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Abstract

The concept of best proximity points for non-self mappings between two subsets in
the setting of complex valued rectangular metric spaces, is introduced. During the
process the concept of P- property is defined and utilized in the same spaces. As
a consequence, certain fixed point results in the complex valued rectangular met-
ric spaces are also obtained. Our results are substantiated by some useful examples.
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1. Introduction and Preliminaries

If T is anon self mapping then it is not necessary that the fixed point equation x = 7T'x has
a solution, in this case it is of a certain interest to determine an approximate solution x that
is optimal in the sence that the distance between x and 7' x is minimum. In this context best
proximity point theory is an useful tool in studying such kind of elements. The concept
of best proximity point is introduced by Eldered and Veeramani [7], which reduces in
fixed point when the underlying map is self map. The best proximity point theorems for
many contraction are proved by different authors ([2],[5],[8]-[12],[15]-[18],[20],[21]).
On the other hand Branciary [4] introduced the notion of rectangular metric space and
proved an analogue of the Banach contraction principle in this space. The concept of
complex valued metric spaces is introduced by Azam et al. [3] and proved fixed point
result in this space. Choudhury et al. [6] introduced the concept of best proximity points
for non-self maps between two subsets of complex valued metric spaces. Recently the
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complex valued rectangular (generalized) metric space is introduced by Abbas et al. [1]
and obtained common fixed point result for mappings in such spaces.

In this article the best proximity point in complex valued rectangular metric space
is introduced and proved best proximity point result by using the concept of P-property
with the supportive example and proved fixed point results as it’s consequences.

Consistent with Azam et al. [3], the following definitions and results will be needed
in the sequel. Let C be the set of complex numbers and z1,z> € C. Define a partial order
= on C as follows :

21 322 if and only if Re(z1) < Re(zp) and Im(zy) < Im(zp).

It follows that z; 3 z; if one of the following conditions are satisfied :
(CI) Re(z1) = Re(z2) and Im(z1) = Im(z2);
(C2) Re(z1) < Re(zz) and Im(z1) = Im(z2);
(C3) Re(z1) = Re(zp) and Im(z1) < Im(2p);
(C4) Re(z1) < Re(zp) and Im(zy) < Im(zp).
In particular, we will write z; =3 z if z1 # z2 and one of (C2), (C3) and (C4) is satisfied
and we write z; < zp if only (C4) is satisfied. Note that
03z 2= lal <zl
123202, <23=17 <23

Definition 1.1. [3] Let X be a nonempty set such that the mappingd : X x X — C
satisfies the following conditions:

(CM1) 0 2 d(x,y)forallx,y € X andd(x,y) =0 x = y;
(CM2) d(x,y) =d(y,x),forall x,y € X;
(CM3) d(x,y) 3 d(x,z)+d(z,y) forall x,y,z € X.

Then d is called a complex valued metric on X and (X, d) is called a complex valued
metric space.

Abbas et al. [1] defined the notion of complex valued rectangular(generalized) metric
spaces as follows:

Definitionn 1.2. [1] Let X be a non empty set. If a mappingd : X x X — C satisfies:
(a) 0 2 d(x,y)forallx,y € X andd(x,y) =0 < x = y;
(b) d(x,y) =d(y,x), forall x,y € X;

(c) d(x,y) 2 d(x,u)+d(u,v)+d(v,y)forall x,y € X and all distinct u,v € X, each
one is different from x and y.

Then d is called a complex valued rectangular (generalized) metric on X and (X, d) is
called a complex valued rectangular (generalized) metric space.
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Example 1.3. [13] Let X = {i,—i,1,—1}, and defined d : X x X — C as follows:
d(1,—1) =d(—1,1) = 3¢,

d(—1,i)=d(i,— 1) =d(,i)=d(i,1) = ¢*
dl,—i)=d(—i,)=d(—1,—i)=d(—i,—1)=d(i,—i)=d(—i,i) = 4
dl,)=d(—1,-1)=d(,i)=d(—i,—i)=0.

