑞) =

1

𝑝2𝑞2  𝑆𝐹 (
1

𝑝
,

1

𝑞
)                              (7) 

Proof:- Consider 𝐺(𝑝, 𝑞) =
1

𝑝𝑞
∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦)𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
 

=
1

𝑝𝑞
∫ ∫ 𝑒

−(
𝑥

1
𝑝⁄

+
𝑦

1
𝑞⁄

)

𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0

=
1

𝑝2𝑞2
 𝑆𝐹 (

1

𝑝
,
1

𝑞
) 

Theorem 4:- Let 𝑓(𝑥, 𝑦) ∈ 𝐶 and it is absolutely integrable function having first order 

partial derivative and mixed second order partial derivative 
𝜕𝑓

𝜕𝑥𝜕𝑦
(𝑥, 𝑦) ∈ 𝐶 such that 

0 < 𝑥, 𝑦 < ∞ and if Double Aboodh transform 𝐴2[𝑓(𝑥, 𝑦)] =
1

𝑝𝑞
∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦)𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
 = 𝐺(𝑝, 𝑞), 𝛼1 < 𝑝 < 𝛼2, 𝛽1 < 𝑞 < 𝛽2 is absolutely 

convergent then 

                       𝑓(𝑥, 𝑦) =
1

(−4𝜋2)
∫ ∫ 𝑒𝑝𝑥+𝑞𝑦  𝑝𝑞𝐺(𝑝, 𝑞)𝑑𝑝

𝛾4+𝑖∞

𝛾3−𝑖∞
𝑑𝑞

𝛾2+𝑖∞

𝛾1−𝑖∞
 ; 𝛾𝑗 ≥ 0 

This result directly follows from the results of Double Laplace transform and 

Aboodh- Laplace duality. 

Theorem 5:- Let 𝐴2[𝑓(𝑥, 𝑦)] = 𝐺(𝑝, 𝑞) , 𝐴3[𝑓(𝑥, 𝑦, 𝑧)] = 𝐺(𝑝, 𝑞, 𝑠) then  

                                     𝐴2[𝑎𝑓1(𝑥, 𝑦) + 𝑏𝑓2(𝑥, 𝑦)] = 𝑎𝐺1(𝑝, 𝑞) + 𝑏𝐺2(𝑝, 𝑞). 

𝐴3[𝑎𝑓1(𝑥, 𝑦, 𝑧) + 𝑏𝑓2(𝑥, 𝑦, 𝑧)] = 𝑎𝐺1(𝑝, 𝑞, 𝑠) + 𝑏𝐺2(𝑝, 𝑞, 𝑠) 

Proof: Consider, 𝐴2[𝑎𝑓1(𝑥, 𝑦) + 𝑏𝑓2(𝑥, 𝑦)] 

               =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦[𝑎𝑓1(𝑥, 𝑦) + 𝑏𝑓2(𝑥, 𝑦)]𝑑𝑥𝑑𝑦

∞

0

∞

0
 

               =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑎𝑓1(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

0
 

∞

0
+ 

1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑏𝑓2(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
 

               = 𝑎𝐺1(𝑝, 𝑞) + 𝑏𝐺2(𝑝, 𝑞)                                                                             (8) 
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Theorem 6:- Let 𝐴[𝑓(𝑥)] = 𝐺(𝑝) and the Heaviside’s unit step function 

𝐻(𝑥 − 𝑦) = {
1 ; 𝑖𝑓 𝑥 ≥ 𝑦
0 ; 𝑖𝑓 𝑥 < 𝑦

  then 

1. 𝐴2[𝑓(𝑥)𝐻(𝑥 − 𝑦)] =
1

𝑞2 [𝐺(𝑝) −
𝑝+𝑞

𝑝
𝐺(𝑝 + 𝑞)] 

2. 𝐴2[𝑓(𝑥)𝐻(𝑦 − 𝑥)] =
𝑝+𝑞

𝑝𝑞2
[𝐺(𝑝 + 𝑞)] 

3. 𝐴2[𝑓(𝑥)𝐻(𝑥 + 𝑦)] =
𝑝−𝑞

𝑝𝑞2
[𝐺(𝑝 + 𝑞)] 

4. 𝐴2[𝐻(𝑥 − 𝑦)] =
1

𝑞𝑝2(𝑝+𝑞)
 

Proof: 1. Consider, 𝐴2[𝑓(𝑥)𝐻(𝑥 − 𝑦)] =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥)𝐻(𝑥 − 𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
 

            =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥)𝑑𝑥𝑑𝑦

∞

𝑦

∞

0
 

By changing the order of integration, 

 𝐴2[𝑓(𝑥)𝐻(𝑥 − 𝑦)] =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥)𝑑𝑥𝑑𝑦

𝑥

0

∞

0
 

 𝐴2[𝑓(𝑥)𝐻(𝑥 − 𝑦)] =
1

𝑝𝑞2 ∫ [1 − 𝑒−𝑞𝑥]𝑒−𝑝𝑥𝑓(𝑥)𝑑𝑥
∞

0
 

 𝐴2[𝑓(𝑥)𝐻(𝑥 − 𝑦)] =
1

𝑞2 [𝐺(𝑝) −
𝑝+𝑞

𝑝
𝐺(𝑝 + 𝑞)] 

 

2. Consider, 𝐴2[𝑓(𝑥)𝐻(𝑦 − 𝑥)] =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥)𝐻(𝑦 − 𝑥)𝑑𝑥𝑑𝑦

∞

0

∞

0
 

            =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥)𝑑𝑥𝑑𝑦

∞

𝑥

∞

0
 

 𝐴2[𝑓(𝑥)𝐻(𝑥 − 𝑦)] =
1

𝑝𝑞2 ∫ [𝑒−𝑞𝑥]𝑒−𝑝𝑥𝑓(𝑥)𝑑𝑥
∞

0
 

 𝐴2[𝑓(𝑥)𝐻(𝑥 − 𝑦)] =
𝑝+𝑞

𝑝𝑞2 𝐺(𝑝 + 𝑞) 

 

3. Consider, 𝐴2[𝑓(𝑥)𝐻(𝑥 + 𝑦)] =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥)𝐻(𝑥 + 𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
 

            =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥)𝑑𝑥𝑑𝑦

∞

−𝑦

∞

0
 

By changing the order of integration, 

 𝐴2[𝑓(𝑥)𝐻(𝑥 − 𝑦)] =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥)𝑑𝑥𝑑𝑦

∞

−𝑥

∞

0
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 𝐴2[𝑓(𝑥)𝐻(𝑥 − 𝑦)] =
1

𝑝𝑞2 ∫ [𝑒𝑞𝑥]𝑒−𝑝𝑥𝑓(𝑥)𝑑𝑥
∞

0
 

 𝐴2[𝑓(𝑥)𝐻(𝑥 − 𝑦)] =
𝑝−𝑞

𝑝𝑞2 𝐺(𝑝 − 𝑞) 

 

4. Consider, 𝐴2[𝐻(𝑥 − 𝑦)] =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝐻(𝑥 − 𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
 

            =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑑𝑥𝑑𝑦

∞

𝑦

∞

0
 

             𝐴2[𝑓(𝑥)𝐻(𝑥 − 𝑦)] =
1

𝑝2𝑞

1

(𝑝+𝑞)
 

Theorem 7:- Let 𝐴2[𝑓(𝑥, 𝑦)] = 𝐺(𝑝, 𝑞) and 𝐴3[𝑓(𝑥, 𝑦, 𝑧)] = 𝐺(𝑝, 𝑞, 𝑠)  the 

Heaviside’s unit step function for two variable and three variables are defined as, 

                          𝐻(𝑥 − 𝑎, 𝑦 − 𝑏) = {
1 ; 𝑖𝑓 𝑥 > 𝑎, 𝑦 > 𝑏          

  0 ; 𝑖𝑓 𝑥 < 𝑎 &/𝑜𝑟   𝑦 < 𝑏
   

𝐻(𝑥 − 𝑎, 𝑦 − 𝑏, 𝑧 − 𝑐) = {
1 ; 𝑖𝑓 𝑥 > 𝑎, 𝑦 > 𝑏, 𝑧 > 𝑐          

  0 ; 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                 
 

 then for any real constants 𝑎, 𝑏, 𝑐 > 0,  

    𝐴2[𝑓(𝑥 − 𝑎, 𝑦 − 𝑏)𝐻(𝑥 − 𝑎, 𝑦 − 𝑏)] = 𝑒−𝑎𝑝−𝑏𝑞𝐺(𝑝, 𝑞).                                   (9)              

