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1. Introduction and mathematical preliminaries

The notion of cone metric space is initiated by Huang and Zhang [3] and also they
discussed some properties of the convergence of sequences and proved the fixed point
theorems of a contraction mapping for cone metric spaces; Any mapping 7" of a complete
cone metric space X into itself that satisfies, for some 0 < k < 1, the inequality
d(Tx,Ty) < kd(x,y),Vx,y € X has a unique fixed point. Some fixed theorems in
cone Banach space are proved by Karapinar[4]. Note on ¢ —1/-contractive type mappings
and related fixed point are proved by Arslan Hojat Ansari [14]. The common fixed point
theorems with the assumption of weakly compatible and coincidence point of four maps
on an upper semi continuous contractive modulus in cone Banach space are proved by
R. Krishnakumar and D. Dhamodharan [6].

In this paper we investigate the common fixed point theorems with the assumption
of ¢ — Y-contractive type mappings, weakly compatible and coincidence point of four
maps on an upper semi continuous contractive modulus in cone Banach space via cone
C class functions.

Definition 1.1. Let E be the real Banach space. A subset P of E is called a cone if and
only if:

(by) P is closed, non empty and P # 0

(b2) ax + by € P forall x, y € P and non negative real numbers a, b

(b3) PN (—P)={0}.

Given a cone P C E, we define a partial ordering < with respect to P by x < y if
and only if y —x € P. We will write x < y to indicate that x < y butx # y, while x, y
will stand for y — x € int P, where int P denotes the interior of P. The cone P is called
normal if there is a number K > 0 such that 0 < x < y implies ||x|| < K| y| for all
x,y € E. The least positive number satisfying the above is called the normal constant.

Example 1.2. [10] Let K > 1. be given. Consider the real vector space with

1
E:{ax+b:a,beR;xe|:l—z,l]}

with supremum norm and the cone
P={lax+b:a>0,b<0}
in E. The cone P is regular and so normal.

Definition 1.3. Let X be anonempty set. Suppose the mappingd : X x X — E satisfies

(by) d(x,y) =0ifand only if x =y,
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(b2) d(x,y) =d(y, x),
(b3) d(x,2) <d(x,y)+d(y,2).
Then (X, d) is called a cone metric space (CMS).
Example 1.4. Let E = R?
P =A{(,y):x,y=0}
X =Randd: X x X — E such that

d(x,y) = (x —yl,alx — y|)
where o > 0 is a constant. Then (X, d) is a cone metric space.

Definition 1.5. [4] Let X be a vector space over R. Suppose the mapping ||.[|. : X — E
satisfies

(by) |Ix|lc = Oforall x € X,

(b2) |lx|lc = 0if and only if x = O,
(b3) llx + ylle = lixlle + llyllc forall x, y € X,

(d4) |lkx|lc = |k|||x||c for all k € R and for all x € X, then ||.||. is called a cone norm
on X, and the pair (X, ||.||.) is called a cone normed space (CNS).

Remark 1.6. Each Cone normed space is Cone metric space with metric defined by
d(x,y) =[x =yl

Example 1.7. Let X = R, P = {(x,y) : x > 0,y > 0} C R? and ||(x, )|, =
(alx|, blyl),a > 0,b > 0. Then (X, ||.||) is a cone normed space over R>.

Definition 1.8. Let (X, ||.||c) be a CNS, x € X and {x,},>0 be a sequence in X. Then
{xn}n>0 converges to x whenever for every ¢ € E with 0 < E, there is a natural number
N € N suchthat ||x, — x|, < cforalln > N. Itis denoted by nli)rr;oxn =XO0rx, —> X.
Definition 1.9. Let (X, |.||.) be aCNS, x € X and {x,},>0 be a sequence in X. {x,},>0
is a Cauchy sequence whenever for every ¢ € E with 0 < ¢, there is a natural number
N € N, such that ||x, — x|lc < cforalln,m > N.

Definition 1.10. Let (X, ||.||c) be a CNS, x € X and {x,},>0 be a sequence in X.
(X, |I.lle) is a complete cone normed space if every Cauchy sequence is convergent.
Complete cone normed spaces will be called cone Banach spaces.