Then (X,d) 1s complex valued rectangular(generalized) metric space when 6 €
[0, %]. But (X, d) is not a complex valued metric space, since d( — 1,1) = 3¢ >

d(—1,i)+d(i, 1) = 26",

Definition 1.4. [1] Let (X,d) be a complex valued rectangular (generalized) metric
space and {x,} be a sequence in X.

1. If for every ¢ € C with 0 < c, there exist ng € N such that d(x,,x) < ¢ for all
n > ng, then {x,} is said to be convergent to x € X, and we denote this by x,, — x
asn — 00 Or limy,_s 00X, = X.

2. If for every ¢ € C with 0 < c, there exist np € N such that for all n,m > ng,
d(x,,xn) < c, then {x,} is called Cauchy sequence in X.

3. If every Cauchy sequence in X is convergent in X, then (X, d) is called a complete
complex valued rectangular(generalized) metric space.

Verma et al. [22] define max function for complex numbers as follows.

Definition 1.5. The max function for complex numbers with partial order relation = is
defined as

1. max{z;,22} =22 = 721 3 22;
2. z1 I max{z, 3} => z1 Snorz 3 2.
On the similar lines Singh et al.[19] defined min function as
1. min{z;,22} =21 = 21 3 22;
2. min{z1, 22} 33 =z Jmorn 3 2.

Now we introduce the best proximity point and some related concept in complex
valued rectangular metric space.

Definition 1.6. Let A and B be two non empty bounded subsets of a complex valued
rectangular metric space (X, d). Then {d(x,y) : x € A,y € B}isalways bounded below
by zo = 0 4 i0 and hence inf{d(x,y) : x € A,y € B} exists. Here we define

d(A,B) =inf{d(x,y) : x € A,y € B},
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Ao={x e A:d(x,y)=d(A,B) for some y € B},

Bo={yeB:dx,y)=d(A,B) for some x € A}.

From the above definition, it is clear that for every x € Ay there exists y € By such
that d(x, y) = d(A, B) and conversely, for every y € By there exists x € A such that
d(x,y)=d(A,B).

Definition 1.7. Let A and B be two nonempty bounded subsets of a complex valued
rectangular metric space (X,d) and T : A — B be a non-self-mapping. A point x € A
is called a best proximity point of T if d(x, Tx) = d(A, B).

The definition of P-property was introduced in [14]. Now we define them in complex
valued rectangular metric space.

Definition 1.8. Let A and B be two nonempty subsets of a complex valued rectangular
metric space (X, d) with Ag # ¢. Then the pair (A, B) is said to have the P-property if,
for any x1,x2 € Ag and y1, y2» € By

d(x1,y1) =d(A,B) and d(x2,y2) = d(A, B) = d(x1,x2) = d(y1,y2)

2. Main result

In context of Matkowski [10] the function ¢ : [0, oo)2 — [0, oo)2 such that ¢(¢) < t and
¢(0) = 0 [whrer t = (t1,1) € [0, oo)z] is considered in whole article. Family of such
type of function is denoted by ®.

f t
Example 2.1. The simple function ¢(¢1,1) = (51, %) 1s well defined and satisfies the

conditions of functions in ®.

Theorem 2.2. Let A and B be two non-empty closed and bounded subsets of a complete
complex valued rectangular metric space (X, d)with pair (A, B) satisfies the P-property.
Let a continuous mapping 7 : A — B with T(Ag) C By, where A is non-empty, if
there exist L > 0 and a continuous ¢ € @, such that

d(Tx, Ty) < ko (max { {d(x,Ty) — d(A, B)}{d(y, Tx) —ldiz‘;,(i?)}y{;l(x, T'x)+d(y, Ty) —2d(A, B)} dx, y)D

where k is any real number with 0 < k < 1.
Then T has a unique best proximity point in A.

Proof. Assumethatxy € Ag,soTxg € Bgthenthereexistx; € Agsuchthatd(xy, Txg) =
d(A, B). Again Tx| € By, then there exists x, € Ag such that

d(xp,Tx1) =d(A, B).
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By continuing this manner we can form a sequence {x,} in Ag, with
d(xp+1,Tx,) =d(A,B), VneN.
By using the P-property, we have
d(xn, xp+1) =d(Tx,—1, Txp).

