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Abstract

Some classes of log-type estimators using information on two auxiliary
variables have been proposed for estimating the population variance of the
study variable. It has been shown that these classes of log-type estimators have
lesser mean squared error under the optimum values of the characterizing
scalars as compared to some of the commonly used estimators available in the
literature. Further, an extension of the proposed classes using multiple
auxiliary information have also initiated in this paper. A numerical study is
included as an illustration using two auxiliary variables.

1. INTRODUCTION

In sampling theory, it is a popular trend to use auxiliary information to obtain more
efficient estimators for the population parameters to increase the precision of the
estimator. Estimators obtained using auxiliary information are supposed to be more
efficient than the estimators obtained without using auxiliary information. The ratio,
regression, product and difference estimator take advantage of the auxiliary
information at the estimation stage. Many authors like, Pandey and Dubey (1988),
Upadhyaya and Singh (1999) , Kadilar and Cingi (2003), Singh and Taylor (2003),
Singh (2003), Sisodia and Dwivedi (1981), Koyuncu and Kadilar along with many
others have proposed various estimators using auxiliary information on various
population parameters like coefficient of skewness, kurtosis, standard deviation,
correlation coefficient etc. Sometimes, it is more economical to obtain information on
more than one auxiliary information; this would probably help in improvising the
efficiency of the estimator, used to estimate the parameter under consideration. The
literature deals with a wide range of ratio, product, difference and exponential
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estimators proposed by various renowned authors using multiple auxiliary
information (Olkin (1958), Raj (1965), Singh (1967),Shukla(1966), etc.). Recently,
Bhushan and Kumari (2018) had made the use of logarithmic relationship between the
study variable and auxiliary variable, we have made the use of multiple auxiliary
variables x0s for estimating the population variance. The proposed estimators would
work in case when the study variable is logarithmically related to the auxiliary
variable.

Consider a finite population U =U_,U,,...,U of size N from which a sample of
size N is drawn according to simple random sampling without replacement
(SRSWOR). Let y; X, and x,_ denotes the value of the study and two auxiliary

variable for the ith unit =21 2,..., N of the population. Further, let ¥, X, and X be

the sample means of study variable and two auxiliary variables. Also,
N 2 n 2 n 2

ss=NY(y—-¥), si=n"Y(x-%)and s} =n")>(x-%) be the sample
i=1 i=1 i=1

variance of the study and two auxiliary variables respectively.

2. THE SUGGESTED GENERALIZED CLASS OF LOG-TYPE
ESTIMATORS

We propose the following new classes of log type estimators for the population
variance S’ as

Sz al SZ aZ
T;sj[lﬂog[?ﬂ [1+Iog[s—;2ﬂ (2.1)
I s? S?
T, =52 1+bllog[ Xlﬂ{“b Iog( % ]] (2.2)
2 y SZ 2 Sz

[ Sk sz \[*
2 X X2
T,=s, 1+Iog£sz* ]] [1+Iog{sz* J] (2.3)

B SZ* SZ*
T, =5 1+d1|og[821} 1+d2Iog(S:iJ (2.4)

whereS?" =a S +b and s} =as; +bfori=1,2

such that a;, b, ¢ and d;are optimizing scalars or functions of the known parameters
of the auxiliary variable x's such as the standard deviations S, , coefficient of

variation C, , coefficient of kurtosis b,, , coefficient of skewnessb,, and correlation

X !
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coefficient r,, of the population (i (i+j=0).

3. PROPERTIES OF THE SUGGESTED CLASS OF ESTIMATORS
In order to obtain the bias and mean square error (MSE), let us consider

& :M & ——(lez_sxlz) and ¢ :_<SX22_S>‘22)

Sy2 1 er— lez 2 SXZZ
E(s)=E(s)=E(5)=0, E(&)=Ib,, E(g’)=1lb, ., E(sg’)=1b,,
E(e) =110, E(&&)=1ly, ad E(ge)=11,

b,, =b,, -1, b, =b, -1 and I,

where b, =b, -1,

22X Xy

* *
2yx I22yxl -1, I22yx2 = I22yx2 -1, I22><1x2 = |22><1x2 -1;

|y =My, /mi2mi?, mpqzzm—\?)p(xi—)?)“/N, | =1/N, b, =m, /mZ,
i=1

b,, =my, / m¢, are the coefficient of kurtosis of y and x respectively.

Theorem 1  The bias of the proposed estimators are given as

Bias(Tl):Sj I |:a2:L b +—= a2 b ’\’ 2y 2>< 2 yx \’be b2>< +a1a2rxx ’\’ 2% 2x2:|
BiaS(T ) 52 I |:t;l b*x 2 b2x \’ 2y 2x 2 yx ’\’be b2x +b1b2rxx \/ 2><l 2>< }

. . ’ct .
BIaS(TS):S)% I |:7712(:1 be1 +77272b2x2 -G yx Né 2y 2x -G, yx N’ 2y 2x2

+11,C, Gl y s, blebu2 J

. d b b - b b
BIaS(T4):S}€I|:7721b +7712 1 yx 2y 2x 771 2 yx 2y 2x

+'71772d d2r><x2 b2x1b2x j|

*

15, 1 1] a,S?