Lemma 1.11. [4] Let (X, |.]lc) be a CNS, P be a normal cone with normal constant K,
and {x,} be a sequence in X. Then
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(A) the sequence {x,} converges to x if and only if ||x, — x||. = O asn — oo,
(B) the sequence {x,} is Cauchy if and only if ||x, — x,||c = Oasn,m — oo,

(c) the sequence {x,} converges to x and the sequence {y,} converges to y, then
X0 — Yulle = llx — ylle.

Definition 1.12. Let f and g be two self maps defined on a set X maps f and g are said
to be commuting of fgx = gfx forall x € X.

Definition 1.13. Let f and g be two self maps defined on a set X maps f and g are
said to be weakly compatible if they commute at coincidence points. thatis if fx = gx
forall x € X then fgx = gfx.

Definition 1.14. Let f and g be two self maps on set X. If fx = gx, for some x € X
then x is called coincidence point of f and g.

Lemma 1.15. Let f and g be weakly compatible self mapping of a set X. If f and g
have a unique point of coincidence, thatis w = fx = gx then w is the unique common
fixed point of f and g.

Definition 1.16. A function ¢ : P — P is called an altering distance function if the
following properties are satisfied:

(i) ¥ is non-decreasing and continuous,

(i) Y (t) =0if and only if r = 0.

Definition 1.17. An ultra altering distance function is a continuous, nondecreasing map-
ping ¢ : P — P suchthatp(t) > 0,7 > 0and ¢(0) > 0.

We denote this set with ®,,.

Definition 1.18. [15] A mapping F : P> — P is called cone C-class function if it is
continuous and satisfies following axioms:

1. F(s,t) <s;

2. F(s,t) = s implies that eithers =0 or¢ = 0; forall s, € P.

We denote cone C-class functions as C.

Example 1.19. [15] The following functions F : P? — P are elements of C, for all
s,t €[0,00):

1. F(s,t) =s — t,
2. F(s,t) = ks, where O<k<1,
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3. F(s,t) =sB(s), where B : [0, 00) — [0, 1),

4. F(s,t) = V(s), where W : P - P W (0) = 0 ,¥(s) > O forall s € P with
s #0Qand W(S) <sforalls € P.,

5. F(s,t) = s — ¢(s), where ¢ : [0, 00) — [0, 00) is a continuous function such
that (1) =0 <t =0;

6. F(s,t) = s — h(s,t), where h : [0,00) x [0, 00) — [0, 00) is a continuous
function such that A(s, 1) =0 < ¢t =0forallz,s > 0.

7. F(s,t) =@(s), F(s,t) =s = s =0, here ¢ : [0, 00) — [0, 00) is a upper semi
continuous function such that ¢(0) = 0 and ¢(¢) < ¢ fort > 0.

Lemma 1.20. Let ¢ and ¢ are altering distance and ultra altering distance functions
respectively, F' € C and {s,,} a decreasing sequence in P such that

Y (snr1) < F(Y(sn), 9(sn))

foralln > 1. Then lim s, = 0.
n—oo

2. Main Result

Theorem 2.1. Let (X, |.||c) be a Cone Banch space with the norm d(x,0) = |x|.
Suppose that the mappings P, O, S and T are four self maps of (X, ||.||c) such that
T(X) C P(X)and S(X) € Q(X) and satisfying

vUITy = Sxlle) = FW(alPx — Qylle +b{llPx — Sxllc +[1Qy — Tyllc}
+ctllPx = Tylle + 1Qy — Sxllch,
p(allPx — Qylle + b{llPx — Sxllc + 1Qy — Tyllc}
+cfllPx = Tylle + 1Qy — Sxllc}) 2.1

forall x, y € X, wherea, b, c > Oanda+2b+2c = 1.y and ¢ are altering distance and
ultra altering distance functions respectively, F' € C such that ¥ (t +s) < ¥ () + ¥ (s).
Suppose that the pairs {P, S} and {Q, T} are weakly compatible, then P, Q, S and T
have a unique common fixed point.

