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Abstract
In this paper, sequence spaces co(E*, M, D), c(E*, M, p) and loo(E%, M, p) as the
set of all null, convergent and bounded sequences of interval valued fuzzy numbers
are defined with respect to modulus function M, respectively. In addition, it is
shown that the spaces co(Ez, M, p), c(Ez, M, p) and EOO(EZ, M, p) are complete
metric spaces, cofinal and symmetric spaces.
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1. Introduction

Interval valued fuzzy sets (for brief: IVFS) were first suggested by Turksen [2] and
Gorzalczany [3]. They are applied to the fields of approximate inference, signal trans-
mission and controller, etc. Interval valued fuzzy numbers were defined by Guijun and
Xiaoping [14]. At the same time, some elementary properties, series of decomposition
and representation theorems were also discussed in [14]. Li [4] introduced distance
between interval valued fuzzy sets. Additionally, Hong and Lee [5], Meenakshi and
Kaliraja [1], Li [4] have been studied different properties of interval valued fuzzy num-
bers. The theoretical and practical applications of fuzzy sets have increased considerably
since Zadeh’s paper, (see also [12], [13]).
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2. Preliminaries

By R, N, Q we denote the set of all real, natural and rational numbers, respectively. Let
us suppose that I be the set of all closed and bounded intervals on [0, 1], 1.e. [I] =
{x = [x_,x+] 0<x <xT < 1} and X be an ordinary set. The mapping u : X —
[/], x — u(x)is called an interval valued fuzzy set on X, [14]. An interval valued fuzzy
number (IVFN) is a function, u, from R to [/], which satisfies the following properties:

1. uisnormal, i.e., there exists an xo € R such that u(xg) = [u~ (xo), u™ (xo)] = [1, 1].

2. u is fuzzy convex, i.e., for any x,y € Rand n € [0,1], u[ux + (1 —pn)y] >
min{u(x), u(y)}.

3. u~ and u™ are upper semi-continuous.
4. The closure of {x € R : u~(x) > 0, u"(x) > 0}, denoted by uO, is compact.

We denote the set of all interval valued triangular fuzzy numbers and fuzzy numbers
by EZ and E', on the set of real numbers, R, respectively. In this paper, for brevity, we
represent an interval valued fuzzy number(s) by TVFN. It is easy to see that, it can be
written u(x) = [u~(x), u" (x)] for each u € E2, where u~(x) < u"(x) and x € R. Then
u (x):R— I =10,11and u™(x) : R — I are two ordinary fuzzy sets on R. For brief,
through the text, we shall write u = [u", u™] instead of u(x) = [u~ (x), u™ (x)].

A quasi-vector space (over R), denoted (Q, +, R, %), is an abelian group (Q, 4) with
amapping " * " : R x Q — Q, such that fora,b,c € Q,a, B,y € R:

e yx(@a+b)y=yxa+yx*b,

c ax(Bxc)=(af)*c,

« lxa=a,
c(@+B)xc=axc+Bxcifaf >0,[7]

An isomorphism f between linear spaces is a bijective linear map. Two linear spaces
are called isomorphic if and only if there exists an isomorphism between them [6].

Lemma 2.1. [14] u € E? if and only if u~ and u™ are ordinary fuzzy numbers.

Let’s suppose that uj,up € E 2 and A € R. Then the partial ordering relation and
some algebraic operations on E 2 are defined as follows:

- -+ -+ - - + <t
Ordering: uy <up & [uy,uy ] <[uy,uy | & u; <u, andu; <u,,

Addition: ul—i-uz:{veEl:ul_+u2_§v§ufr+u;},
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Scalar multiplication:

veE :au <v<uiut}, >0
Au =
Tl veE' it <v<a), A<0

Multiplication:
+ +
Uiy = {veE mln{uluz,uluz,uluz,ul }<v<

max{u, u, , ul_u;“, ufug, ufu;}}.

Fuzzy numbers
u~ and u™ are seen as lower and upper fuzzy number of u, respectively. If = and u™
are both triangular fuzzy numbers, then u is called as an interval valued triangular fuzzy
number.

