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Abstract

Let G = (V, E) be a graph with p vertices and ¢ edges. A graph G is said to have
an odd mean labeling if there exists a function f : V(G) — {0,1,2,...,2¢ — 1}
satisfying f is 1 — 1 and the induced map f* : E(G) — {1,3,5,...,2q — 1}
defined by

Fw)+f(v) if f(u) + f(v)is even
* _ 2
S (uw) —{ JOOTS@WIHEL - if f(u) + f(v) is odd.

is a bijection. A graph that admits an odd mean labeling is called an odd mean
graph. Here we study about the odd mean behaviour of some standard graphs.
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1. INTRODUCTION

All graphs considered in this paper are simple and undirected. Let G(V, E') be a graph
with p verticies and ¢ edges. For notation and terminology, we follow [3].

Path on n vertices is denoted by P, and a cycle on n vertices is denoted by C,,. K ,, is
called a star and it is denoted by .S,,,. The bistar B,), ,, is the graph obtained from K, by
identifying the central vertices of K ,, and K ,, at the end vertices of K, respectively.
By, is often denoted by B(m). The union of two graphs GG; and G5, is a graph G; UG5
with V(Gl U Gg) = V(Gl) U V(GQ) and E(Gl U GQ) = E(Gl) U E(GQ) The union
of m disjoint copies of a graph G is denoted by mG.

Let GG and G5 be any two graphs with p; and p, vertices respectively. Then the carte-
sian product G; X G has p;psy vertices which are {(u,v)|u € G1,v € Go}. The edges
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are obtained as follows: (uy,v1) and (ug, v9) are adjacent in G; X Gy if either u; = s
and v; and vy are adjacent in GG or u; and u, are adjacent in G; and v; = vy. The
product C,,, x P, is called a prism. The graph P, x P, X P; is called a cube and is
denoted by ()3. The H-graph of a path P,, denoted by H,, is the graph obtained from
two copies of P, with vertices vy, vs, ..., v, and uy, us, . . ., u, by joining the vertices
Unt1 and Unt1 if n is odd and the vertices vz and uz 1f n is even. If m number
of pendant vertices are attached at each vertex of G, then the resultant graph obtained
from G is the graph G © mK;. Whenm = 1, G ® Kj is the corona of G.

The graceful labelings of graphs was first introduced by Rosa in 1961 [1] and R.B.
Gnanajothi introudced odd graceful graphs [2]. The concept of mean labeling was first
introduced by S. Somasundaram and R. Ponraj [7]. The mean labeling of some standard
graphs are studied in [5, 7, 8]. Further some more results on mean graphs are discussed
in [6, 9, 10]. The concept of odd mean labeling was introduced and studied by K.
Manickam and M. Marudai [4].

A graph G is said to have an odd mean labeling if there exists a function f : V(G) —
{0,1,2,...,2¢—1} satisfying f is 1—1 and the induced map f* : E(G) — {1,3,5,...,2¢—
1} defined by

. | L) if f(u) + f(v) is even
[ (uv) = { w if f(u)+ f(v) is odd.

is a bijection. A graph that admits an odd mean labeling is called an odd mean graph
[4].

An odd mean labeling of Bs 3 is given in Figure 1

0 13
2 6 10 4 & 12

Figure 1. An odd mean labeling of B3 3

In [11], R. Vasuki and A. Nagarajan studied about the odd mean behaviour of the
class of graphs P,;, P’ and P<b2a>. In this paper, we prove that C,,, x P, for m =
O(mod 4),n > 1, Q3 x P,, H-graph, corona of a H-graph and G ® Sy where G is a
H-graph are odd mean graphs. Also we prove that if a tree 7" has an odd mean labeling,
then 7{,) is an odd mean graph for any n > 1. Also we establish that union of any
number of odd mean graph is an odd mean graph.

2. ODD MEAN GRAPHS

Theorem 2.1. C,,, X P, is an odd mean graph for m = 0(mod 4) andn > 1.
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Proof. Let V(Cy, X P,) = {vy; : 1 <1 <m,1 <j<n}and E(Cy, x B,) = {e;; :
i, = Vi,Viy1);, 1 < <n, 1 <i <mpU{E; B =v,v,,,,1 <j<n—-11<
i < m} where i + 1 is taken modulo m.
Let C7, denote the j' copy of C, in C, X P,,. Let the vertices of C7, be vy, vy, . . ., Un,
for 1 < j < n. Label the vertices of C,,,, m = 0(mod 4) as follows:
4i —4 if1 <i <% +1andiisodd
o) 47 — 6 if2§i§%andz’iseven
Vi) =
! dm+3—4i ifF+1<i<nandiisodd

4dm + 6 — 44 if % <4 < mandiis even.