Proof. Suppose xp is an arbitrary initial point of X and define the sequence {y,} in X
such that

Yon = Sx2p = OX2p41

Yont1 = Txopy1 = Pxopg
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By (2.1) implies that

Vlly2n+1 — Yy2nlle) = Y I Tx2n41 — Sx2nlle)
< F(y(allPx2 — Qx2nt1llec + D{l| Px2n — Sxonllc
+ 11Qx2n — Tx2n+1lle}
+ c{llPx2y — Txongt1lle + 1Qx2041 — Sx2ullc}),
@(allPxan — Oxontille + b{II Px2n — Sxonllec + 11Qx2n — Tx2n+1llc}
+ c{llPxon — Txontille + 110X2n+1 — Sx2allc}))
< F(¥(@allyn—1 — yanlle + D{lly2n—1 — Y2nlle + 1y2n — y2n+1lle}
+ clllyan—1 — Yan+ille + 1y2n — y2ulle]D), eall yan—1 — yanlle
+ b{lly2n—1 = yonlle + 1y2n — Y2n+t1lle} + cllly2n—1 — yan+1lle
+ [ly2n = YanlleD)
< F(Y(ally2n—1 — yanlle + b{lly2n—1 — yanlle + 1y2n — Y2n+1llc}
+ clly2n—1 = Yan+1lle)-@(allyan—1 — yaulle + b{lly2u—1 — yaullc
+ [1y2n = Yan+ille} + cllyan—1 — y2n+1lle))
< FW((a+Db+)llym—-1— yalle + (b + ) lly2n — y2n+1ll€),
p((a+b+o)llyam—1—yaulle + b+ )y — yan+1llc))
<v¥((@a+b+)lym-1—youmlle + &+ ym — yan+illc)
= 1y2n+1 — Yanlle < 1yan — Y2n—tlle

lv2nt1 — Yanlle < Rllyan — yan—tille
2.2)

implies that the sequence {||y2,+1 — Y2nllc} 1S monotonic decreasing and continuous.
There exists a real number, say r > 0 such that

lim ||y2n+1 - y2n”c =17,
n—o0
as n — oo equation (2.2) =

Y(r) < F(y((r), o))
so, ¥ (r) = 0 or ¢(r) = 0 which is only possible if r = 0 . Thus

lim ||y2n+1 — Yonlle = 0.
n—oo

Claim: {y»,} is a Cauchy sequence.

Suppose {y2,} is not a Cauchy sequence.

Then there exists an € > 0 and sub sequence {n;} and {m;} such that m; < n; < m;4+

”ym,- — Yn; lc >€ and ||ym,~ — Yni_y lc <€ (2.3)
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€ < ||ym,» — Yn; le < ”ymi - ynFl”C + ”y’lifl - y”i“C
therefore  lim ||y, — yn;llc =€
1—>00

now
€ S ||)’m,-_1 - yni_1||c S ”ym,-_l - ym,‘ ”C + ”ym, - yn,-_l ”C
by taking limit i — oo we get,
hm ”ymi_] — Yni_1 ”C =€
i— 00
from (2.7) and (2.8)
v (€) Y (lym; — Ynille) = Y UISxm; — Txn,llc)
F(w()\(xmp xn,-))’ @()\(xmi , xni)))qD()V(xmi , xn,-))

IA TA

where implies
V(€) = F(Y(A(xm;, Xn;))s @(A(Xm; 5 Xn,))) (2.4)
Ay Xn;) = allPxm; — Qxn;lle + bIIPXm; — Sxm; lle + 1Q%n; — Toxp, llc,
+ (1 Pxm; — Txplle + 11Qxn; — Sxim; )
= allTxm;_y — Sxn;_i e +bUT X,y — Sxmillec + 11S%n,_, — Txn;lle,
+ cUITxm;y — Txplle + 18Xn,_; — Sxm;llc)
= allymi—y = Yni_ille + bUYmi—y = Ymille + 1Yni—y = Yn; lles
cUlymi—y = Ynille + 1yniey — Ymille)
Taking limit as i — oo, we get
lim A(xy,,, x,,) = ae + b0+ 04 c(e +€)}

i—00

Iim A(xp,, xp,) < €
1—> 00

Therefore from (2.4) we have,(e) < F(¥(€), ¢(€)) so, ¥ (€) = 0 or ¢(€) = 0 This is
a contraction because € > 0. Therefore {y,,} is Cauchy sequence in X. Hence {y,} is a
Cauchy sequence. There exists a point / in (X, ||.||.) such that

lim {y,} =1, lim S, = lim Q2,+1 =land lim Txy,+| = lim Px,42 =1
Il;lhj;;).is’ n—oo n—o0 n—o0 n—oo