Defineamapd : E' x E! — Rby du,v) = sup d([u]% [v]%). It is known

O<a<l
that E' is a complete metric space with the metric d[8]. A sequence v = (vi) of fuzzy
numbers is a function v from the set N the set of all positive integers, into E!, and
fuzzy number vy denotes the value of the function at k and is called the k" term of the
sequence. Let co(E ), c(E ) and ZOO(E ) denote of all null, convergent and bounded
sequences of fuzzy numbers, respectively. In [9], it is shown that co(E ), ¢(E'") and

oo(E ) are complete metric spaces with the metric Do (1, v) = sup d(ug, vi).
keN

Definition 2.2. Let’s suppose that u = [u~,u "] be one of the IVFN. If 4~ = u™, then
u is called degenerate interval valued fuzzy number.

It can be easily seen that a degenerate interval valued fuzzy number is an ordinary

fuzzy number i.e., if u~ = u™ thenu € E'.
Definition 2.3. [11] Let 7> C E? and let us consider function ||.|| : T2 — R. The
function || . || is called module on the set 2 if it has the following properties:

M1. ||u|| =6 < u = 6, where 6 is zero element of E?,

M2. [|Aul| = [A[l|ull,

M3. [[u+ V|| < [lull + [Iv]].

If the function ||.|| : 72 —> R satisfy the following conditions M1, M2 and M3 then
2 is called module space of the ITVFN. And if 72 is complete with respect to the module
I.]| then 72 is called complete module space of the TVFN.

Letu,v € E? and we give
D(u,v) = max {d(u",v"),du",v")} (1)

The module of the u € TVFN is defined as the non-negative real number. Additionally,
D(u, 0) corresponds to the distance from u to 6, [10].
In [4], it is shown that E 2 is metric space with the metric defined by (1).
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Lemma 2.4. [10] Define the module
D(u,0) = [|ul| 2 = max {d(u",0),d(",0)} . 2)
Then E? is complete module space of the TVFN with the module defined by (2).

Definition 2.5. [10] A sequence space of IVFN is subspace of w(E?), where w(E?) =
() = (g, Dken 2 u 2 N — E2 k — u(k) = [u;,u] and u; ,uf € E'}. If
(uy) € w(EZ) then (uy) s called a sequence of TVFN.

Definition 2.6. [10] A sequence (1) € w(E 2) is said to be bounded if and only if there
exists two IVFN ¢ and T such thatt < u; < T forall k € N.

Definition 2.7. [10] Let A(E 2) be a sequence space of the TVFN. If the function ||.|| :
AME?) — R satisfies M1, M2 and M3 then A(E?) is called module sequence space of the
IVFN. In addition this, if A(E 2) is complete with respect to a module then A(E 2) is called
complete module sequence space of the TVFNs.

3. The Spaces co(E>, M, p), c(E*, M, p) and £.(E*, M, p)

Let us suppose that M is a modulus function and u = (ux) = ([u, uk+]) be a sequence
space of IVFN. In this section, we define the sequence spaces co(E 2. M, p),c(E*, M, p)
and oo (E>, M, p) as the set of all null, convergent and bounded sequences of TVFN with
respect to modulus function M, respectively, that is

co(E%, M, p) = {u = ([u;, u;’ 1) € w(E?) : lim M(D(u, 0)) = 0}, 3)
(B, M, p) = {u = ([ug,u]) € w(E?): lim M (D (g, u))"™ = 0} (4)
and
Coo(E*, M, p) = {u = ([u ,u 1) € w(E?) : sup M(D(uy, 0))P* < oo}, (5)
k

where p = (pi) 1s bounded sequence of real numbers, R. If M(x) = x, i.e., M is an
unit function, and p = (px) = (1,1,...,1,...) then the sets co(Ez, M, p),c(Ez, M, p)
and EOO(EZ, M, p) are induced to the sets co(Ez),c(Ez) and EOO(EZ) as showed in the
following, respectively:

co(E?) = {u = ([, u’]) € w(E?) : lim D(uy, 0) = 0},

c(E?) = {u = ([u; ,u; 1) € w(E?) : lim (D (g, uo)) = O},
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Coo(E?) = {u = ([u , u; 1) € w(E?) : sup D(ug, 0) < oo},
k

which were defined by Zararsiz in [11].
We may begin with the following results which are essential in the text.