If there exists ngp € N such that x,,—1 = xj,, then d(x,,, Txp,—1) = d(A,B) =
d(xpy—1, Txny—1). Hence proof is complete. Now assume that x,,_; # x,, Vn € N.
Consider

d(xn’-anrl) = d(Txnfl’ Txn)
j k¢ (max { {d(xn—h Txn) - d(A, B)}{d(xn’ Txn—l) - d(A’ B)}{d(xn—la Txn—l) + d(xny Txn) - 2d(A7 B)} 7d(xn—l7xn)}>
L +d(x,-1,y)
+ L min ({d(x,—1, Txp—1) — d(A, B)}, {d(x,, Tx,) — d(A, B)}, {d(x, -1, Tx,) — d(A, B)},
{d(xy, Tx,—1) — d(A, B)})

d(xn, xn—H) f—j k¢(d(xn—l’ xn))
i.e d(xy,Xp41) j kd(xp—1,xy)

d(xXp, Xn+1) 3 kd(xp—1,%0) 3 kzd(xn—Za Y- 3 2 k"d(xo,x1)
forany m > n

d(xm, xn) jd(xn’ xn—l—l) + d(xn—l—l’xn—l—Z) + d(xn+2, xm)
:jd(xna Xpnt1) + d(xn+l,xn+2) + d(xn+2» Xp43) + oo+ d(Xm—1,Xm)
SET T T 4 T d (o, x1)

n

<
~1—k

Thus {x,} 1s a Cauchy sequence in A. Since X is complete, so there exists u € X such
that x, — u € X. Again, since A is closed subset of X, we have u € A. Using the
rectangular inequality Definition 1.2, we get

d(x9,x1) = 0 as m,n — oo.

d(Tua M) j d(”» xn+1) + d(xn+la Txn) + d(TXn, Tu)
j d(u,xn+1) + d(xn-H, Txn)

ke (max { {d(x,, Tu) —d(A, B)}{{d(u, Tx,) — d(A, B){d(x,, Tx,) + d(u, Tu) — 2d(A, B)} A, u)})
1+ d(x,,u)

+ L min ({d(x,, Tx,) — d(A, B)}, {d(u, Tu) — d(A, B)}, {d(x,,, Tu) — d(A, B)},
{d(u, Tx,) — d(A, B)}).

Asn — oo, we get

d(Tu,u) 2 d(A, B).
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Thus
d(Tu,u) = d(A, B).

That is u € A is the best proximity point of 7.
Uniqueness: Let u* € A is another best proximity point of 7. Then d(u*, Tu*) =
d(A, B). Also we have d(Tu,u) = d(A, B). By using P-property, we have

du,u®) =d(Tu, Tu")
< ko <rnax { {d(u, Tu*) — d(A, B){d(w*, Tu) — d(A, B){d(u, Tu) + d(w*, Tu*) — 2d(A, B)} d. u*)})
1+ d(u,u*)

+ L min ({d(u, Tu) — d(A, B)}, (d(u*, Tu*) — d(A, B)}, {d(u, Tu*) — d(A, B)},
{d(u*, Tu) — d(A, B)})
dw,u*) 3 kq)(d(u, u*))
= kd(u,u®),

which is a contradiction. Hence d(u, u™) = 0 or u = u* is a unique best proximity
point of 7. |

The following fixed point result is a consequence of the above best proximity point
Theorem 2.2.

Theorem 2.3. Let (X, d) be a complete complex valued rectangular metric space.
Let T : X — X be a continuous mapping and there exist L > 0, a continuous ¢ € P,
such that

d(x, Ty)d(y, Tx){d(x,Tx)+d(y, Ty)}
1 +d(x,y)
+ L min (d(x, Tx),d(y,Ty),d(x,Ty),d(y, Tx)),

d(Tx, Ty) Zke(max | ,d(x,»)})

for all x,y € X and k is any real number with 0 < k < 1. Then T has a unique fixed
point in X.