   𝐴3[𝑓(𝑥 − 𝑎, 𝑦 − 𝑏, 𝑧 − 𝑐)𝐻(𝑥 − 𝑎, 𝑦 − 𝑏, 𝑧 − 𝑐)] = 𝑒−𝑎𝑝−𝑏𝑞−𝑐𝑠𝐺(𝑝, 𝑞, 𝑠)        (10)                                                            

Proof: Consider, 𝐴2[𝑓(𝑥 − 𝑎, 𝑦 − 𝑏)𝐻(𝑥 − 𝑎, 𝑦 − 𝑏)] 

                           =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥 − 𝑎, 𝑦 − 𝑏)𝐻(𝑥 − 𝑎, 𝑦 − 𝑏)𝑑𝑥𝑑𝑦

∞

0

∞

0
 

                           =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥 − 𝑎, 𝑦 − 𝑏)𝑑𝑥𝑑𝑦

∞

𝑏

∞

𝑎
 

By using the substitution 𝑥 − 𝑎 = 𝑢, 𝑦 − 𝑏 = 𝑣 then 

                          𝐴2[𝑓(𝑥 − 𝑎, 𝑦 − 𝑏)𝐻(𝑥 − 𝑎, 𝑦 − 𝑏)] 

                           =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝(𝑢+𝑎)−𝑞(𝑣+𝑏)𝑓(𝑢, 𝑣)𝑑𝑢𝑑𝑣

∞

0

∞

0
 

                           = 𝑒−𝑎𝑝−𝑏𝑞 𝐺(𝑝, 𝑞) 

Similar calculation can be done for second proof. 

Theorem 8:- Let 𝐴2[𝑓1(𝑥, 𝑦)] = 𝐺1(𝑝, 𝑞) and 𝐴2[𝑓2(𝑥, 𝑦)] = 𝐺2(𝑝, 𝑞) are absolutely 

convergent then  

  𝐴2[𝑓1(𝑥, 𝑦) ∗∗ 𝑓2(𝑥, 𝑦)] = 𝑝𝑞𝐺1(𝑝, 𝑞)𝐺2(𝑝, 𝑞).                                                  (11) 

Where 𝑓1(𝑥, 𝑦) ∗∗ 𝑓2(𝑥, 𝑦) = ∫ ∫ 𝑓1(𝑥 − 𝑎, 𝑦 − 𝑏)𝑓2(𝑎, 𝑏)𝑑𝑎𝑑𝑏
𝑦

0

𝑥

0
 is called 
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convolution product of 𝑓1(𝑥, 𝑦) and 𝑓2(𝑥, 𝑦). 

Proof: Consider, 𝐴2[𝑓1(𝑥, 𝑦) ∗∗ 𝑓2(𝑥, 𝑦)] 

   =
1

𝑝𝑞
∫ ∫ ∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦[𝑓1(𝑥 − 𝑎, 𝑦 − 𝑏)𝑓2(𝑎, 𝑏)𝑑𝑎𝑑𝑏]𝑑𝑥𝑑𝑦

𝑦

0

𝑥

0

∞

0

∞

0
 

By changing the order of integration in the above integral, 

   =
1

𝑝𝑞
∫ ∫ 𝑓2(𝑎, 𝑏) ∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦[𝑓1(𝑥 − 𝑎, 𝑦 − 𝑏)𝑑𝑥𝑑𝑦]𝑑𝑎𝑑𝑏

∞

𝑏

∞

𝑎

∞

0

∞

0
 

   =
1

𝑝𝑞
∫ ∫ 𝑓2(𝑎, 𝑏) ∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦[𝑓1(𝑥 − 𝑎, 𝑦 − 𝑏)𝐻(𝑥 − 𝑎, 𝑦 − 𝑏)𝑑𝑥𝑑𝑦]𝑑𝑎𝑑𝑏

∞

0

∞

0

∞

0

∞

0
 

             = 𝐹1(𝑝, 𝑞)𝐹2(𝑝, 𝑞) Using equation (9) get the result. 

Same way one can do it for Triple Aboodh transform as, 

Let 𝐴3[𝑓1(𝑥, 𝑦, 𝑧)] = 𝐺1(𝑝, 𝑞, 𝑠) and 𝐴3[𝑓2(𝑥, 𝑦, 𝑧)] = 𝐺2(𝑝, 𝑞, 𝑠) are absolutely 

convergent then   𝐴2[𝑓1(𝑥, 𝑦, 𝑧) ∗∗∗ 𝑓2(𝑥, 𝑦, 𝑧)] = 𝑝𝑞𝑠𝐺1(𝑝, 𝑞, 𝑠)𝐺2(𝑝, 𝑞, 𝑠).                    

Where 𝑓1(𝑥, 𝑦, 𝑧) ∗∗∗ 𝑓2(𝑥, 𝑦, 𝑧) = ∫ ∫ ∫ 𝑓1(𝑥 − 𝑎, 𝑦 − 𝑏, 𝑧 − 𝑐)𝑓2(𝑎, 𝑏, 𝑐)𝑑𝑎𝑑𝑏𝑑𝑐
𝑧

0

𝑦

0

𝑥

0
 

is called convolution product of 𝑓1(𝑥, 𝑦, 𝑧) and 𝑓2(𝑥, 𝑦, 𝑧). 

Theorem 9:- Let 𝐴[𝑓(𝑥)] = 𝐺(𝑝) and 𝐴[𝑓(𝑦)] = 𝐺(𝑞) and 𝑓(𝑥 + 𝑦) ∈ 𝐶 then 

𝐴2[𝑓(𝑥 + 𝑦)] =
1

𝑝𝑞(𝑝 − 𝑞)
[𝑞𝐺(𝑞) − 𝑝𝐺(𝑝)] 

Proof: Consider, 𝐴2[𝑓(𝑥 + 𝑦)] =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥 + 𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
 

Put 𝑥 + 𝑦 = 𝑢 and changing the order of integration, 

𝐴2[𝑓(𝑥 + 𝑦)] =
1

𝑝𝑞
∫ ∫ 𝑒−𝑥(𝑝−𝑞)𝑒−𝑞𝑢𝑓(𝑢)𝑑𝑥𝑑𝑢

𝑢

0

∞

0

 

𝐴2[𝑓(𝑥 + 𝑦)] =
1

𝑝𝑞(𝑝 − 𝑞)
[𝑞𝐺(𝑞) − 𝑝𝐺(𝑝)] 

Examples: 

a) If 𝑓(𝑥, 𝑦) = 1 for 𝑥, 𝑦 > 0 then 

𝐴2[1] =
1

𝑝𝑞
∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦)𝑑𝑥𝑑𝑦 =

1

𝑝2𝑞2

∞

0

∞

0
                                                               (12) 

b) If 𝑓(𝑥, 𝑦) = 𝑒(𝑎𝑥+𝑏𝑦) for all 𝑥, 𝑦 then 

𝐴2[𝑒(𝑎𝑥+𝑏𝑦)] =
1

𝑝𝑞
∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦)𝑒(𝑎𝑥+𝑏𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
 =

1

𝑝𝑞(𝑝−𝑎)(𝑞−𝑏)
                       (13) 

c) If 𝑓(𝑥, 𝑦) = 𝑐𝑜𝑠 (𝑎𝑥 + 𝑏𝑦) then 
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𝐴2[𝑐𝑜𝑠(𝑎𝑥 + 𝑏𝑦)] =
𝑝𝑞−𝑎𝑏