lim Szn = lim Q2n+1 = lim TXQ,,_H = lim Px2n+2 =x*
n— 00 n— 00 n— 00 n— 00

Since T (X) C P(X), there exists a point z in X Such that x* = Pz then by (1)
YISz = x*lle) < FW (152 = x*[le), 9([1Sz — x™[|))
< FY ISz — Txan—1llc + 1Tx2n-1 — x*[le), 9(I1Sz — Tx2n—1llc
+ 1T x20—1 — x*[|c)))
< F(Y(allPz— Qxop—illc + b{llPz — Szlle + [|Qx20—1 — Tx2pn—1llc}
+clllPz — Txan—1lle + 1Qx2n—1 — Szllc} + 1 Tx2n—1 — x*|le),
pallPz — Oxon—1llc + b{II1Pz — Szllc + 10x20—1 — Tx2n—1llc}
+c{llPz — Txop—tlle + 1Qx20—1 — Szlle} + 1T x20—1 — x*[|))
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Taking the limit as n — o0

Y18z — x*le) < F(Y(allx™ — x*|lc + b{llx™ — x*[|c + [Ix* — Szllc}

+efllxa® = x*[le + 1x* = Szlle} + I1x™ — x*[le),
plallx® = x* e +b{llx™ — x*[lc + x* — Szllc}

+cfllx™ = xlle + X" = Szlle} + Ix™ — x*[le))

< F(Y O+ b{|x* — Szllc + 0} + {0+ [|x* — Szllc} + 0
+ B+ o)llx* = Szlle), 90 + b{[Ix* — Sz]| + 0}

+ {0+ ||Ix* = Szll.} + 0

+ b +o)lx* = Szlle)

Which is a contraction since a + 2b + 2¢ = 1.
therefore Sz = Pz = x*

Since S(X) € Q(X) there exists a point w € X such that x* = Quw.
by (1)

YISz —x*le) < ¥ (lSz— Twlle)

= FW@lPz— Qulc+b{llPz— Szlle + | Qw — Tw|c}
+ c{lliPz = Twlle + [1Qw — Swlc}), ¢all Pz — Quwllc
+b{l Pz — Szllc + 1Qw — Twllc} + c{llPz — Twlc + | Qw — Swl|c})
< F@@alx®™ = x™lle + bflx™ = x"llc + Ix* = Twlle} + c{llx™ — Twllc
+ ™ = x"llehs pallx™ = xFlle + b{llx™ — x"le + 4™ = Twllc}
+clllx® = Twlle + Ix* — x*Ich)
S F@O+b{0+ [x" — Twlle} + cfllx® — Twllec +0}),
9O+ b{0+ [x* — Twllc} + cfllx™ — Twllc + 0}))

F(Ix® = Twlle) < FW (b + o)llx™ = Twlle), (b + o) lx™ — Twllc))

which is a contradiction since a + 2b + 2¢ = 1.
therefore Tw = Qw = x*
Thus Sz = Pz = Tw = Qw = x™. Since P and § are weakly compatible maps. Then

SP(z) = PS(z), Sx* = Px™.
To prove that x™* is a fixed point of S.
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Suppose Sx* # x* then by (2.1)
YISx* = x*lle) < Y ISx* — Tx*||c)
< F(Y(alPx* — Qullc + b{| Px™ — Sx™[|c + | Qw — Twl|c}
+ c{llPx* = Twlle + |Qw — Sx*|Ic}),
pallPx* — Qullc +b{lIPx* — Sx*|lc + |Qw — Tw]}
+c{lPx* = Twlc + [|Qw — Sx™||c}))
< F(Y(alSx™ — x*|lc + {1 Sx™ — Sx™[lc + [lx™ — x|}
+ c{llSx™ — x*|le + Ix* = Sx*[|c}),
pallSx* — x*lc + b{IISx*™ — Sx™|lc + Ix* — x*|c}
+ c{llSx™ = x*lle + Ix* = Sx™(|c))
< F(Y(allSx*™ — x*[|lc + b{0 + 0} + 2¢[|Sx™ — x™|l¢),
@(alSx* — x*[lc + b{0 4+ 0} + 2¢||Sx™ — x™||¢))
Y(ISx* = x*lle) < F(Y((a +20)[1Sx* — x*lc), p((a + 20)[1Sx* — x*|))
Which is a contradiction, Since a + 2b + 2¢ = 1.