Theorem 3.1. The sequence spaces cO(Ez, M, p), c(EZ, M, p) and Eoo(Ez, M, p) are
complete metric spaces with the metric given by

D(u,v) = D(ug, vi) = sup M (D(ug, vic))™ (6)

where u = [u;,ui 1,v = [v; vl are in {eo(E*, M, p),c(E?, M, p), Leo(E*, M, p)}.

Proof. We give the proof for the case c(E2, M, p). Itis very easy to see that ® is a

metric defined by (6). Let us suppose that (1) = (uy, u}, u5, ... ) be a Cauchy sequence

in c(Ez,M, p) for each n. Then, for every ¢ > 0, there exist a ngp > 0 such that

Dy, uy') = supM (D(uZ,uZi))pk < ¢, for all n,m > ng. Since M is a modulus
keN

function, we have E(Ltk_" ,u, ") < € and E(u,j” , uk+m) < €, for all n,m > ng. From here,

we can conclude that (u,:") and (u,fm) are Cauchy sequence of fuzzy numbers in c(E 1).

Since c¢(E 1) is complete (1) is convergent in c¢(E 1) foralln € N.
Let us suppose that lim uj = uy for each k € N. Because of the fact that ®(u}, u]') <
n

€ for all n,m > k, we can write the followings below:
mh_)moo D(uy,uy ) = D(uk,mh_)mOo up ) =Dy, ux) < e.
This implies that u; — ux, (n — o00) for all n > ko in c(Ez, M, p). On the other hand,
since
D (uy, uf — u}) = li{nM (Dug, u} — u))™

< lilgn M(D(ug, up))P* + lilzn M(D(@O,u;))P* < oo

this shows that u = (ux) € c¢(E*, M, p). u

Theorem 3.2. Let us suppose that py is equal to 1, for all k € N. Then inclusions
co(E%, M, p) € ¢(E*, M, p) € €xo(E*, M, p) hold.

Proof. The inclusion co(E 2, M, p) C c(E 2, M, p)isclear. Letus show that the inclusion
between c(E2, M, p) and Eoo(Ez, M, p) is valid. Let us suppose that u € c(Ez, M, p).
This says to us that, the following equations exist:

lim D[y, 1, [y ug D = 0 = Tim M(max{d(u , ), (i, ug)}) = 0.
Thus, we obtain E(Mk_, uy) < € and E(u,’f, uaL) < €. This means that (u; ), (u,j) € c(El)

and () € c(E'). Since c(E') C €xo(E') we see that u = () = ([, u]) €
loo(E%, M, p). This step completes the proof. [
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Theorem 3.3. The spaces co(E 1), c(E 1) and {oo(E 1) consisting of the null, conver-
gent and bounded sequences of fuzzy numbers are subsets of the spaces co(E 2. M, p),
C(Ez, M, p) and Eoo(Ez, M, p), respectively.

Proof. We consider only co(El) C co(EZ, M, p). If wetake M(x) = x and p = (px) =
(1,1,...,1,...) then the proof is clear since every elements of co(E 1) is a degenerate
sequences of IVFN (see, Definition 2.2). |

Theorem 3.4. For any (uy), (vg) € c(Ez, M, p), if lilgn uy = ug and lilgn Vi = Vo then we

have
1. lil£n (ur +vi) = ug + vo,
2. h;{n (uk — Vk) = ugp — Vo,

3. lilgn (urvy) = ugvg.

Proof. Since the proof can also be obtained in the similar way for (2) and (3) we will
only deal with (1). Let us suppose that lilgn U = up and lilgn vi = vg. Then, forall kK > m,

we have
D (ug, ug) = M (D(ug, up))’* < %a and D (vg, vo) = M (D(vg, v))P* < %8,
where m € N. Then we can write
D(uy + v, up + vo) = M (D (ug, ug))’* + M (D(vy, vp))P* < %8 + %8 =e.
This shows to us that lilgn (ux + vk) = ug + vo. This step completes the proof of the

theorem. u

Definition 3.5. Let us suppose that A(E 2, M, p), n(E 2, M, p) are sets of the sequences
of IVFN and A(Ez,M, p) C ,u(EZ,M, p). Then A(EZ,M, p) is called cofinal in
w(E%, M, p) if for (ux) € M(E%, M, p) there is (vi) € w(E*, M, p) such that D (uy, 6) <
D (vg,0) forall k € N.