𝑝𝑞(𝑝2+𝑎2)(𝑞2+𝑏2)
                                                                  (14) 

d) 𝐴2[𝑠𝑖𝑛(𝑎𝑥 + 𝑏𝑦)] =
𝑝𝑏+𝑞𝑎

𝑝𝑞(𝑝2+𝑎2)(𝑞2+𝑏2)
                                                             (15) 

e) 𝐴2[𝑠𝑖𝑛ℎ(𝑎𝑥 + 𝑏𝑦)] =
𝑝𝑏+𝑞𝑎

𝑝𝑞(𝑝2−𝑎2)(𝑞2−𝑏2)
                                                           (16) 

f) 𝐴2[𝑐𝑜𝑠ℎ(𝑎𝑥 + 𝑏𝑦)] =
𝑝𝑞−𝑎𝑏

𝑝𝑞(𝑝2−𝑎2)(𝑞2−𝑏2)
                                                           (17) 

g) 𝐴2[(𝑥𝑦)𝑛] = {

(𝑛!)2

(𝑝𝑞)𝑛+2 , 𝑛 𝑖𝑠 𝑖𝑛𝑡𝑒𝑔𝑒𝑟

(𝛾(𝑛+1))2

(𝑝𝑞)𝑛+2
, 𝑛 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟

                                             (18) 

Theorem 10:- Let 𝑓(𝑥, 𝑦) then for any pair of real constants 𝑎, 𝑏 > 0  

               𝐴2[𝑒(−𝑎𝑥−𝑏𝑦)𝑓(𝑥, 𝑦)] =
(𝑝−𝑎)(𝑞−𝑏)

𝑝𝑞
𝐺(𝑝 − 𝑎, 𝑞 − 𝑏)                              (19) 

Proof:- Consider 𝐴2[𝑒(−𝑎𝑥−𝑏𝑦)𝑓(𝑥, 𝑦)] =
1

𝑝𝑞
∫ ∫ 𝑒−(𝑝𝑥+𝑞𝑦)𝑒(−𝑎𝑥−𝑏𝑦)𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
  

=
1

𝑝𝑞
∫ ∫ 𝑒−𝑥(𝑝+𝑎)𝑒−𝑦(𝑞+𝑏)𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
 =

(𝑝−𝑎)(𝑞−𝑏)

𝑝𝑞
𝐺(𝑝 − 𝑎, 𝑞 − 𝑏) 

Theorem 11:- Let 𝐴[𝑓(𝑥)] = 𝐺(𝑝) and 𝐴[𝑔(𝑦)] = 𝐺(𝑞) then 𝐴2[𝑓(𝑥)] =
1

𝑝𝑞2 𝐺(𝑝) 

and 

                  𝐴2[𝑔(𝑦)] =
1

𝑞𝑝2 𝐺(𝑞). 

Proof: Consider, 𝐴2[𝑓(𝑥)] =
1

𝑝𝑞
∫ 𝑒−𝑞𝑥 ∫ 𝑒−𝑝𝑥𝑓(𝑥)𝑑𝑥𝑑𝑦 =

1

𝑝𝑞2 𝐺(𝑝)
∞

0

∞

0
 

Similar way for the proof of 𝐴2[𝑔(𝑦)] =
1

𝑞𝑝2 𝐺(𝑞) 

Theorem 12:- Let 𝐴[𝑓(𝑥)] = 𝐺(𝑝) and 𝐴[𝑔(𝑦)] = 𝐺(𝑞) then 

                   𝐴2[𝑓(𝑎𝑥)𝑔(𝑏𝑦)] =
1

𝑎2𝑏2 𝐺(𝑝/𝑎)𝐺(𝑞/𝑏). 

Proof: Consider, 𝐴2[𝑓(𝑎𝑥)𝑔(𝑏𝑦)] =
1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑎𝑥)𝑔(𝑏𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
 

=
1

𝑝𝑞
∫ 𝑒−𝑝𝑥𝑓(𝑎𝑥)𝑑𝑥 ∫ 𝑒−𝑞𝑦𝑔(𝑏𝑦)𝑑𝑦

∞

0

∞

0

 

Using substitution 𝑎𝑥 = 𝑢, 𝑏𝑦 = 𝑣 in the integration get the required proof 

𝐴2[𝑓(𝑎𝑥)𝑔(𝑏𝑦)] =
1

𝑎2𝑏2
𝐺(𝑝/𝑎)𝐺(𝑞/𝑏) 
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Theorem 13:- Let f(x, y) be periodic function in C then  

   𝐴2[𝑓(𝑥, 𝑦)] =
1

𝑝𝑞(1−𝑒−𝑝𝑇1−𝑞𝑇2)
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

𝑇2

0

𝑇1

0
.                           (20) 

  𝐴3[𝑓(𝑥, 𝑦, 𝑧)] =
1

𝑝𝑞𝑠(1−𝑒−𝑝𝑇1−𝑞𝑇2−𝑠𝑇3)
∫ ∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

𝑇3

0

𝑇2

0

𝑇1

0
 

Proof will obvious from Duality of Double Aboodh-Laplace transform. 

 

Theorem 14:- If A2[f(x, y)] = G(p, q)and A3[f(x, y, z)] = G(p, q, s) then 

1. 𝐴2[𝑥𝑓(𝑥, 𝑦)] = − (
𝜕

𝜕𝑝
+

1

𝑝
)  𝐺(𝑝, 𝑞)     ,  

    𝐴2[𝑦𝑓(𝑥, 𝑦)] = − (
𝜕

𝜕𝑞
+

1

𝑞
)  𝐺(𝑝, 𝑞)                                                                  (21) 

2. 𝐴3[𝑥𝑓(𝑥, 𝑦, 𝑧)] = − (
𝜕

𝜕𝑝
+

1

𝑝
)  𝐺(𝑝, 𝑞, 𝑠)     ,   

    𝐴3[𝑦𝑓(𝑥, 𝑦, 𝑧)] = − (
𝜕

𝜕𝑞
+

1

𝑞
)  𝐺(𝑝, 𝑞, 𝑠), 

    𝐴3[𝑧𝑓(𝑥, 𝑦, 𝑧)] = − (
𝜕

𝜕𝑠
+

1

𝑠
)  𝐺(𝑝, 𝑞, 𝑠)                                                            (22) 

3. 𝐴2[𝑥𝑦 𝑓(𝑥, 𝑦)] = (
𝜕2

𝜕𝑝𝜕𝑞
+

1

𝑝

𝜕

𝜕𝑞
+

1

𝑞

𝜕

𝜕𝑝
+

1

𝑝𝑞
) 𝐺(𝑝, 𝑞)                                        (23) 

4. 𝐴2[𝑥2 𝑓(𝑥, 𝑦)] = [
𝜕2

𝜕𝑝2 +
1

𝑝

𝜕

𝜕𝑝
] 𝐺(𝑝, 𝑞)                                                              (24) 

5. 𝐴2[𝑦2 𝑓(𝑥, 𝑦)] = [
𝜕2

𝜕𝑞2 +
1

𝑞

𝜕

𝜕𝑞
] 𝐺(𝑝, 𝑞)                                                              (25) 

Proof: 1. Consider, 
𝜕

𝜕𝑝
𝐺(𝑝, 𝑞) = ∫ ∫

𝜕

𝜕𝑝
(

1

𝑝𝑞
𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥, 𝑦)) 𝑑𝑥𝑑𝑦

∞

0

∞

0
 

                                               = ∫ ∫ (
−1

𝑝𝑞
𝑒−𝑝𝑥−𝑞𝑦𝑥 −

1

𝑝2𝑞
𝑒−𝑝𝑥−𝑞𝑦)

∞

0
𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

0
   

∴ 𝐴2[𝑥𝑓(𝑥, 𝑦)] = − (
𝜕

𝜕𝑝
+

1

𝑝
)  𝐺(𝑝, 𝑞) 

and  
𝜕𝐺

𝜕𝑞
(𝑝, 𝑞) = ∫ ∫

𝜕

𝜕𝑞
(

1

𝑝𝑞
𝑒−𝑝𝑥−𝑞𝑦𝑓(𝑥, 𝑦)) 𝑑𝑥𝑑𝑦

∞

0

∞

0
 

                                               = ∫ ∫ (
−1

𝑝𝑞
𝑒−𝑝𝑥−𝑞𝑦𝑦 −

1

𝑞2𝑝
𝑒−𝑝𝑥−𝑞𝑦)

∞

0
𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

0
   

∴ 𝐴2[𝑦𝑓(𝑥, 𝑦)] = − (
𝜕

𝜕𝑞
+

1

𝑞
)  𝐺(𝑝, 𝑞) 

 



1088  S. B. Kiwne and Sandip M. Sonawane 

The proof of second is similar to 1. 