Sx* =x*

Hence Sx* = Px* = x* Similarly, Q and T are weakly compatible maps then
TQw = QTw, thatis Tx™ = Qx*
To prove that x* is a fixed point of 7. Suppose Tx* # x™ by (2.1)
YUTx™ —x*le) < v ISx™ — Tx*[|c)
< F(Y(allPx* — Qx™|lc + b{[| Px™ — Sx*|lc + |Ox™ — Tx*||c}
+c{llPx* — Tx*[lc + |0x* — Sx*||c}), p(al Px™ — Qx™||.
+b{I|Px* — Sx*|lc + 10x™ — Tx™||c} + c{ll Px* — Tx™|,
+110x™ — Sx*[|c})
< F(Y(allx™ = Tx™|lc + b{llx* — x*||c + ITx™ — Tx*||c}
+ c{llx® — Tx™|c
+I1Tx* = x*[Ic), plallx™ — Tx*||e + b{llx™ — x*|l¢
+ITx* — Tx*||}
+cfllx® = Tx*[le + ITx* — x™[Ic}))
< FW (@l Tx* — x™|lc + {0+ 0} + 2¢|| Tx™ — x*|.),
p@||Tx* — x*||c + b{0 4+ 0} + 2¢|| Tx* — x™|¢))
YUITx" —x*le) < FW((a+20)Tx" —x* ), p((@ + 2)ITx* — x*[|))

which is a contradiction since a + 2b + 2¢ = 1.

Tx* = x*.



5602 A.H. Ansari, R. Krishnakumar, D. Dhamodharan

Hence. Tx* = Qx™ = x*

Thus Sx* = Px* =Tx* = Qx" = x*

That is, x* is a common fixed point of P, Q, S and T

To prove that the uniqueness of x*

Suppose that x* and y*, x* # y* are common fixed points of P, Q, S and T respectively,
by (2.1) we have,

Y™ = y*lle) < Y USx™ = Ty*lle)

< F(y@|Px* — Qy*llc + b{lIPx* — Sx™[lc + 1Qy" = Ty*[l}+
+ c{lIlPx™ = Ty*lle + 10y™ = Sx™|IcD), p(al Px™ — Qy*|lc
+ b{IPx* — Sx*lle + 10y" = Ty*llc}+
+ c{llPx™ = Ty*llc + [1Qy" — Sx™Ic})

< F@@lx™ =y lle + bfllx™ = xllc + I1y* — y¥llc}
+ cfllx™ =y lle + 1y = x*leh, elallx™ = y*|lc
+ b{lIx™ = xF e + I1y" = ¥ lle} + clllx™ =y lle + 1y" = x"lleh)

< F((allx™ = y*lle + {0 + 0} + c{llx™ — y™llc + I1y* — "D,
pallx® = y*llc + b0+ 0} + c{llx™ — y*llc + [Iy* = x"lIc})

< F(@a+20]x" = y*llo), ((a + 20 |Ix™ = y*llo))

which is a contradiction. Since a + 2b + 2¢ = 1.

therefore x* = y*.

Hence x™ is the unique common fixed point of P, Q, S and T respectively. |

Corollary 2.2. Let (X, ||.||c) be a Cone Banach space with the norm d(x, 0) = ||x].
Suppose that the mappings P, S and T are three self maps of (X, ||.||c) suchthat T (X) C
P(X) and S(X) € P(X) and satisfying

vISx = Tylle) = F(Y(allPx — Pylc +b{llPx = Syllc + |1Px =Ty}

+clllPx =Tylle + I1Py = Sx|lc}), ¢(al| Px — Py||

+b{lPx = Sylle + [[Px = Tyllc} + c{llPx = Tyllc + [Py — Sxl|c})
(2.5)

forall x, y € X, where v and ¢ are altering distance and ultra altering distance functions
respectively, F' € C suchthat Yy (t +s) < ¥ (t)+ ¥ (s),a,b,c > 0anda+2b+2c < 1.
suppose that the pairs {P, S} and {P, T'} are weakly compatible, then P, S and T have
a unique common fixed point.