If M(E%, M, p) is cofinal in w(E%, M, p) then M(E%, M, p)* = w(E*, M, p)*; the
converse of this assertion is not true, where the «- duals of the spaces A(E 2, M, p) and
w(E*, M, p) are denoted by MEZ M, p)~, w(E>, M, p)%, respectively.

Theorem 3.6. The interval valued fuzzy sequence spaces co(E 2, M, p), c(E 2, M, p) are
cofinal in £oo(E2, M, p).

Proof. Letus suppose that A(E2, M, p)denote any of the spaces co(E*, M, p),c(E*, M, p)
and suppose that D (ug, 0) < D(vg, 0) holds for some (v¢) € (ZOO(EZ, M, p).
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Then we can easily see that

sup M(D(ug, 0))"* < sup M(D(v, 0))"*
k k

and

lim M(D(u, o)t < lim M(D(ve, 0))"*.

This step completes the proof of the theorem. |

From definition 3.6, we see that the «-duals of the spaces co(E 2, M, p)and c(E 2, M, p)
are equal of the « -dual of the space Coo(E*, M, p),i.e., co(E*, M, p)¥ = Coo(E*, M, P
and c(E%, M, p)* = €so(E*, M, p)*

If we take M(x) = x and py = 1 for all k € N then we see that co(E%, M, p)¥ =
c(E2, M, p)* = Uoo(E%, M, p)* = £,(E?), where £1(E?) = {u = (ux) € w(E?) :

> max{d(u;,0),d(uf,0)} < 00,}
k

(see, [11]).

Definition 3.7. A sequence space A(EZ, M, p) is said to be symmetric if, when u in
A(EZ, M, p), then v is in A(EZ, M, p) when the coordinates of v are those of u, but in a
different order.

Theorem 3.8. If M(x) = x and py = 1, (Vk € N) then the spaces c(EZ, M, p) and
co(E M, p) are symmetric spaces.

Proof. We consider only c(E 2, M, p) since the proof can also be obtained in the similar

way for co(E 2 M, p). Letus consider the sequence (uy) in c(E M, p) defined by means
of [10] as (ux) =

B k 2k — 1 k 3k —1 7]
X, x e |0, x—1, xe|l,——
2k — 1 k 2k — 1 k
] c 26—1 2k+1 ] c 3k—1 3k+1
b x k b k b x k b k

(o — 4) c 2k+14 x—5) c 3k+15
5 k=4, xe|—0i, 5 =5 xe|—:,
2k +1 k 2k +1 k

0, otherwise 0, otherwise
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Clearly we see that liI{n up =

k [ 2k —17 k [ 3k —17 7]
X, xe |0, —— —x—1, xel|l, ——
2k —1 i k] 2k — 1 L k]
2k —1 2k+1 3k—1 3k+1
. 1, X € ,—— 1, X € s
h/fn k k s k k
k [2k+1 ] k [3k+1 T
- _4 5 —74 - _5 s —’5
TR TSR ]
L 0, otherwise 0, otherwise |
1 1
zx, x €10,2] —x—1, x €1[0,2]
= 1
- _E(x - 4)’ X € [2a 4] ’ _E(x - 5), X € [2’ 4]
0, otherwise 0, otherwise

Let (v¢) be a rearrangement of (u) which is defined by

(Vi) = (u1, u3, u2, us, us, uy, Ue, Us, ...).

From here, we can obtain the following:

1 1
Ex, x €[0,2] —x — 1, x €1, 3]
; — 1
=) 54 xe4 ] 36 -9 xels]
0, otherwise 0, otherwise

It means that the sequences (u;) and (vr) has the same limit points. Therefore, from
Definition 3.7, we see that c(E 2, M, p) is symmetric space. [ |
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