3. Consider, 𝐴2[𝑥𝑦𝑓(𝑥, 𝑦)] = (
𝜕

𝜕𝑝
+

1

𝑝
) (

𝜕

𝜕𝑞
+

1

𝑞
) 𝐺(𝑝, 𝑞)  

                                             = (
𝜕2

𝜕𝑝𝜕𝑞
+

1

𝑝

𝜕

𝜕𝑞
+

1

𝑞

𝜕

𝜕𝑝
+

1

𝑝𝑞
) 𝐺(𝑝, 𝑞) 

4. Consider, 𝐴2[𝑥2𝑓(𝑥, 𝑦)] = (
𝜕

𝜕𝑝
+

1

𝑝
) (

𝜕

𝜕𝑝
+

1

𝑝
) 𝐺(𝑝, 𝑞) 

                                             = (
𝜕2

𝜕𝑝2 +
1

𝑝

𝜕

𝜕𝑝
) 𝐺(𝑝, 𝑞) 

5. Consider, 𝐴2[𝑦2 𝑓(𝑥, 𝑦)] = (
𝜕

𝜕𝑞
+

1

𝑞
) (

𝜕

𝜕𝑞
+

1

𝑞
) 𝐺(𝑝, 𝑞) 

                                             = (
𝜕2

𝜕𝑞2 +
1

𝑞

𝜕

𝜕𝑞
) 𝐺(𝑝, 𝑞) 

Theorem 15:- Let 𝑓(𝑥, 𝑦),
𝜕𝑓

𝜕𝑥
 ,

𝜕𝑓

𝜕𝑦
 ,

𝜕2𝑓

𝜕𝑥2  ,
𝜕2𝑓

𝜕𝑦2 ∈ 𝐶 and 𝐴2[𝑓(𝑥, 𝑦)] =

𝐺(𝑝, 𝑞), 𝐴[𝑓(𝑥)] = 𝐺(𝑝) then  

1. 𝐴2 [
𝜕𝑓

𝜕𝑥
(𝑥, 𝑦)] = 𝑝𝐴2[𝑓(𝑥, 𝑦)] −

1

𝑝
𝐴[𝑓(0, 𝑦)]                                                     (26) 

2. 𝐴2 [
𝜕𝑓

𝜕𝑦
(𝑥, 𝑦)] = 𝑞𝐴2[𝑓(𝑥, 𝑦)] −

1

𝑞
𝐴[𝑓(𝑥, 0)]                                                     (27) 

3. 𝐴2 [ 
𝜕2𝑓

𝜕𝑥2
(𝑥, 𝑦)] = 𝑝2𝐴2[𝑓(𝑥, 𝑦)] − 𝐴[𝑓(0, 𝑦)] −

1

𝑝
𝐴[𝑓𝑥(0, 𝑦)]                         (28) 

4. 𝐴2 [ 
𝜕2𝑓

𝜕𝑦2
(𝑥, 𝑦)] = 𝑞2𝐴2[𝑓(𝑥, 𝑦)] − 𝐴[𝑓(𝑥, 0)] −

1

𝑞
𝐴[𝑓𝑦(𝑥, 0)]                         (29) 

5. 𝐴2 [ 
𝜕2𝑓

𝜕𝑥𝜕𝑦
(𝑥, 𝑦)] = 𝑝𝑞𝐴2[𝑓(𝑥, 𝑦)] −

𝑝

𝑞
𝐴[𝑓(𝑥, 0)] −

𝑞

𝑝
𝐴[𝑓(0, 𝑦)] −

1

𝑝𝑞
𝑓(0,0)  (30) 

Proof: 1. Consider, 𝐴2 [
𝜕𝑓

𝜕𝑥
(𝑥, 𝑦)] =

1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦 𝜕𝑓

𝜕𝑥
𝑑𝑥𝑑𝑦

∞

0

∞

0
 

                                  =
1

𝑝𝑞
∫ 𝑒−𝑞𝑦 (∫ 𝑒−𝑝𝑥 𝜕𝑓

𝜕𝑥

∞

0
𝑑𝑥) 𝑑𝑦

∞

0
 

                                 =
1

𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦 𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
−

1

𝑝𝑞
∫ 𝑒−𝑞𝑦 𝑓(0, 𝑦)𝑑𝑦

∞

0
 

                                 = 𝑝𝐴2[𝑓(𝑥, 𝑦)] −
1

𝑝
𝐴[𝑓(0, 𝑦)] 
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2. Consider, 𝐴2 [
𝜕𝑓

𝜕𝑦
(𝑥, 𝑦)] =

1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦 𝜕𝑓

𝜕𝑦
𝑑𝑥𝑑𝑦

∞

0

∞

0
 

                            =
1

𝑝𝑞
∫ 𝑒−𝑝𝑥 (∫ 𝑒−𝑞𝑦 𝜕𝑓

𝜕𝑦

∞

0
𝑑𝑦) 𝑑𝑥

∞

0
 

                            =
1

𝑝
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦 𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦

∞

0

∞

0
−

1

𝑝𝑞
∫ 𝑒−𝑝𝑥 𝑓(𝑥, 0)𝑑𝑥

∞

0
 

                            = 𝑞𝐴2[𝑓(𝑥, 𝑦)] −
1

𝑞
𝐴[𝑓(0, 𝑦)] 

3. Consider, 𝐴2 [
𝜕2𝑓

𝜕𝑥2
(𝑥, 𝑦)] =

1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦 𝜕2𝑓

𝜕𝑥2 𝑑𝑥𝑑𝑦
∞

0

∞

0
 

                                                  =
1

𝑝𝑞
∫ 𝑒−𝑞𝑦 (∫ 𝑒−𝑝𝑥 𝜕2𝑓

𝜕𝑥2

∞

0
𝑑𝑥) 𝑑𝑦

∞

0
 

                                                  = 𝑝2𝐴2[𝑓(𝑥, 𝑦)] − 𝐴[𝑓(0, 𝑦)] −
1

𝑝
𝐴[𝑓𝑥(0, 𝑦)] 

4. Consider, 𝐴2 [
𝜕2𝑓

𝜕𝑦2
(𝑥, 𝑦)] =

1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦 𝜕2𝑓

𝜕𝑦2 𝑑𝑥𝑑𝑦
∞

0

∞

0
 

                                                  =
1

𝑝𝑞
∫ 𝑒−𝑝𝑥 (∫ 𝑒−𝑞𝑦 𝜕2𝑓

𝜕𝑦2

∞

0
𝑑𝑦) 𝑑𝑥

∞

0
 

                                                 = 𝑞2𝐴2[𝑓(𝑥, 𝑦)] − 𝐴[𝑓(𝑥, 0)] −
1

𝑞
𝐴[𝑓𝑦(𝑥, 0)] 

5. Consider, 𝐾2 [
𝜕2𝑓

𝜕𝑥𝜕𝑦
(𝑥, 𝑦)] =

1

𝑝𝑞
∫ ∫ 𝑒−𝑝𝑥−𝑞𝑦 𝜕2𝑓

𝜕𝑥𝜕𝑦
𝑑𝑥𝑑𝑦

∞

0

∞

0
 

                                      =
1

𝑝𝑞
∫ 𝑒−𝑞𝑦 (∫ 𝑒−𝑝𝑥 𝜕2𝑓

𝜕𝑥𝜕𝑦

∞

0
𝑑𝑥) 𝑑𝑦

∞

0
  

                                      = 𝑝𝑞𝐴2[𝑓(𝑥, 𝑦)] −
𝑝

𝑞
𝐴[𝑓(𝑥, 0)] −

𝑞

𝑝
𝐴[𝑓(0, 𝑦)] +

1

𝑝𝑞
𝑓(0,0) 

Comparison between Laplace, Aboodh and Sumudu transform: 

Let us take the example given in [7] for the comparison of Laplace and Sumudu 

transform 

Consider the steady-state temperature distribution function 𝑢(𝑥, 𝑦) in a long square 

bar with one face held at constant temperature 𝑢0 and other face held at zero 

temperature is given by  

                                              
𝜕2𝑢(𝑥,𝑦)

𝜕𝑥2
+

𝜕2𝑢(𝑥,𝑦)

𝜕𝑦2
= 0                                              (31) 

With the boundary conditions, 𝑢(0, 𝑦) = 0, 𝑢(𝑥, 0) = 0, 𝑢(𝜋, 𝑦) = 0, 𝑢(𝑥, 𝜋) = 𝑢0 

