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Abstract

In this article, new extension of the generalized and improved homogeneous
balance method is proposed for constructing new structure of rich class of
exact travelling wave solutions of nonlinear evolution equations by using the

G : . .
[EJ— expansion method. In order to demonstrate the innovativeness and
motivation of the proposed method, we implement it to the coupled nonlinear
system of Schrodinger equations. It indicates that the approach furnishes a
powerful mathematical tool for working out the non-linear evolution
equations in mathematical physics.
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1. INTRODUCTION

The investigation of exact solutions of nonlinear equations occupies an important
position in the research of nonlinear physical phenomena. Pursuing explicit solutions
of nonlinear evolution equations by using a variety of methods is the main objectives
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for many researchers, and considerable effective methods to construct exact solutions
of nonlinear evolution equations have been put forward and progressed such as same
works [1- 17], the homogeneous balance method [18-19], the F-expansion method

G
[20] and same works [21-26]. One of the most important methods is (EJ_

expansion method. The main ideas of the proposed method are that the travelling
wave solutions of a nonlinear evolution equation can be conveyed by a polynomial in

c
(EJ where G =G(¢)satisfies a second order LODE (see[21]), the degree of the

polynomial can be determined by considering the homogeneous balance between the
highest order derivatives and nonlinear terms which appears in a given nonlinear
evolution equation, and the coefficients of the polynomial can be acquired by solving
a set of algebraic equations when we adopt the proposed method. It can be perceived
that more travelling wave solutions of many nonlinear evolution equations could be

G : .
procured by adopting the [E]— expansion method. It offers the generalized solitary

solutions and periodic solutions, as well. We are able to recover some known
solutions via existing approaches with the help of the generalized solitary solutions.

In this paper we broaden the homogeneous balance method to a class of nonlinear
evolution equations with imaginary number and modulus. We regard the coupled (2 +
1) - dimensional nonlinear system of Schrodinger equations as
iE, -E, +E,, +|E['E-2NE=0
) (1.1)
NN,y -(|Ef) =0
where E(x,y,t) and N(xy,t) are complex-valued functions. The type of
nonlinear partial differential equation systems given by (1.1) produce main effect in
atomic physics and the functions E(x,y,t) and E(X,y,t) enjoy various physical

meanings in different branches of physics. For example, the fluid dynamics and
plasma physics are well employed in the systems. In the context of water waves,

E(x,y,t) is the amplitude of a surface wave packet while N(x,y,t) is the velocity

potential of the mean flow interacting with the surface waves. But E(x, y,t) is the
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envelope of the wave packet and N (X, y,t)is the induced mean flow [27-29] in the

hydrodynamic context. Furthermore, Eq.(1.1) are relevant to a number of different
physical contexts, describing slow modulation effects of the complex amlitude

N (x,y,t), attribute to a small nonlinearity, on a monochromatic wave in a dispersive

medium.

G
2. DESCRIPTION OF THE(E)-EXPANSION METHOD

G
In this part we describe the (E] -expansion method for finding travelling wave

solution of nonlinear evolution equations. Suppose that a nonlinear equation, say in
two independent variables X andt, is given by

Q(u,ut,ux,un,uxt,---)zo (2-1)

Where u=u(xt)is an unknown function, Qis a polynomial in u=u(xt)and its

various partial derivatives, in which the highest order derivatives and nonlinear terms
are involved. In the following we give the main steps of the ()-expansion method.

Stepl.combining the independent variables Xandt into one variable £=Xx-ct, we
suppose that

u(x,t)=u(&), &=x-ct (2.2)

The travelling wave variable (2.2) permits us reducing Eq.(2.1) to an ODE for
u(x,t)=u(¢)

P(u,—cu’u',c®u’,—cu',u',-+) =0 (2.3)

Step2. Suppose that the solution of ODE(2.3) can be expressed by a polynomial in

G
— foll
(GJ as follows

u(&)=Ya [%j (2.4)

i=0

Where G=G(&) satisfies the second order LODE in the form
G +AG +uG=0 (2.5)

In which @,,---, 4, i are constants to be determined later, @ #0,the unwritten part in
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G
(2.4) is also a polynomial in(aj, the positive integer k can be determined by

considering the homogeneous balance between the highest order derivatives and
nonlinear terms appearing in ODE(2.3).

Step3. By substituting(2.4) into Eq(2.3) and using second order LODE(2.5),collecting

G
all terms with the same order of (E] together, the left-hand side of Eq.(2.3) is

converted into another polynomial in [Ej .Equating each coefficient of this

polynomial to zero, yields a set of algebraic equations for a&,,---,v,4A and #.

Step4. Assuming that the constant a,---,v,4 and # can be obtained by solving the
algebraic equations in step3. Since the general solutions of the second order
LODE(2.5) have been well known for us ,then substituting a,,--+,V,Aand the general

solution of Eq.(2.5) into (2.4) we have more travelling wave solutions of the
nonlinear evolution equation(2.1).