Y% 22y X 22 % X, . _ X

where ryxl = My =T and rX1X2 :*—*2 ' 771_82—4—13_ ’

2% 2%, & % 2

2

0, = asS,

2= 2
ai sz +a2

Proof. Consider the estimator
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82 & 82 &
T,=s, 1+Iog[s—§] 1+Iog[s—;2J

e 2 2
T, - Sy Sy {312 1 2 22 188,68, — 46,6 — 8,68,
(3.1)

Taking expectation on both the sides, we get

BlaS( ) 82 |:a1 b2>< +— 2 b2x ai yxl‘\’ 2y 2x 2 yx \’be b2>< +a1a2er ‘\’ 2xl 2x2:|

3.2)
Proceeding in a similar way, we obtain the bias of the remaining proposed estimators.

Theorem 2  The mean squared error of the proposed estimator considered up to
the terms of order n are given by

MSE (Tl)zs;1 I |:b;y +a12b;x1 +a§b;x2 _2a‘lryx1 \‘b;yb;xl 2a'2ry>< \ébebZX +2a1a2 X Xp \é 2><1 2x2:|
MSE(T,)=S; I | by, +b7b;, +bibi, ~26ir,, [b,b7, —2bir,, (bs6, +20bor,,, sl |
Sjl b2y+77101b2x +772(32 2%, —2n.cr - xé 2y 2>c1 —217,C, T, Vo \’b;yb;xz

+ 2771772(: Czrx 4 Xo ’\’b b2x2 :|

MSE(T;)

MSE (T,)=S, | b2y +npdih,, +mid)b,, —2n,d,r,, ([0, by —2n,d,r, (b by
+ 2771772d dzrxx ’\’b;xlb;xz :|
Proof. Consider the estimator,
a a,
T = 2 Sfl sz
, =S, | 1+log| —- 1+log| =~
S,, S,
T - SZ [ —a& — 2‘92]
Squaring on both the sides and taking expectation, we get
MSE (T,)=S; I | b;, +aib, +aibi,, —2ar,, \|bi,b:, —2a,r,, \b;,b,
(3.3)

+28,3,, XX \’b b2x2:|

Proceeding in a similar way, we obtain the required expressions for MSE of the
proposed estimators.
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Corollary 1.The optimum values of constant are obtained as

*

31 — ryX1 B ryxz rX1X2 b2y
opt 1—r2 ~

X% 2%

a _ l:ryxz B ryxl rxlxz :| \Abe
20pt
2

o (b

XX
C — |:ryx1 B ryxz rX1X2 :l b2y
lopt 2 *
1-1 S

X1 Xo 2 Xl

*

C — |: ryxz B ryx1 rxlxz j| b2y
2opt 2 *
1 erxz 7, b2 Xy

The optimum mean squared error is given by

M(T),, =1S; (1— R )

Y- X1 %o
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(3.4)

where RZ _is the transformed multiple correlation coefficient between y and x,, X,

Y- XX,

4. Multivariate extension of proposed class of estimators

Let there are k auxiliary variables then we can use the variables by taking a linear
combination of these k estimators of the form given in section 2, calculated for every
auxiliary variable separately, for estimating the population variance. Then the

estimators for population variance will be defined as

(s
Tl :Sj Tia 1+|Og(s—)2(}]

_ o
T, =s2 7 [1+b log (S—;]

.l sz [
T, :sj T 1+Iog[s—2;J

_ o
T, =s; 7Z'ik=1 1+d, Iog( s:i* H

X

where &, b, c and d. are the optimizing scalarsi=1,2,...,k.
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5. PROPERTIES OF PROPOSED CLASS OF ESTIMATORS USING
MULTIPLE AUXILIARY INFORMATION

Theorem 4.The bias of the proposed estimators are given by

M
Blas( ) S21 leal b;, Za, N +Za,aj - /bzxib;ij}

i#j=1
K K
Bias(T, )=S. | _ Z 2' by, +|2b, ﬂ/ by, +I;lb, by, /bZXinXl}
[k K
BiaS(T;):Sj I Zl ! I b2x zm i yx \’b;y b;xi +i;l77injcl Cerx ﬂ’b;xib;xj j|

i#j=1

Bias(T, )= SZI 277' i bZX +Z'7. T, b5, B +Zmd dr, Jb; ngl}

Theorem 5. The mean squared error of the suggested class of estimators are given by