The solution using Laplace transform one can see [7]. Here we discuss the solution 

using Aboodh and Sumudu transform. 
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1) Using Aboodh transform 

Taking Double Aboodh transform of both sides of equation (31) one will get, 

𝑝2𝐴2[𝑢(𝑥, 𝑦)] − 𝐴[𝑢(0, 𝑦)] −
1

𝑝
𝐴[𝑢𝑥(0, 𝑦)] + 𝑞2𝐴2[𝑢(𝑥, 𝑦)] − 𝐴[𝑢(𝑥, 0)]

−
1

𝑞
𝐴[𝑢𝑦(𝑥, 0)] = 0 

Let 𝐴[𝑢𝑥(0, 𝑦)] = 𝐴𝐻(𝑞), 𝐴[𝑢𝑦(𝑥, 0)] = 𝐴𝐺(𝑝) and 𝐴2[𝑢(𝑥, 𝑦)] = 𝐴𝑈(𝑝, 𝑞) one 

will get, 

                                                  𝐴𝑈(𝑝, 𝑞) =
𝐴𝐻(𝑞)

𝑝(𝑝2+𝑞2)
+

𝐴𝐺(𝑝)

𝑞(𝑝2+𝑞2)
 

Taking Inverse Aboodh transform with respect to ‘p’ 

                                               𝐴𝑈(𝑥, 𝑞) =
𝐴𝐻(𝑞)

𝑞
𝑠𝑖𝑛(𝑞𝑥) +

1

𝑞
∫ 𝐴𝐺(𝑣)𝑐𝑜𝑠 𝑞(𝑥 − 𝑣)𝑑𝑣

𝑥

0
 

Now using third condition 𝑢(𝜋, 𝑦) = 0 and simplifying the terms with using 

trigonometry and  ∫ 𝑓(𝑥)𝑑𝑥 =
𝜋

0
∫ 𝑓(𝑥)𝑑𝑥

𝑥

0
+ ∫ 𝑓(𝑥)𝑑𝑥

𝜋

𝑥
, one will get 

 𝑈(𝑥, 𝑞) =
1

𝑞𝑠𝑖𝑛(𝑞𝜋)
∫ 𝑐𝑜𝑠𝑞𝑣 𝑠𝑖𝑛𝑞(𝜋 − 𝑥)𝐴𝐺(𝑣)𝑑𝑣

𝑥

0
−

1

𝑞𝑠𝑖𝑛(𝑞𝜋)
∫ 𝑠𝑖𝑛(𝑞𝑥)𝑐𝑜𝑠𝑞(𝜋 −

𝜋

𝑥

𝑣)𝐴𝐺(𝑣)𝑑𝑣 

To use result given in equation (3) one will get 

 𝑞𝑈(𝑥, 𝑞) =
1

𝑠𝑖𝑛(𝑞𝜋)
∫ 𝑠𝑖𝑛(𝑞𝑣)𝑠𝑖𝑛𝑞(𝜋 − 𝑥)𝐴𝐺(𝑣)𝑑𝑣

𝑥

0
−

1

𝑠𝑖𝑛(𝑞𝜋)
∫ 𝑠𝑖𝑛(𝑞𝑥)𝑠𝑖𝑛𝑞(𝜋 −

𝜋

𝑥

𝑣)𝐴𝐺(𝑣)𝑑𝑣 

We get poles at 𝑞 = ± 𝑛 and residues are, 

 𝑟1 = −
𝑒𝑛𝑦

𝜋
∫ 𝐴𝐺(𝑣)𝑠𝑖𝑛𝑛𝑥𝑐𝑜𝑠𝑛𝑣𝑑𝑣

𝜋

0
, 𝑟2 =

𝑒−𝑛𝑦

𝜋
∫ 𝐺(𝑣)𝑠𝑖𝑛𝑛𝑥𝑐𝑜𝑠𝑛𝑣𝑑𝑣

𝜋𝐴

0
 

𝑢(𝑥, 𝑦) = ∑
−2

𝜋
𝑠𝑖𝑛ℎ𝑛𝑦

∞

𝑛=1

[∫ 𝐺(𝑣)𝑐𝑜𝑠𝑛𝑣𝑑𝑣
𝜋

0

] 𝑠𝑖𝑛𝑛𝑥 

Now using last condition and concept of Fourier series one will get, 

𝑢(𝑥, 𝑦) = ∑
4𝑢0

𝑛𝜋

𝑠𝑖𝑛ℎ𝑛𝑦

𝑠𝑖𝑛ℎ𝑛𝜋

∞

𝑛=1

𝑠𝑖𝑛𝑛𝑥,    𝑛 = 𝑜𝑑𝑑 
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2) Using Sumudu transform 

Taking Double Sumudu transform of both sides of equation (31) one will get, 

1

𝑝2
𝑆2[𝑢(𝑥, 𝑦)] −

1

𝑝2
𝑆[𝑢(0, 𝑦)] −

1

𝑝
𝑆[𝑢𝑥(0, 𝑦)] +

1

𝑞2
𝑆2[𝑢(𝑥, 𝑦)] −

1

𝑞2
𝑆[𝑢(𝑥, 0)]

−
1

𝑞
𝑆[𝑢𝑦(𝑥, 0)] = 0 

Let 𝑆[𝑢𝑥(0, 𝑦)] = 𝑆𝐻(𝑞), 𝑆[𝑢𝑦(𝑥, 0)] = 𝑆𝐺(𝑝) and 𝑆2[𝑢(𝑥, 𝑦)] = 𝑆𝑈(𝑝, 𝑞) one will 

get, 

                           𝑆𝑈(𝑝, 𝑞) =
𝑝𝑞2

𝑝2+𝑞2 𝑆𝐻(𝑞) +
𝑝2𝑞

𝑝2+𝑞2 𝑆𝐺(𝑝) 

                                         =
𝑝

(1+
𝑝2

𝑞2)
𝑆𝐻(𝑞) +

  𝑝2

𝑞(1+
𝑝2

𝑞2)
𝑆𝐺(𝑝) 

Taking Inverse Sumudu transform with respect to ‘p’ 

                      𝑆𝑈(𝑥, 𝑞) = 𝐻1(𝑞)𝑠𝑖𝑛 (
𝑥

𝑞
) + ∫ 𝐺1(𝑣)𝑠𝑖𝑛 (

𝑥−𝑣

𝑞
) 𝑑𝑣

𝑥

0
  

where 𝑞𝑆𝐻(𝑞) = 𝐻1(𝑞), 𝑝𝑆𝐺(𝑝) = 𝐺1(𝑝) 

Now using third condition 𝑢(𝜋, 𝑦) = 0 and simplifying the terms and using 

trigonometry and  ∫ 𝑓(𝑥)𝑑𝑥 =
𝜋

0
∫ 𝑓(𝑥)𝑑𝑥

𝑥

0
+ ∫ 𝑓(𝑥)𝑑𝑥

𝜋

𝑥
, one will get 

𝑆𝑈(𝑥, 𝑞) =
−1

𝑠𝑖𝑛 (
𝜋
𝑞)

∫ 𝑠𝑖𝑛 (
𝑣

𝑞
) 𝑠𝑖𝑛 (

𝜋 − 𝑥

𝑞
) 𝐺1(𝑣)𝑑𝑣

𝑥

0

−
1

𝑠𝑖𝑛 (
𝜋
𝑞)

∫ 𝑠𝑖𝑛 (
𝑥

𝑞
) 𝑠𝑖𝑛 (

𝜋 − 𝑣

𝑞
) 𝐺1(𝑣)𝑑𝑣

𝜋

𝑥

 