If the vertices of C7! are labeled then the vertices of CY, are labeled as follows:
f(vi;) = f(vi-1y,_,,) + 4m where i — 1 and j — 1 are taken modulo m.

It can be verified that the label of the edges are 1,3,5,...,2¢ — 1. Then f is an odd
mean labeling of C,,, x P, forn > 1 and m = 0(mod 4). Hence C,, x P, is an odd
mean graph for n > 1 and m = 0(mod 4). O

For example, an odd mean labeling of Cg x P, is shown in Figure 2.

110

98
Figure 2. An odd mean labeling of Cg x Py
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Theorem 2.2. ()5 x P, is an odd mean graph.

Proof. Let Qg denote the j' copy of Q3 in Q3 x P, and for 1 < i < 8, let v;; denote
the i’ vertex in O}, where 1 < j < n.

The vertices and their labels of ()3 x P, are shown in Figure 3.

o,,//lxz\ 48

v1; & V4, 1, = V4,
v2 3 v2 v3
T2 6 e 7 4]
Q\
1 18 ; 58 40
V5, V6, V54 V6o
. U7, V7,
81 U8,
22 24 56 46

Figure 3. An odd mean labeling of Q)3 x P;

If the vertices of Q§_2 are labeled by f, then the vertices of Qg are labeled as follows:
f(vi;) = f(vi;_,) +80,for1 <7< 8and 3 < j <n.

Let E; be the set of all edges in Qg and E;,_,
@} and the other in Q41"

Denote the set of edge labels for the edges of £ by f*(E). Then, it is observed that
[H(E;) ={40+ f*(e):e€ E;1},2<j<n

[ (Ej,,) ={40+ f*(e)re€ B, },2<j<n—1

Then, f is an odd mean labeling of Q)3 x P,. [

be the set of all edges having one end in
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For example, an odd mean labeling of ()3 x P, is shown in Figure 4.

6 4 3 8 42 128
2 8 ~—oror 42| 3 88 ™~ | 122
I —
DA = I Q
138
22 2 56 4 0 10: 136 126

Figure 4. An odd mean labeling of Q)3 x P,

Let 7" be any tree. Denote the tree, obtained from 7" by considering two copies of 7" and
adding an edge between them, by T{2) and in general, the graph obtained from 7, _)
and T" by adding an edge between them is denoted by 7{,,). Note that 7{; is nothing but
T.

Theorem 2.3. If a tree T' has an odd mean labeling, then 1{, is an odd mean graph
foranyn > 1.

Proof. We prove this result by induction on n.

When n = 1, the result is obvious. Letn = 2. Assume that f : V/(T') — {0,1,2,...,2q—
1} is an odd mean labeling of 7. Let T} and 75 be two copies of 7" in T(y). Define a
labeling [ of T,y as follows:

l(v):{ f(v) ifveT)

f(v) 4+ 2p ifv € Ty where p is the number of vertices in 7.

Then, [ is an odd mean labeling and hence the result is true when n = 2.

Assume that 7{,,) is an odd mean graph for any n > 1. Let g be an odd mean labeling
of T(;,). To complete the induction process, it is enough to prove that 7,1y is an odd
mean graph.

Define a labeling [ of T{,,;1) as follows:

g(v) if v € Tty
l(v)=< f(v)+2np ifveT, whereT, isa
(n +1)" copy of T in T 41)

Clearly, [ is an odd mean labeling of 7{,,;1). Hence, T'(n) is an odd mean graph for any
n > 1. O]
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For example, an odd mean labelings of T,7T(3 and T3 are shown in
Figure 5.

T(2)

Figure 5. An odd mean labelings of T', T(5) and 1|3,

Corollary 2.4. B(m)) is an odd mean graph for any m > 0 and n > 1.

Proof. 1t is enough to show that B(m) has an odd mean labeling. Let the vertices of

B(m) be vy, vy, ..., v, and ug, uq, - . . , u,,. Label the vertices of B(m) by
f(vo) =0

flo)=4i—-2,1<i<m

flug) =4m + 2

flu) =4i,1 <i<m.

Then, f is an odd mean Ilabeling of B(m). Therefore, by
Theorem 2.3, B(m) ) is an odd mean graph. O

For example, an odd mean labeling of B(5)s) is illustrated in Figure 6.