In the subsequent sections we will illustrate the proposed method in detail with
various nonlinear evolution equations in mathematical physics.

3. EXACT TRAVELLING WAVE SOLUTION FOR COUPLED NONLINEAR
SYSTEM OF SCHRODINGER EQUATIONS

We start with the celebrated coupled nonlinear system of Schrodinger equations in the
form

E=k(x+ly+2(a—-pI)t), n=ax+py+n (3.1)
E(x y.t)=u(&)exp(in), N(x,y,t)=v(¢) (3.2)

Where k; |; a and S are constants to be determined. Note that & and 77 are

travelling wave variables, not necessarily in the same direction. Thatis, & and? are
independent linear functions of X; Y and t. Then U and V are assumed to be

rational functions of exp(&)WhenU is positive real, Uis the modulus of the complex
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functionE, and N is the argument. The modulus and argument are travelling waves
but the two waves may be in different directions.

From (1.1), we may obtain the system of ordinary differential equations

k2I2u"+(a2—ﬂ2—;/)u +u®-2uv=0 (3.3)
(1-12)v' —(2uu') =0 (3.4)

Integrating (3.4) with the respect to ¢ and setting the constants of integration equal to

zero yield
U2
S (3.5)
Substituting(3.5)into (3.3), we obtain
. 1+17
K1Pu +(a® = —y)Ju——=u*=0 3.6
(@ =B =r)u-T (36)

G
Suppose that the solution of ODE(3.6) can be expressed by a polynomial in [E] as

k G i
u(é)= Zai {E] (3.7)
Where G=G(¢) satisfies the second order LODE in the form G'+AG + 4G =0

It’s easy to obtain that k =1 by using the homogeneous balance between u®*and u’
in Eg.(3.6)which can writeas 3k =k+2 . so we can write (3.7) as

1 G i
u(é)=>4a {E] a#0 (3.8)

i=0

And therefore
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U(f)—a{(%jz —ﬂ(%}—u] (3.9

. '\ 2 \3
G G G
*(£)=a,’ +3a°a,| — |+38,a°| — = 3.1D)
U ()=3"+ aoai(G} 32 [Gj +a, (G]
By substituting (3.8)-(3.11)into Eq. (3.6)and collecting all terms with the same power

G ]
of [E] . We can write as:

Equating each coefficient of this polynomial to zero, yields a set of simultaneous
algebraic equations for a,,a,,k,l,a, 8,7, Aand # as the follows:
1412,

2a,k?I’ A =0 (3.12)

3a,Ak’l* +3a,a° =0 (3.13)

2
ak’l?(A* —2u)+a (o’ - §° —y)—e,%aoa1 =0 (314

1+12

aikzlz/ly+(a2—ﬂ2—7)ao—ﬁao3=0 (3.15)

Solving the algebraic equations above, yields
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1-1?
8, =k [2: (3.16)
=+ Akl (1+|2> 3.17
8 =T 2(1_|2) (3.17)
A2 2_p%_ 3(1+1%) 22

k,l,er, B,y, A are arbitrary constant.

By using (3.16)-(3.18) into (3.8),the travelling wave solution can be written as
1-1°(G (1+I2)
u(é)==kl,|2-=—| = |£ Akl |—= 3.19
() \/ 1+I2[Gj 2(1-1%) (3.19)

K2(G Y AKAP(G s 1412
V(Cf):m(gj +1—I2[Gj +22°K°1° m (3.20)
).

Where &=k(x+ly+2(a-plI)t), n=ax+py+.

Casel: A°—4u>0It

( J FCcosh“ _ﬂ§+Csmh" 45
© ? Csmh“’ §+C cosh“’ 4 &

‘Q

“Q

N VA -4u 7 7
[C cosh ¢+GC,sinh 2 5] ; C cosh «//1 4u £4C,sinh A2 -4u
2

N 2 1 )i § g
(G_jJ Ly A 2 7 ° .2

H
4 e 7, ) 2 A2 -by Pty 4
[Clsinh /124u§+czcosh ’ 4”5] Clsmh\/ ) §+C2005h\/ ) 4

2

\/7 C, cosh VA §+C sinh (4 4”5 (1+| )
u((’g):ikl\lz 1+|2 2 /72 /72 AT
C,sinh A 4”§+C cosh < 4”5 ( )
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2
\142—4;1 . «/12—4;1 2 7
[Clcosh £+C,sinh C cosh JA 74#§+Czsinh‘u 74;15

K47 AP -4 i1 —5 e
V(g):lﬂz T4 - Nz 5. 2 22 A= hu \/,1234;, \/122_4 s
[Clsinhiz_zwé+cz cosh A 2‘4/‘ 5} ClsinthHCz coshT’ué
«,/12—4;1 . «[12—4;1
/1k 72 ﬂ+\/m.clcosh 5 &+C,sinh 5 §+212k2|2 141
1 1-12 2 2 2 _ 2 _ 12\
clsinh*u%§+czcosh A . A (1-1%)
[h2 _ (72 _
-2l 2 [_/12_4# C, cosh 4 4”gwczsinh 4 4'“5 (1+|2)
E(x y,t)=| +kI,[2- -= : Z 2 exp(in)