To use result given in [7] replace 𝑞 by 
1

𝑞
  and multiply by 

1

𝑞
 , one will get 

 
1

𝑞
𝑆𝑈 (𝑥,

1

𝑞
) =

−1

𝑞𝑠𝑖𝑛(𝑞𝜋)
∫ 𝑠𝑖𝑛(𝑞𝑣)𝑠𝑖𝑛𝑞(𝜋 − 𝑥)𝐺(𝑣)𝑑𝑣

𝑥

0
−

1

𝑞𝑠𝑖𝑛(𝑞𝜋)
∫ 𝑠𝑖𝑛(𝑞𝑥)𝑠𝑖𝑛𝑞(𝜋 − 𝑣)𝐺(𝑣)𝑑𝑣

𝜋

𝑥
 

We get poles at 𝑞 = 0, 𝑞 = ± 𝑛 

For 𝑞 = 0 we get residue 0 and at 𝑞 = ± 𝑛  

we get  𝑟1 =
𝑒𝑛𝑦

𝑛𝜋
∫ 𝐺(𝑣)𝑠𝑖𝑛𝑛𝑥𝑠𝑖𝑛𝑛𝑣𝑑𝑣

𝜋

0
, 𝑟2 =

𝑒−𝑛𝑦

𝑛𝜋
∫ 𝐺(𝑣)𝑠𝑖𝑛𝑛𝑥𝑠𝑖𝑛𝑛𝑣𝑑𝑣

𝜋

0
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𝑢(𝑥, 𝑦) = ∑
2

𝑛𝜋
𝑠𝑖𝑛ℎ𝑛𝑦

∞

𝑛=1

[∫ 𝐺(𝑣)𝑠𝑖𝑛𝑛𝑣𝑑𝑣
𝜋

0

] 𝑠𝑖𝑛𝑛𝑥 

Now using last condition and concept of Fourier series one will get, 

𝑢(𝑥, 𝑦) = ∑
4𝑢0

𝑛𝜋

𝑠𝑖𝑛ℎ𝑛𝑦

𝑠𝑖𝑛ℎ𝑛𝜋

∞

𝑛=1

𝑠𝑖𝑛𝑛𝑥, 𝑛 = 𝑜𝑑𝑑 

Here we can see that the solution exists by Sumudu transform and the solution of 

Laplace- Aboodh transform is same as that of Sumudu transform and Laplace 

transform [7]. 

 

Applications to solve Engineering Problems: 

Let us define 𝐴[𝑢(𝑡) = 𝐴𝑈(𝑝), 𝐴2[𝑢(𝑥, 𝑡)] = 𝐴𝑈(𝑝, 𝑞) be Aboodh transform and 

Double Aboodh transform 

 

1. A particle moving along plane curve at any time 𝑡 with coordinates (𝑥, 𝑦) are 

given by 

𝑑𝑦

𝑑𝑡
+ 2𝑥 = 𝑠𝑖𝑛2𝑡,  

𝑑𝑥

𝑑𝑡
− 2𝑦 = 𝑐𝑜𝑠2𝑡, 𝑡 > 0 if at 𝑡 = 0, 𝑥 = 1, 𝑦 = 0 

Let us find the curve using Aboodh transform 

𝑝𝐴𝑌(𝑝) −
𝑦(0)

𝑝
+ 2𝐴𝑋(𝑝) =

2

𝑝(𝑝2+4)
 and 

𝑝𝐴𝑋(𝑝) −
𝑥(0)

𝑝
− 2𝐴𝑌(𝑝) =

1

(𝑝2 + 4)
 

Simplifying and finding it for 𝑥 and 𝑦 one will get, 

𝐴𝑋(𝑝) =
1

𝑝(𝑝2+4)
+

1

(𝑝2+4)
 gives 𝑥(𝑡) =

1

2
𝑠𝑖𝑛2𝑡 + 𝑐𝑜𝑠2𝑡 and 

𝐴𝑌(𝑝) =
2

𝑝(𝑝2+4)
 gives 𝑦(𝑡) = 𝑠𝑖𝑛2𝑡 

Laplace transform gives the same result. 

2. Consider the example for Electrical system. The currents 𝑖1 and 𝑖2 in mesh are 

given by the differential equations 

𝑑𝑖1

𝑑𝑡
− 𝑤𝑖2 = 𝑎𝑐𝑜𝑠𝑘𝑡 ,  

𝑑𝑖2

𝑑𝑡
+ 𝑤𝑖1 = 𝑎𝑠𝑖𝑛𝑘𝑡 

Let us find the currents using Aboodh transform if at 𝑡 = 0, 𝑖1 = 0, 𝑖2 = 0 
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Using Aboodh transform and simplifying one will get, 

𝐴𝑖1(𝑝) =
𝑎(𝑝2+𝑤)

𝑝(𝑝2+𝑘2)(𝑝2+𝑤2)
 we get 

𝑖1 =
𝑎

𝑤+𝑘
(𝑠𝑖𝑛𝑤𝑡 + 𝑠𝑖𝑛𝑘𝑡) Similarly one will get  

𝑖2 =
𝑎

𝑤 + 𝑘
(𝑐𝑜𝑠𝑤𝑡 − 𝑐𝑜𝑠𝑘𝑡) 

3. Let us find the voltage 𝑣 in a line of length 𝑙, 𝑡 seconds after the ends are suddenly 

grounded satisfies Radio Equations [18 p.983] 

𝜕2𝑣

𝜕𝑥2
= 𝐿𝐶

𝜕2𝑣

𝜕𝑡2
 

Subject to the conditions 𝑣(0, 𝑡) = 𝑣(𝑙, 𝑡) = 0, 𝑣(𝑥, 0) = 𝑣0𝑠𝑖𝑛 (
𝜋𝑥

𝑙
) , (

𝜕𝑣

𝜕𝑡
)

𝑡=0
= 0  

Appling Aboodh transform of both side and simplifying the terms, one will get 

𝑑2[𝐴𝑉(𝑥, 𝑞)]

𝑑𝑥2
− 𝐿𝐶𝑞2[𝐴𝑉(𝑥, 𝑞)] = −𝑣0𝐿𝐶𝑠𝑖𝑛 (

𝜋𝑥

𝑙
) 

Where 𝐴𝑉(𝑥, 𝑞) = 𝐴[𝑣(𝑥, 𝑡)], After solving the equation we get, 

𝐴𝑉(𝑥, 𝑞) = 𝐶1𝑒√𝐿𝐶𝑞𝑥 + 𝐶2𝑒−√𝐿𝐶𝑞𝑥 +
𝑣0𝑠𝑖𝑛 (

𝜋𝑥
𝑙

)

𝑞2 +
𝜋2

𝑙2𝐿𝐶

 

Using given conditions one will get 𝐶1 = 𝐶2 = 0 

𝐴𝑉(𝑥, 𝑞) =
𝑣0𝑠𝑖𝑛 (

𝜋𝑥
𝑙

)

𝑞2 +
𝜋2

𝑙2𝐿𝐶

 

Taking Inverse Aboodh transform 𝑣(𝑥, 𝑡) = 𝑣0𝑠𝑖𝑛 (
𝜋𝑥

𝑙
) 𝑐𝑜𝑠 (

𝜋𝑡

𝑙√𝐿𝐶
) 

4. Consider a Mechanical system with two degrees of freedom, satisfies the 

equations         2
𝑑2𝑥

𝑑𝑡2 + 3
𝑑𝑦

𝑑𝑡
= 4, 2

𝑑2𝑦

𝑑𝑡2 − 3
𝑑𝑥

𝑑𝑡
= 0, 

and initially 𝑥, 𝑦,
𝑑𝑥

𝑑𝑡
,

𝑑𝑦

𝑑𝑡
 all vanishes at 𝑡 = 0 

Appling Aboodh transform and simplifying the terms one will get 

𝐴𝑋(𝑝) =
8

𝑝2(4𝑝2+9)
 , 𝐴𝑌(𝑝) =

12

𝑝3(4𝑝2+9)
 

Gives  𝑥(𝑡) =
8

9
(1 − 𝑐𝑜𝑠

3

2
𝑡) and 𝑦(𝑡) =

8

9
(𝑡 −

2

3
𝑠𝑖𝑛

3

2
𝑡) 
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5. Consider the example related to Civil engineering, The deflection of a beam of 

length 𝑙, clamped horizontally at both ends and loaded at 𝑥 = 𝑙/4 by a weight 𝑊, is 

given by 

𝐸𝐼
𝑑4𝑦

𝑑𝑥4
= 𝑊𝛿 (𝑥 −

𝑙

4
) 

Taking Aboodh transform and simplifying the terms, one will get 

𝐴𝑌(𝑝) =
𝑐1

𝑝3
+

𝑐2

𝑝5
+

𝑊

𝐸𝐼

1

𝑝4
𝑒−𝑙𝑝/4 

where 𝑦′(0) = 𝑐1, 𝑦′′′(0) = 𝑐2 Taking Inverse Aboodh transform 

𝑦(𝑡) = 𝑐1𝑥 + 𝑐2

𝑥3

6
+

𝑊

6𝐸𝐼
(𝑥 −

𝑙

4
)