Proof. The proof of the corollary immediate by taking P = Q in the above theorem
(2.1). |
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Definition 2.3. [6] A mapping ® : P U{0} — P U{0} is said to be contractive modulus
if it is continuous and which satisfies

1. &(r) =0ifandonlyifr =0
2. () <tforte P
3. D@ +5) < DP(t) + P(s) fort,s € P.

Theorem 2.4. Let (X, ||.|.) be a Cone Banach space with the norm d(x,0) = |x|.
Suppose that the mappings P, Q, S and T are four self maps of (X, ||.||;) such that
T(X)C P(X)and S(X) € Q(X) satisfying

U([Sx = Tylle) = F(Y(P(A(x, ¥))), p(P(A(x, ¥)))), (2.6)
forall x, y € X, where v and ¢ are altering distance and ultra altering distance functions

respectively, F' € C such that ¥ (t 4+ 5) < ¥ (t) + ¥ (s) and @ is contractive modulus.

Ax,y) = max{[| Px=Qylle. | Px=Sxlle. |Qy=Tylle. SUPx=Tylle+[Qy—Sxc}}-

Suppose that the pairs {P, S} and {Q, T} are weakly compatible, then P, O, S and T
have a unique common fixed point.

Proof. Let us take x is an arbitrary point of X and define a sequence {y,} in X such
that

Yo = Sx2n = OX2p41,  Yont1 = Txop41 = Pxop42

By (2.6) implies that

Vllyan — yantille) = ¥ (1Sx20 — Tx2p+1lle)
< F(Y (DA (x20, X20+1))), (P (A (X200, X20+1))))
< F(Y (A(x2n, X20+1)), (A (X205 X2n+1)))
= F(y(max{|| Px2n — Ox2n+1llc,
| Px2n — Sxonlle, | Qx2n+1 — TX2n+1lles

1
E{“PxZn — Tx2p41 lle + ”Qx2n+1 — Sxoulle}]),
@(maX{HPXZn - Qx2n+1 lle,
1
| Px2n — Sxonlles | Qx2n+1 — Tx2n41llcs E{HPxZn — Tx2n41ll¢

+ [10x2n41 — Sx2ullc}})
= F (Y (max{||Tx2,—1 — Sxoulle, I1Tx20—1 — Sx24]l¢,

|Sx20 — Tx2n+1llc,
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1
§{||TX2n—1 — Txon+1lle + 1Sx20 — Sx24llc}))s

@(max{[|[Tx2,—1 — Sx2nllc,

1
1T x2n—1 — Sxonlle, 1Sx20 — Tx241lles E{HTxZn—l — Txonqille

+ 18x210 — Sx2allc}}))
= F (Y (max{||Tx2,—1 — Sx2ulle, | Tx2n—1 — Sx211lc,

1Sx2n — Tx2n+1llcs
%”TXZn—I — Txont1lle}), p(max{(|Tx2,—1 — Sx2nllc,
1T x20—1 — Sx2nlle, 1Sx2n — Tx2n+1lc, %”T)Qn—l — Txont1llc})
= F (Y (max{[ly2n — y2n—1lles 1¥20 — y2n+ille, %”)Qn—l — YantilleDs

1
e(max{lly2n — y2n—1lles 1y2n — Y2n+1lle, §||y2n—l — y2n+1lle})

< F(Yy(max{lly2n — Yan—1lles 1y2n — Yan+t1lle}),
pmax{lly2n — y2n—tlles 1y2n — y2n+1lle}))

Since ¥ and ¢ are altering distance and ultra altering distance functions respectively,
F € C and @ is an contractive modulus, A (x2, —X2,+1) = ||Y2n — Y2n+1 |l 18 not possible.
Thus,

Ully2n = y2nsille) = FW (@l y2n—1 = y2nlle)), @(@Uy2n—1 = yanlle))) (2.7

Since @ is an upper semi continuous, contractive modulus. Equation (2.7) implies that
the sequence {||y2,+1 — Yaull¢} 1s monotonic decreasing and continuous. There exists a
real number, say » > 0 such that

lim ||y2n+l - y2n||c =r,
n— oo
as n — oo equation (2.7) =

U (r) = F@ (@), (®(r)))

s0, Y (r) = 0 or ¢(r) = 0 which is only possible if » = 0 and ® is a contractive modulus.
Thus

lim ||y2n+1 - yZn”c =0.
n—00

Claim: {y,,} is a Cauchy sequence. Suppose {yz,} is not a Cauchy sequence. Then
there exists an € > 0 and sub sequence {n;} and {m;} such that m; < n; < m;