0 22

As 4 8 12 162026 30 34 38 42 2832 36 4042 50 5458 6266 5250 60 64 68

Figure 6. An odd mean labeling of B(5)s)

Corollary 2.5. P, = is an odd mean graph for anyn > 1,m > 1.

Proof. 1t is enough to show that P, has an odd mean labeling. Let the vertices of F,, be
v1, Ve, . . ., U,. Label the vertices of P, by f(v;) = 2i — 2 for 1 <4 < n. Then, f is an

odd mean labeling of F,. Hence, by Theorem 2.3, P, is an odd mean graph. [
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For example, an odd mean labeling of Fg, Fs,, and Fg,, are shown in Figure 7.

0 0 21 0 21 24

2 o) 20 2 20 26

4 4 18 4 18 28
16

6 6 16 6 30

8 8 14 8 14 32

9 9 12 9 12 33
P6 PG(Q) P6(3)

Figure 7. An odd mean labeling of Fy, P @ and F; )

Theorem 2.6.  The H-graph G is an odd mean graph.

Proof.  Letuvy,vs,...,v, and uy, us, ..., u, be the vertices of the H-graph G.
Define f : V(G) — {0,1,2,...,2q — 1} as follows:

flo) =2i-2, 1<i<n
flu;)) =2n+2i—2, 1<i<n-—1
fup,) =4n —3.

The induced edge labels are given by

Frowin)  =2i—1, 1<i<n-—1
fr(uuisy) =2n+2i—1, 1<i<n-1
f*(vn+1un 1) =2n—1 if n is odd
f*(v%H n =2n—1 if n iseven.

Then, f is an odd mean labeling. Hence, the H-graph G is an odd mean graph. [



154 R. Vasuki

For example, an odd mean labeling of H; and Hy are shown in Figure 8.

0 14
2 16 0 12
4 18 2 14
6 20 4 16
8 22

6 18
10 24 8 20
12 25 10 21

G1 G2

Figure 8. An odd mean labeling of H; and Hg

Theorem 2.7. Fora H-graph G, G ® K is an odd mean graph.

Proof. By Theorem 2.6, there exists an odd mean labeling f for G. Let vy, v, ..., v,
and uq, us, . . ., u, be the vertices of G.

Let V(G © K;) = V(GQ) U {v},vh,...,v,} U{u),ul, ... ,u} and E(G © K;) =
E(G)U{vvl,uul : 1 <i<n}.

Define g : V(G ® K;) — {0,1,2,...,2q — 1} as follows:

w)+2n+2i—1, 1<i<n-1

)+ 2 — 2, 1<i<n
w)+2n+2i—2, 1<i<n-—1
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The induced edge labeling g* is obtained as follows:

9" (Vivit1) = f*(vivig1) + 24, I<i<n-1

g (wuip1) = fr(winin) +2n+ 2, 1<i<n-—1

9" (vi;) = flvi) +2i = 1, 1<i<n

9" (uu ) =flw)+2n+2i—1, 1<i<n

g (vapting 1) :2f*(vn7+1u%)—|—1 if n is odd

g*(U%+1 n =2f*(vnqun) +1 if n is even.

Then, g is an odd mean labeling and hence G ® K is an odd mean graph. [

For example, an odd mean labelings of H; ® K7 and Hy ® K, for the H-graphs Hs5 and
H 4 are shown in Figure 9.

0 10
2 12
4 14
6 16
8 17
Hs

0 |

———¢ 19— 20

4

=25 25¢—4

8

. D/ S

6 15

H; © K,

37e——36

0 8

2 10

4 12

6 13
H,

o1 17— 16

4 .—‘:5/21«—. ”
8 o— 25— 24

9

126——913 29e—-28

Hy® K,y

Figure 9. An odd mean labeling of Hs, Hy, H; ©® Ky and Hy ©® K,
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Theorem 2.8. Fora H-graph G, G ® S; is an odd mean graph.

Proof. By Theorem 2.6, there exists an odd mean labeling f for G. Let vy, v, ..., v,

and uy, ug, . . ., u, be the vertices of G. Let V(G) together with vy, v, ..., v, v v, ... v,
uy, uh, ..., u, and uf, uj, ..., ul form the vertex set of G ® S, and the edge set is £(G)

together with {v;v}, v;v! uul, uu! + 1 <i < n}.