MSE (T,")=S; I [b;y+izkllaszxi —ZiZkl:airyxi ,/bzbeX +2Z aar,, /ngib;xj}

i#j=1
MSE {bzy +Zb b2X ZZbI o Jb;yb;xi +2i§‘1bbjrXX fb;xingj }
k k k
MSE S I |:b 2y +§77|2Ci2b2xi _Zgniciryxi \ébeb2xi +2i;177injclcjrxx N’bZXinXj :|

k k
MSE(T;)=S,; {b +anbfd;xi—zznidirwﬂ/bzybﬂ +22 i didn (0 ngl}

i=1 i=1 i=j=1

6. EFFICIENCY COMPARISON

In this section, we compare the proposed classes of estimators with some important
estimators. The comparison will be in terms of their MSE up to the order of n”%. The
optimum mean squared error of proposed estimator is given by

M (Tl)opt =1 S;’l (1 R)?’;X )

6.1 General variance estimator
22 a2

S, =5,

It’s mean squared error is given by

MSE(S?) =S; I b;, > MSE(T,)

opt
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6.2 The usual ratio type variance estimator
2

S2\(S?

é :SZ[ Xl}[ XZJ
r y 2 2
Sxi sz

It’s mean squared error is given by

MSE(S?) =S; I [ b;, +b;, +b;,, -

*

~2l55,, +215,, |> MSE(T,),,

22 X

6.3 The product type variance estimator

§2=SZ i sz
o5 ) s

Its mean squared error is given by

MSE(S?) =S; I [lo;, +1;, +1;,, +2I;

*

22yX,

+215,, +2l5,. |>MSE(T)

22yx%, opt

6.4 Isaki (1983) variance estimator

s2 s
J2 _ y 2 y 2
Sy =w,| — SX1+W2 — SXZ
S, S,

The mean squared error is given by

* * 2
(b5, - IZZXZZ > MSE(T,)

* * _ Op[
b2x1 +b2x2 2I22><lx2

MSE(S7) =Is;|b;

opt 2y

* *
+b2x2 _2|22><2 -

6.5 Singh, Chauhan, Sawan and Smarandache (2011) type variance estimator

. S2 _¢g?
2 a2 X X
S, _syexp[ >
X

It’s mean squared error is given by

* *

2 * b X b X * * I* XX2
MSE(SSZ) :S;l I l:bzy +%+%_ I N |22yx2 +-= }> MSE(Tl)opt

22yx 4
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6.6 Olufadi and Kadilar (2014) variance estimator

2 \& 2\
S2 =¢? S | [ Sn
K =% .2 2
le SX2

It’s mean squared error is given by

MSE(S?) = MSE(T,)

opt
6.7 Das and Tripathi (1978) type variance estimator

. o s S
o [3 +ay(s] SE)J(SQ +a, (s sz)J

It’s mean squared error is given by

MSE(S2) = MSE(T,)

opt

7. EMPIRICAL STUDY

The data on which we performed the numerical calculation is taken from some natural

populations. The source of the data is given as follows.

Population 1. (Chochran, Pg. no. 155). The data concerns about weekly expenditure

on food per family.
y . weekly expenditure on food

x, : number of persons

X, : the weekly family income

Population 2. (Singh S., Pg. no. 1114). The data concerns Apples commercial crop,

season average price (in $) per pound, by states 1994-1996.
y : season average price (in $) per pound in 1996

X, . season average price (in $) per pound in 1995

X, season average price (in $) per pound in 1994.

Population 3. (Singh S., Pg. no. 1123). The data concerns age specific death rates
from 1990-2065. y : x1 : x2 : per 100,000 births in 2000



Optimal Two Parameter Logarithmic Estimators for Estimating...

y : per 100,000 births in 2040

X, : per100,000 births in 1990

X, : per 100,000 births in 2000

Population 4. (Choudhary F. S., Pg. no. 117).
y :area under wheat (in acres) in 1974

X, . area under wheat (in acres) in 1971

X, . area under wheat (in acres) in 1973

535

The summary and the percent relative efficiency of the following estimators are as

follows:
Table 2: Parameters of the data
Parameter Population 1 Population 2 Population 3 Population 4

N 33 36 22 34

n 11 11 8 10
b, 4.032 2.632 9.433 2.725
b;xl 1.388 2.402 7.105 12.366
b;xl 1.143 2.345 7.766 1.912
|;2y,(1 0.305 1.835 8.140 0.224
;_yxz 1.155 2.014 8.538 2.104
; 0.492 2.182 7.423 0.152

22 %X,
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Table 3: PRE of the estimators

Estimator Pop. 1 Pop. 2 Pop. 3 Pop. 4
S; 100 100 100 100
S? 87.167 65.093 162.742 21.544
§§ 38.525 13.593 13.009 12.407
S? 116.860 248.212 5107.79 67.423
§f 141.940 277.598 574168.1 637.142
SZ 142.235 293.078 605514.2 666.034
SZ 142.235 293.078 605514.2 666.034
T, 142.235 293.078 605514.2 666.034

8. CONCLUSION

The present study extends the idea regarding the effective use of auxiliary information
if the relationship between the study variable and the auxiliary variable is of
logarithmic type. The present study provides some novel estimators that may be used
when two auxiliary information is available. This study is also supported through an
empirical study and the results of this study are quite encouraging both theoretically
and empirically.
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