Proof. Assume that xo € X,then there exists x; € X such that x; = Txg and for
x1 € X ,then there exists x; € X such that x; = T x;.
Thus we can construct a sequence x,4+1 = T x,,.

d(-xn+l,xn+2) = d(TX,,, Txn-H)
:5 k¢ <max { d(xnv Txn+|)d(xn+] 5 Txn){d(xna Txn) + d(anrl’ Txn+1)} , d(x,,,xn+1)})
1+ d(xp, Xat1)
+ L min (d(x,,, Txn)7 d(xn-H 5 Txn+l )7 d(xn, Txn+] ), d(xn-H 5 Txn))
d(xn-H 5 xn+2) j k¢(d(xn’ xn+1))

d(xn+1 5 xn+2) ,j kd(xm xn+1)
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forany m > n

d(xXp, xn) f—j d(xp, Xpt1) + d(xn—}—laxn—l—Z) + d(xn+2» Xm)
,-j d(xp, Xpt1) + d(Xn+1,Xn+2) + d(xn+2a Xpg43) + oo+ d(Xm—1,Xm)
ST T K Nd (o, x1)
"
<
Y 1 _

kd(xo,xl) — 0 as m,n - oo.

Thus {x,} is a Cauchy sequence in X. Since X is complete, so there exists z € X such
that x,, — z € X.
Using the rectangular inequality Definition 1.2, we get

d(z,Tz) 2 d(z, xp41) + d(xn41, Txn) + d(Tx,, T2)

j d(z, xXp+1) +d(xp41, Txy) +
d(x,, T2)d(z, Tx,){d(x,, Tx,) + d(z, T2)}
ko (max{ T+ d,2) ,d(xn,Z)})
+ L min (d(x,, Tx,),d(z, T2),d(xn, T2),d(z, TXn))
r-j kd’(d(xn, Z))
2 kd(x,,z) — 0 as n — oo.

Implies that z = T'z. Hence z is a fixed point of T'.
Uniqueness: Let z* € X( # 7) is another fixed point of 7. Consider

d(z,7*) =d(Tz,TZ")
d(z, T7)d(z*, T){d(z, T2) + d(z*, T7%))
~ *
S ko (max{ [+ deo) ,d(z,2 )})
+ L min (d(z, T2),d(z*, Tz*), d(z, T7*),d(z*, T7))
S ke(d(z, 7))
= kd(z,75),

which is a contradiction. Hence d(z,z*) = 0 or z = z* is a unique fixed pointof 7. H

If we set L = 0 in the Theorems 2.2 and2.3, then we get the following corollaries
respectively.

Corollary 2.4. Let A and B be two non-empty closed and bounded subsets of a complete
complex valued rectangular metric space (X, d)with pair (A, B) satisfies the P-property.
Let a continuous mapping 7 : A — B with T(Ag) C By, where Ag is non-empty, if
there exist a continuous ¢ € @, such that

d(Tx, Ty) < ko (max{{d(x,Ty)—d(A,B)}{d(y,TX)—d(A,B)}{d(x,TX)er(y, Ty)—Zd(A,B)}’d(x,y)D

14+d(x,y)

where k is any real number with 0 < k£ < 1.
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Then T has a unique best proximity point in A.

Corollary 2.5. Let (X, d) be a complete complk2ex valued rectangular metric space.
Let T : X — X be a continuous mapping and there exist a continuous ¢ € &, such that

d(x,Ty)d(y’Tx){d(x,TX)+d(y’Ty)} d(x )})
1+d(x,y) )

d(Tx,Ty) = k¢ (max {

for all x,y € X and k is any real number with 0 < k < 1.
Then T has a unique fixed point in X.

Example 2.6. Let X = A U B where

1
A:{2+iy:0§y§§}

1
B={3+iy:0=y=<_}

Define a metric d on X as follows

d(z1,22) = [(x1 — x2| + i|y1 — y2|), where z1 = x| +iy1,22 = x2 +iy2

then (X, d) is a complex valued rectangular metric space. Also (A, B) is a pair of non-
empty closed and bounded subsets of X such that

d(A,B)=1, Ay=A, By=B.

It is verified that pair (A, B) satisfies the P —property.
Let T : A — B be defined as follows

1
Tz=3+(§—y)i, for z=x+1iy € A.

Then T satisfies the conditions mentioned in Theorem 2.2.
Hence T has a unique best proximity point z = 2 + é_li .
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