Define g : V(G ® Sy) — {0,1,2,...,2q — 1} as follows:
g(v) = fv) +4i—2, 1<i<n
gvi)) = f(vi) +4i—4, 1<i<n
gl = f(v) + 41, 1<i<n
g(u;) = flw;) +4n+4i — 2, 1<i<n

gul) = flu;)+4dn+4i—4, 1<i<n
g(uf) = f(u;) +4n + 44, 1<i<n.

The induced edge labeling f* is given as follows:

Vivit1) = fH(vvi) + 4, 1<i<n-—-1
v; L) = f(v;) +4i — 3, 1<i<n

vu!) = f(v) +4i — 1, 1<i<n

“(uuy) = flu;) +4n + 41 — 3, 1<i<n
g (wul!) = flu) +4n+4i — 1, 1<i<n.
g (npunp) =3f"(vapunn)+2  ifnisodd
g (vnjqun)  =3f(vnjqun)+2 if n is even

Then, g is an odd mean labeling and hence G ® S5 is an odd mean graph. [
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For example, an odd mean labelings of H; ® S and Hg ® S5 for the H-graphs H; and
Hyg are shown in Figure 10.

0 14
2 16 0 12
4 18 2 14
6 20 4 16
8 22

6 18
10[ 24 8 20
12 25 10 21

Hy Hg

442
» o 441 46
48 0

50¢ *52 4 ———9, 38— 40

]

ALY

60
64

28
30

34
36

32 74 72 28
30

126 629

\

76
833 80e————e78 34 °*32 68

H7@52\.82 Hg® S,

Figure 10. An odd mean labeling of H;, Hg, H; ©® Sy and Hg ® S5

66
70

54
10 :’ 6 :\ /-42
12 ¥ 14 56 58 10 8 4446
y 60 12 48

20 62 . —~

18 * *64 16 v 14 0 52
22 18 54
24 26 68 »i'o 66 —

0 2%1 20 56 ¢ 58

: ; 4

\

40
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Theorem 2.9. If G, G5, Gs, . .., G, are odd mean graphs, then G\ UG,UG3 - - - UG,
is an odd mean graph.

Proof. 1f Gy = (p1,¢1),Ga = (p2,42),G3 = (p3,®),---.Gm = (Pmqm) are any
m odd mean graphs with odd mean labelings f, fo, ..., f., respectively, then G; U
Gy UGs--- UG, has p; + po + --- + p,, vertices and ¢; + ¢ + - -+ + q,, edges.
Let u,(1 < @ < p1), ug, (1 <0 < po)yeeytiyn, (1 < i < pp)ande (1 < i <
q1),e2,(1 < i < @),...,en(1 < i < g,) be the vertices and edges of the graphs
G1,Gs, Gs, . .., G, respectively.

Define g : V(GLUGyU---UG,,) = {0,1,2,3,...,2(1 + g2 + -+ + qm) — 1} as
follows:

g(ur,) = fi(uy,)

guz,) = folug,) +2¢1,1 < i < py

g(us,) = fs(us,) +2(q1 + q2), 1 < i < p3
9(ug,) = falug,) +2(qn + @2+ q3), 1 < i < py

9(tUm) = fr(tm) +2(q1 + G2+ @3+ + 1), 1 <0 < pry

The induced edge labels are given by

g*<€1i> = fl*(eli>7 1 S 1 S q1

g (e2,) = folea,) +2q1,1 < i< ¢

g (es;) = fi(es,) +2(qn + @), 1 <i < g3

g*(es;) = files,) +2(q1 + 2 +q3), 1 <i < gy

g (em) = frlem) +2(@+ @+ a+ -+ @n-1), 1 <i < gn.

Then, ¢ is an odd mean labeling. Hence, G; U Gy U G3--- U G, is an odd mean
graph. 0
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For example, an odd mean labelings of G, Gs, G3, G4 and G; U Gy U G3 U Gy are
shown in Figure 11.

2 0 1 2
, ] 0 ‘f/\ 7
: ’ ’ \'/
7
6 9 6 10 0 4
G Go Gs e
6
/.6\ 12 23 26
. . . 49 $11
31
10 14 18 22 24 28
GLUG2UG3 UGy 30

Figure 11. An odd mean labeling of G, G5, G3,G4and Gy U Go U G3 U Gy

Corollary 2.10. If G is an odd mean graph, then mG is also an odd mean graph, for
allm > 1.

Proof. The proof follows from Theorem 2.9, by taking G; = Gy = G5 =,...,G,, =
G. l
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