3

𝐻 (𝑥 −
𝑙

4
) 

Using given conditions, the final answer, 

𝑦(𝑡) =
7𝑊

128𝐸𝐼
𝑙2𝑥 −

𝑊

8𝐸𝐼
𝑥3 +

𝑊

6𝐸𝐼
(𝑥 −

𝑙

4
)

3

𝐻 (𝑥 −
𝑙

4
) 

 

6. Consider the wave equation 

                            𝑢𝑡𝑡 − 𝑢𝑥𝑥 = −3𝑒2𝑥+𝑡 , 0 < 𝑥 < ∞, 𝑡 > 0 

With initial and boundary conditions,  

 𝑢(0, 𝑡) = 2𝑒𝑡 ,   𝑡 ≥ 0 

𝑢(𝑥, 0) = 𝑒2𝑥 + 𝑒𝑥 =
𝜕𝑢

𝜕𝑡
|

𝑡=0
 , 0 < 𝑥 < ∞ 

𝑢𝑥(0, 𝑡) = 3𝑒𝑡,   𝑥 > 0 

Let us take Double Aboodh transform of both sides of given equation 

 𝐴2[𝑢𝑡𝑡] − 𝐴2[𝑢𝑥𝑥] = 𝐴2[−3𝑒2𝑥+𝑡] 

∴ 𝑞2𝐴2[𝑢(𝑥, 𝑡)] − 𝐴[𝑢(𝑥, 0)] −
1

𝑞
𝐴[𝑢𝑡(𝑥, 0)] −  𝑝2𝐴2[𝑢(𝑥, 𝑡)] + 𝐴[𝑢(0, 𝑡)] +

1

𝑝
𝐴[𝑢𝑥(0, 𝑡)]=  

−3

𝑝𝑞(𝑝−2)(𝑞−1)
 

After substituting the given conditions, given equation is reduces in to, 

𝑈(𝑝, 𝑞) =
(𝑞+1)(𝑞−1)(𝑝−2)+(𝑝−1)(𝑞2−2𝑝2+𝑝+2)

𝑝𝑞(𝑝−1)(𝑝−2)(𝑞−1)(𝑞−𝑝)(𝑞+𝑝)
 Now using equation (3) one can get 

 ⟹ 𝑢(𝑥, 𝑡) = 𝑒2𝑥+𝑡 − 𝑒𝑥+𝑡 
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7. Consider the equation 

 𝑢𝑥𝑥 − 𝑢𝑡𝑡 − 𝑢𝑡 − 𝑢 = 0 , 𝑥, 𝑡 > 0 

With initial and boundary conditions,  

  𝑢(0, 𝑡) = 𝑒−𝑡 ,  𝑢(𝑥, 0) = 𝑒𝑥 ,   𝑢𝑥(0, 𝑡) = 𝑒−𝑡,   𝑢𝑡(𝑥, 0) = 0    

Let us take Aboodh transform of both sides of given equation 

 𝑝2𝐴2[𝑢(𝑥, 𝑡)] − 𝐴[𝑢(0, 𝑡)] −
1

𝑝
𝐴[𝑢𝑥(0, 𝑡)]−𝑞2𝐴2[𝑢(𝑥, 𝑡)] + 𝐴[𝑢(𝑥, 0)] +

1

𝑞
𝐴[𝑢𝑡(𝑥, 0)] 

 −𝑞𝐴2[𝑓(𝑥, 𝑦)] +
1

𝑞
𝐴[𝑓(𝑥, 0)] − 𝐴2[𝑢(𝑥, 𝑡)] = 0 

After substituting the given conditions, given equation is reduces in to, 

 𝑈(𝑝, 𝑞) =
𝑝2−𝑞2−𝑞−1

𝑝𝑞(𝑞+1)(𝑝−1)(𝑝2−𝑞2−𝑞−1)
 ∴ 𝑢(𝑥, 𝑡) = 𝑒𝑥−𝑡 

8. Consider the Fourier heat equation in a quarter plane 

 𝑢𝑡 = 𝐾𝑢𝑥𝑥 , 𝑥 ≥ 0,   𝑡 > 0 

With initial and boundary conditions,  

 𝑢(𝑥, 0) = 0 ,       𝑢(𝑥, 𝑡) → 0, 𝑥 → ∞ 

 𝑢(0, 𝑡) = 2𝑢0 ,        𝑢𝑥(0, 𝑡) = 0 , 

Let us take Aboodh transform of both sides of given equation 

 𝐴2[𝑢𝑡] = 𝐾𝐴2[𝑢𝑥𝑥] 

After substituting the given conditions, given equation is reduces in to, 

𝑈(𝑝, 𝑞) =
2𝑢0𝑘

𝑞2(𝑞 − 𝑘𝑝2)
 

∴ 𝑢(𝑥, 𝑡) = 𝐴−1 (
𝑢0

𝑞2
[𝑒

√
𝑞
𝑘

𝑥
+ 𝑒

−√
𝑞
𝑘

𝑥
] ) 

⟹ 𝑢(𝑥, 𝑡) = 𝑢0𝑒𝑟𝑓𝑐 (
𝑥

2√𝑘𝑡
) 

This is because we want finite solution.  

 

9. A thin membrane of great extent is released from rest in the position 𝑢 = 𝑓(𝑥, 𝑦) 

[1] one can find the displacement as, 

𝑢𝑡𝑡 = 𝑐2(𝑢𝑥𝑥 + 𝑢𝑦𝑦), 𝑥 > 0,   𝑦 > 0 
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Taking Double Aboodh transform of above equation and taking 𝑡 as a constant,  

𝑑2𝑈(𝑝, 𝑞)

𝑑𝑡2
= 𝑐2(𝑝2𝑈(𝑝, 𝑞) + 𝑞2𝑈(𝑝, 𝑞), 

𝑈(𝑝, 𝑞) = 𝐴𝑐𝑜𝑠 ((𝑐√𝑝2 + 𝑞2 )𝑡) + 𝐵𝑠𝑖𝑛 ((𝑐√𝑝2 + 𝑞2 )𝑡) 

Using initial condition, at   𝑡 = 0 𝑢 = 𝑓(𝑥, 𝑦) and 𝑢𝑡(𝑥, 𝑦) = 0, one can get 

𝐴 = 𝐺(𝑝, 𝑞) = 𝐴2[𝑓(𝑥, 𝑦)],   𝐵 = 0 

𝑢(𝑥, 𝑦) =
−1

4𝜋
∫ ∫ 𝑒𝑝𝑥+𝑞𝑦𝑝𝑞𝐺(𝑝, 𝑞)𝑑𝑝𝑑𝑞

∞

0

∞

0

 

 

TABLE 1: ABOODH TRANSFORM OF FUNCTIONS 

Aboodh Transform of Functions 

Sr. No. Function 𝑓(𝑡) Aboodh Transform 𝐺(𝑝) 

1 𝑒𝑎𝑡 
1

𝑝(𝑝 − 𝑎)
 

2 𝑐𝑜𝑠𝑎𝑡 
1

𝑝2 + 𝑎2
 

3 𝑠𝑖𝑛𝑎𝑡 
𝑎

𝑝(𝑝2 + 𝑎2)
 

4 𝑐𝑜𝑠ℎ𝑎𝑡 
1

𝑝2 − 𝑎2
 

5 𝑠𝑖𝑛ℎ𝑎𝑡 
𝑎

𝑝(𝑝2 − 𝑎2)
 

6 𝑡𝑛    , 𝑛 ≥ 0 
𝑛!