+ Akl
L2 2 Clsinhi“‘/izz_‘l'u§+Czcosh7\//122_4'u§ \lz(l_lz)

Z_ 2_ 2
Coeos V2 M g g VH o,
" 2 2 C, cosh ) &+C,sinh ) T

_i 2—4/1

| £

N(X’y't)_ 2 ' 2
1+1 4 [72 ( 2
[Clsinh'1 2_4/1§+Czcosh7'1 2_4” 5]

' 2_ ' 2_

P LI PO C, cosh 2 4y§+(.‘, sinh+——~—- 4 4/1 1412
g L NE T s
T1-1P 2 2 , ’

C,sinh §+C cosh~+——- ( )

Case2: A*—4u<0

(GIJ 2 m C,sin &+C,cos
— | =——4 .
G

2 _ 12 _ 12
C1005W§+C25in4ﬂz/1§

2 2
Csmh‘//1 4 §+C cosh\//I 4”5
2

2

du—2
5 4

Au—A°

N

2
2 2 _
2 Clcosiwgﬁczsin VA 4”5 C cos Jau-7 Csin 4=
G' 4 12 2 2 y) 1 §+G, ¢ 22
” L a2 2 2",
2
2 2 2 2 Ay— )0 4
- J4u u
[Clsln /124ﬂ§+czcos /12 ﬂf] C,sin §+GC, ! ¢
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2
«/12—4 . ,/12_4
[CICOS 2 'u§+CZSIn 2 'ug] c COSW§+C sin Wg

212 N2 2 : 2 2
v(e) =24 [gj _Au-i Nyt ) ) P

2 Jau N
1+1°|( G 4 7 _ 71, 2 2 CJau—? e 2
[Clsinlzll'u§+czcosﬂ’24”§] Clsm‘/ f"z §+C2cosJ /12 ;
. \'4 e ’4 _ 22
/1kl A Jhu-A* C,sin ﬂz §+C2005”7§

2" ' s L
2 2 — 2 o
Clcos\/A"u2 4 £+C,sin \/4/“2 A £ (1 I )

2k2|2 G, 2 4 —12
N(xy.t)= (Gj _au

,/ 2 2
141 4 7. ) 2 T
C;sin _4y§+CCOSMZ 4y§] C,sin V4u-A §+Ccosv4ﬂ /15
2 2

2 2
A4 Ja- /Iz Csm“ﬂ'ﬂ /12§+C cos“ g
t—mb| ——+
F) 2 : Ccoswl iz§+Csm“4y # ( )

Case3: A°—4u=01I

() e
(Cl"‘(:zf)2 C+C¢ 4

u(§) ==K 2'1_|2( G, _ijiikl (1)

L+1P(C+C¢ 2 2(1-1%)

2
, 1+1

=)

20 G ac, ) kA c, 2
2 - 242 |+ 2

B + + 222K
V(g) 1+1° (C1+C2§)2 C1+02§ 4 1-1? C+C2§ 2]

E(xy.t)= {+kl 2-%(&—%)iﬂkl —2((11+||2))}exp(i77)
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2
> 1+1

(1-17)’

2)2 2 2 2)2
N(X,N):zkl[ c, AC, +/1_J+Akl( c, A

5 = — + 5 ——j+212kzl
1417 ((C,+C,E) C,+C,E 4 ) 1-17(C,+C,e 2

4. CONCLUSIONS

In Case 1:while C,=0 the exact solution can be in the terms of solution which is
solved by the algorithm of homogeneous balance method Case 1 and Case 2[30].

In Case 1:while C,=0 the exact solution can be in the terms of solution which is
solved by the algorithm of homogeneous balance method Case 4[30].

In Case 1:while C,=0 the exact solution can be in the terms of solution which is
solved by the algorithm of homogeneous balance method Case 3[30].

G
We can see that, the exact solution solved by(E]— expansion method which

contains the exact solution solved by the algorithm of homogeneous balance method.

Exact solutions can serve as a basis for perfecting and testing computer algebra
software packages for solving NLEEs. It is of great significance that many equations
of physics, chemistry, and biology contain empirical parameters or empirical
functions. Exact solutions allow researchers to design and run experiments, by
creating appropriate natural conditions, to determine these parameters or functions .

In this paper, the homogeneous balance method is employed along with a
computerized symbolic computation to obtain the single and combined generalized
solutions of coupled (2 +1)-dimensional nonlinear system of Schrodinger equations.
The results show that the homogeneous balance method is a powerful and promising
new method to solve nonlinear evolution equations. On comparing this method with
the other methods, we see that the homogeneous balance method is much simpler
than these methods. Also we deduce that the homogeneous balance method is direct
and effective and can be applied to many other nonlinear evolution equations.
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