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Abstract

The main object of this paper is investigating a new subclass of normalized
multivalent analytic function in the open unit disk U which is defined by Al-
Oboudi Differential Operator. We obtain the co-efficient inequality and
extreme points and integral means of inequalities for this class are given.
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1. INTRODUCTION AND DEFINITIONS

The study of Geometric function theory, the multivalent function is a focal area as we
can see in recent years; many new articles are written by eminent authors in this area.
Now operators of normalized analytic functions become very popular, namely for
Differential and Integral. Many articles discuss on operators and new generalization
of various authors. Perhaps Ruscheweyh [1] was leading the way in the differential
operator who introduced on 1975. It followed by Salagean [2] in 1983 giving another
version of differential and integral operator. Many properties have been discussed and
studied many researchers for this two operators. In 2004, Al-Oboudi [3] generalized
Salagean operator followed by S.Sumer Eker and S.Owa and S.Sumer and Bilal Sekar
([4], [5] ). In this study we use these operators to find another type of Differential
Operators and obtain co-efficient inequalities and extreme points, and integral means
of inequalities.
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Definition 1.1
Let A denote the class of functions f normalized by

f(z):z+iajzj (1.1)

Which are analytic in the open unit discU ={z e C :|7| <1}.

For f € A, Al-Oboudi [3] introduces the following operator.

D°f(2) = f(2), (1.2)
D (2)=(L—5)f (2) + 52 '(2) =D, f (z), 520 (1.3)
D"f(2)=D,(D"f(2)), neN=123... (1.4)
"D f(@)=z+ Y+ (j-D6]'a,z) . neN,=NuU{0} (1.5)

j=2

Ifo =1 then we get Salagean [2] differential operator.

Definition 1.2

Let A, denote the class of function of f(z)of p - valant analytic function

f(z)=2"+ > a7’ (1.6)
j=pn

Which are analytic in the open unit discU ={zC :|z| <1.

For f € A, Al-Oboudi [3] introduces the following operator.

D°f(z) =f(2), (1.7

D’f(z):Df(z):zui(@J a,2) =D, 1(2) (1.8)
=1

D"f(2) =D (D™ f(2)), neN=123,.. (1.9)

.-.D”f(z):zhi(@j az’, neN,=NuU{o}  (110)

Ifo =1 then we get Salagean [2] differential operator.

j=p+1
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Definition: 1.3

Let N_(m,n,a,d,b)denoted the sub class of A consisting of functions f which
satisfy the inequality

Re (1+ l[w —1B . (1.11)
bl D1 (2)

Forsome0<a <1,beC—{0}, meN, neNuU{0}andall z eU.

2. COEFFICIENT INEQUALITIES
Theorem 2.1

Let f(2)e A, satisfies 3 v, (mna,8, jbfa<20-a)p  (21)

j=p+1
Forsome 0<a<1,beC—{0} , meN, neNuU{0},6 (5>0).
Then f(z) e N, (m,n,a,6,b) .
Where

y,(mn,a,d,j,b)=

(1+(j —1)5}"“ —(1+ab)(1+(j —1)5}"
p p

([ 2]

Suppose that y (m,n,a, 6, j,b) <2(1-a)b is true for some o (0<a <1), m

(2.2)

Proof

eN,neNuU{0} beC—{0} 5 (5>0), then It is suffices to prove that —Egzi_i <1
’ 7)+
For f € A , then define the function F(z) by
Let
Fo)=1+ [ 2 1@ 4, (2.3)
b\ D" (2)

F(z)-1=1+1(Dm f(2) —1}—05—1
b D"f(2)
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(D" f(2)-(1+ab)D"f(z)
- bD" ()

Fz)+1=1+ —(D 1) lJ—a+1
D" (2)

_D"f(2)-[1-(2-2)b]D"f (2)

bD" f (z)

IF)-1 | D"f(2)-@+ab)D"f(2) |
IF(2)+1] |D"f(2)-[1-(2-)b]D"f(2)|

j=p+1

| EL= L) P (1+ab>[
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(2.4)

(2.5)

j=p+1 p

p

j=p+1

j=p+1

L +z[(1+(l 1)5j il ab)[l'"(jp_l)é‘jjajzj

Zp+i(1+(1—1)5j a;z' —(1-(2- a)b)[z +ZKWJ jz]

p

j=p+1

j=p+1

F(z)-1 -
F(z)+1

@-a)pz® + Y [(“(‘pl)‘j +((2—a)b—1)[1+(jp_1)5j Jajzi
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a2’ + Y [(““p‘l)ﬂ —(1+ab)(1+(jp_1)5] Jajzj

<1
(2—a)oz® + i [[“(‘p‘MJ +((2—a)b—1)(1+(jp_1)5j }ajzj
5 (w—lwfj’“_(lmb)(w—l)é]” o 2ilh o
j=p+1 p p : 1
<
5 [(wp—w] e Ll | S e
3 U—“("MJ —(1+ab)(—1+(j_1)5j }ajz' +ab
i=p+l p p
s [(@j (a2 U0 J i
[1+ (jp—1)5jm s ab)(u (jp—l)&}n
> o lafs20-ap
j=p+L +[[1+(Jp_l)5j (2= a)b-1) l+(jp—1)§] J

Hence 3 v, (m.n,a,s, jb)a,| < 20-a)b

j=p+L

This completes the theorem.