𝑝𝑛+1
 

7 𝑡𝑎     , 𝑎 > −1 
𝛾(𝑎 + 1)

𝑝𝑛+1
 

8 
1

√𝑡
 

√𝜋

𝑝3/2
 

9 2√𝑡 
√𝜋

𝑝5/2
 

10 𝑡𝑛𝑒−𝑎𝑡 
𝛾(𝑛 + 1)

𝑝(𝑝 + 𝑎)𝑛
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Aboodh Transform of Functions 

Sr. No. Function 𝑓(𝑡) Aboodh Transform 𝐺(𝑝) 

11 𝑒𝑎𝑡𝑐𝑜𝑠𝑏𝑡 
𝑝 − 𝑎

𝑝[(𝑝 − 𝑎)2 + 𝑏2]
 

12 𝑒𝑎𝑡𝑠𝑖𝑛𝑏𝑡 
𝑏

𝑝[(𝑝 − 𝑎)2 + 𝑏2]
 

13 𝑡𝑐𝑜𝑠𝑎𝑡 
1

𝑝

(𝑝2 − 𝑎2)

(𝑝2 + 𝑎2)2
 

14 𝑡𝑠𝑖𝑛𝑎𝑡 
2𝑎

(𝑝2 + 𝑎2)2
 

15 
𝑠𝑖𝑛𝑎𝑡

𝑡
 

1

𝑝
𝑡𝑎𝑛−1(𝑎/𝑝) 

16 𝑆𝑖(𝑡) = ∫
𝑠𝑖𝑛𝑥

𝑥
𝑑𝑥

𝑡 

0

 
1

𝑝2
 𝑐𝑜𝑡−1(𝑝) 

17 𝐶𝑖(𝑡) = − ∫
𝑐𝑜𝑠𝑥

𝑥
𝑑𝑥

∞ 

𝑡

 −
1

2𝑝2
 𝑙𝑜𝑔(𝑝2 + 1) 

18 𝑠𝑖𝑛ℎ𝑎𝑡 𝑠𝑖𝑛𝑎𝑡 
2𝑎2

𝑝4 + 4𝑎4
 

19 𝑠𝑖𝑛ℎ𝑎𝑡 − 𝑠𝑖𝑛𝑎𝑡 
2𝑎3

𝑝(𝑝4 − 𝑎4)
 

20 𝑐𝑜𝑠ℎ𝑎𝑡 − 𝑐𝑜𝑠𝑎𝑡 
2𝑎2

𝑝4 − 𝑎4
 

21 𝑐𝑜𝑠𝑎𝑡 − 𝑐𝑜𝑠𝑏𝑡 
(𝑏2 − 𝑎2)

(𝑝2 + 𝑎2)(𝑝2 + 𝑏2)
 

22 𝑒𝑎𝑡 − 𝑒𝑏𝑡 
1

𝑝

(𝑎 − 𝑏)

(𝑝 − 𝑎)(𝑝 − 𝑏)
 

23 𝑎𝑒𝑎𝑡 − 𝑏𝑒𝑏𝑡 
(𝑎 − 𝑏)

(𝑝 − 𝑎)(𝑝 − 𝑏)
 

24 
1

𝑡
(𝑒𝑏𝑡 − 𝑒𝑎𝑡) 

1

𝑝
𝑙𝑜𝑔 (

𝑝 − 𝑎

𝑝 − 𝑏
) 

25 𝑡−
1
2𝑒−𝑎 𝑡⁄  

√𝜋

𝑝3/2
 𝑒−2√𝑎𝑝 
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Aboodh Transform of Functions 

Sr. No. Function 𝑓(𝑡) Aboodh Transform 𝐺(𝑝) 

26 𝑡−
3
2𝑒−𝑎 𝑡⁄  

√𝜋

√𝑎𝑝
 𝑒−2√𝑎𝑝  , 𝑎 > 0 

27 𝑡−
3
2𝑒−𝑎2 4𝑡⁄  

2√𝜋

𝑎𝑝
 𝑒−𝑎√𝑝   , 𝑎 > 0 

28 𝑡−
1
2𝑒−𝑎2 4𝑡⁄  

√𝜋

𝑝3/2
 𝑒−𝑎√𝑝    , 𝑎 ≥ 0 

29 𝑒−𝑎2𝑡2 4⁄  
√𝜋

𝑝𝑎
 𝑒

−(
𝑝2

𝑎2)
𝑒𝑟𝑓𝑐 (

𝑝

𝑎
)     , 𝑎 > 0 

30 𝑒𝑟𝑓 (
𝑡

2𝑎
) 

1

𝑝2
 𝑒(𝑎2𝑝2)𝑒𝑟𝑓𝑐(𝑎𝑝)    , 𝑎 > 0 

31 𝑒𝑟𝑓 (
𝑎

2√𝑡
) 

1

𝑝2
(1 − 𝑒−(𝑎√𝑝))  , 𝑎 ≥ 0 

32 𝑒𝑟𝑓𝑐 (
𝑎

2√𝑡
) 

1

𝑝2
𝑒−(𝑎√𝑝)  , 𝑎 ≥ 0 

33 𝑡
1
2𝑒−𝑎2 4𝑡⁄  

√𝜋

2
[

1

𝑝5/2
+

𝑎

𝑝2
] 𝑒−(𝑎√𝑝)  , 𝑎 ≥ 0 

34 𝑒𝑎2𝑡𝑒𝑟𝑓(𝑎√𝑡) 
𝑎

𝑝3/2(𝑝 − 𝑎2)
 

35 𝑒𝑎2𝑡𝑒𝑟𝑓𝑐(𝑎√𝑡) 
1

𝑝3/2(√𝑝 − 𝑎2)
 

36 
1

√𝜋𝑡
+ 𝑎𝑒𝑎2𝑡𝑒𝑟𝑓(𝑎√𝑡) 

1

√𝑝(𝑝 − 𝑎2)
 

37 
1

√𝜋𝑡
− 𝑎𝑒𝑎2𝑡𝑒𝑟𝑓𝑐(𝑎√𝑡) 

1

𝑝(√𝑝 − 𝑎)
 

38 
2

√𝜋
𝑡

1
2𝑒−𝑎2 4𝑡⁄ − 𝑎𝑒𝑟𝑓𝑐 (

𝑎

2√𝑡
) 

1

𝑝5/2
 𝑒−𝑎√𝑝  , 𝑎 ≥ 0 

39 
1

√𝑡 + 𝑎
 

√𝜋 

𝑝3/2
𝑒𝑎𝑝𝑒𝑟 𝑓𝑐(√𝑎𝑝) , 𝑎 > 0 

40 𝑡−
1
2𝑒−2𝑎√𝑡      , 𝑎 ≥ 0 

√𝜋 

𝑝3/2
𝑒𝑎/𝑝𝑒𝑟 𝑓𝑐 (

𝑎

√𝑝
) , 𝑎 > 0 
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Aboodh Transform of Functions 

Sr. No. Function 𝑓(𝑡) Aboodh Transform 𝐺(𝑝) 

41 
1

√𝑡
cos(2𝑎√𝑡 ) 

√𝜋

𝑝3/2
 𝑒−𝑎/𝑝 

42 
1

√𝑡
sin(2𝑎√𝑡 ) 

√𝜋

𝑝5/2
 𝑒−𝑎/𝑝 

43 𝑐𝑜𝑠ℎ(2𝑎√𝑡  ) 
√𝜋𝑎

𝑝3/2
 𝑒𝑎/𝑝 

44 𝑠𝑖𝑛ℎ(2𝑎√𝑡 ) 
√𝜋𝑎

𝑝5/2
 𝑒𝑎/𝑝 

45 
𝑠𝑖𝑛(2𝑎√𝑡

𝑡
 

𝜋

𝑝
𝑒𝑟𝑓(𝑎/√𝑝) 

46 𝛿(𝑡 − 𝑎) 
1

𝑝
𝑒−𝑎𝑝    , 𝑎 ≥ 0 

47 𝐻(𝑡 − 𝑎) 
1

𝑝2
𝑒−𝑎𝑝    , 𝑎 ≥ 0 

48 𝛿′(𝑡 − 𝑎) 𝑒−𝑎𝑝    , 𝑎 ≥ 0 

49 𝛿𝑛(𝑡 − 𝑎) 𝑝𝑛−1𝑒−𝑎𝑝    , 𝑎 ≥ 0 

50 𝐸𝑖(−𝑡) = ∫
𝑒−𝑥

𝑥
𝑑𝑥

∞ 

𝑡

 
1

𝑝2
𝑙𝑜𝑔(1 + 𝑝) 

 

3. CONCLUSION 

In this article Double Aboodh transform and Triple Aboodh transform are introduced 

and their properties are proved. They are used to partial differential equations with 

initial and boundary conditions. 
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