3. EXTREME POINTS

If we define the new subclass ﬁp(m, n,a,d8,b) = N (m,n,a,d,b) , which consists of

the function f(z)=z"+ > a;z',(a; 20) (3.1)

j=p+t
Whose Taylor-Maclaurin coefficient satisfy the inequality (2.1)

Now we determine the extreme points of the subclass Np(m, n,a,0,b).

Theorem 3.1
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Let f (z)=z"and

2(l—a)b5j
f(2)=2"+ — 72 (j=p+Lp+2.... ,‘gj‘zl, (3.2)
w,(mn,a,d, j,b)

Then f e Np(m,n,a,& b) if and only if it can be expressed in the form

f@)=4,1,@+ 34 f,@) (3.3)

j=p+1

Where 2, >0 and 4, =1- Z/Ij .

j=p+t
Proof
Suppose that
f(z)=2,f,(2)+ Zﬂ,j f;(2)
j=p+l
1 b _
=7z + Z A, albe, J
j=p+1 W(mnaﬁjb)
Then
from (2.1)

2(1—05)bgj |
t//p(m,n,a,&j,b)‘

Zy/(mnaajb)\a\—zy/(mnaajb)

j=p+1 j=p+l
1 a b Z ‘ﬂ, ‘
j=p+1
<2(1-a)b =21-a)b(d-1,)

Which is shows that f satisfies the condition (2.1)
- feN,(mna,dsb).
Conversely,

Suppose that f € N, (m,n,,8,b).

Since
__ 2Q0-a)b

j—w(m,n’a'&b),(j =p+lp+2..) (3.4)
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Let

y(mna.5,b) a; and A,=1- > 4,

A <
"7 20-a)be, Sh

Then we obtain
f(z)=2,f,(2)+ > 4, f,(2)
j=p+l

This is completes the proof of theorem 3.1

Corollary 3.2
The extreme points of Np(m,n,a,é, b) are functions f (z)=2z" and

21-a)b €

w,(mna,d, j,b)

fi(z)=2"+ 2V (j=p+Lp+2,....) (3.5)

4. INTEGRAL MEANS OF INEQUALITIES

Definition 4.1

Let two functions f and g are analytic in U, we say that f(z) is subordinate to
g(z) if there exist a function w(z) analytic in U satisfying w(0) =0 and |w(z)| <1
such that f(z) = g(w(2))

It is denoted by f(2) <g(2).

Lemma 4.2
Let g(z) is univalentin U. Then f(z) <g(z) ifand onlyif f(0)=g(0) and
fU)=gV).[7]

Theorem 4.3

2z 2

If f and g are analytic in U with f(z) < g(z), then j |f(z)|“desj 9(2)|"do
0 0

for £>0 and z=re'’, 0 <r <1.( Littlewood [6]

Theorem 4.4
Let f e N,(m,n,a,&,b) and suppose that f,(z) is defined by
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2(1—0!)ij o )
f(2)=2"+ —2' (j=p+Lp+2.... ,‘gj‘:l. If there exist an
w,(mna,d, j,b)

. (mnaéb)zasz then for

analytic function w(z) given by {w(z)}'"* 2i—a)b
a)e; j=p+l

z=re? 0< r<l,T ‘f(re“g)‘”d@szjr ‘g(re‘e)‘”da,y>0 :
0 0

Proof
We must show that

2z ©
J' 1+ Z a;z'"
0

j=p+1
By the help of Littlewood subordination theorem, its suffices to shoe that

7]

27 do

7

2(1—05)b<9j
w,(Mmna,d,jb)

deszf 1+

0

i . 20l—a)be, )
j=p+1 l//p(m,n,a,é, J,b)
Let
= . 2l-a)be, .
1+ a.z’ =1+ 1 w(z))* P
J—ZFHl J l//p(m,n,a,é‘, J,b)( )
Therefore
=P l//(m na, 5 b) j-p
(W(Z)) 2(1 a b&‘ sz;—la Z

Hencew(0) =0 .
Furthermore, using (2.1)

|(W(Z))Jp |W(mna5b)zaz|1p

( j=p+1

W(mna5b)z‘a‘|z|1p

=p+1
<|z| <1.
Hence theorem completed.
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