”ym,- — Yn; lc >€ and ||ym,~ — Yni_y lc <€ (2.8)
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€ =< ||)’m[ — Yn; le < ”ym,- - yn;,1||c + ||yn,-71 - )’n,'“c

therefore  lim ||y, — yn,llc = €
I—> 00

now
€ 5 ||ymi_1 - )’ni_l ”C E ”ym,‘_] - )’m,- ”C + ||)’m, - }’n,-_l ”C

by taking limit i — oo we get,
hm ”ymi_] — Yn_ ”C =€
1—> 00

from (2.7) and (2.8)

Ye) < FWUym — ynille)s @Uym: — yu;lle))
= FW(@USxm; — Txn;llc)), o(@U[Sxm; — Txu;llc)) (2.9)

< F(Y (P A(xm;s X)), (P (A(Xm; 5 Xn;)))
where implies
)"(xm,-’ xn,') = max{”mei - ani”Cv ”P-xmi - Sxmi “C’ ”an,' - Txn,'”c'v

%(IIme,» = Txnille + 1 Qxn; — Sxm;lle)}

= max{[|Txm,_, — Sxn,_ lles 1T %m;_, — Sxm; lles 1S%n, -y — Txm; |l
%(IITxm[1 = Txplle + I1Sxn;_, — Sxm, lle)}

= max{l|ym;_, = Yy lles 1Ym;—y — Ymilles 1yniy — Yuylles
%(Ilym,-l = Ynille + 1yniy = Ymille)}

Taking limit as i — oo, we get

1
lim A(x,,,, x,;) = max{e, 0,0, 5(6, €)}

i— 00

Iim A(xp;, xp,) = €

[ ad®.®)
Therefore from (2.9) we have, ¥ (e) < F(y(P(€)), ¢(P(€))). This is a contraction
because € > 0, ¥ and ¢ are altering distance and ultra altering distance functions
respectively, F' € C and & is contractive modulus. Therefore {y,,} is Cauchy sequence
in X. There exits a point z in X such that nlgrgo y2n = z. Thus,

lim Sxz, = lim Qx3,+1 =2z and
n—oo n—oo

lim Tx2n+1 = lim PX2n+2 =z
n— 00 n— 00

(i.e) lim Sxo, = lim Qxopy1 = lim Txp,41 = lim Pxpuq0 =2
n—00 n— 00 n—00 n—00



5606 A.H. Ansari, R. Krishnakumar, D. Dhamodharan

T(X) € P(X), there exists a point # € X such that z = Pu

v ISu —zlle) = ¥ (ISu — Txanqille + 1T x2041 — 2lle)
< ¥ (ISu — Txonti1lle) + ¥ UITx2041 — 2lle)
< FW (@ (u, x20+1))), (P A, x204.1))) + ¥ I Tx2041 — zllc))

where

Au, x2p41) = max{||Pu — Oxp+1lle, |Pu — Sulle, | Oxont1 — Tx2n41llc,

1
S UPu = Txoniille + 1Qx2nt1 — Sulle)}

= max{||z — Sx2ull¢, Iz — Sulle, |Sx2, — Txon+1lle,

1
Uz = Txongille + 1Sx20 = Sulle)}.

Now taking the limit as n — oo we have,

1
Mu, xong1) = max{llz = Sulle. llz = Sulle. [|Su — Tulle, S(Iz = Tulle + llz = Sulle)}

1
= max{llz — Sulle, llz = Sufle, [1Su = zlle, 7(llz = zlle + llz = Sulle)}

= ||z — Sull¢
Thus

VISu —zlle) = F(Y (@[ Su — zlle)), (@ ISu — zlle)) + ¥ (+lz — zlle)
= F( (@[ Su — zlle)), (P ISu — zllc))

If Su # z then |Su — z||; > 0 and hence as ® is contracive modulus

F(P(ISu —zlle), o(P(ISu —zlle)) < F(Y(1Su —zlle), ¢(I[Su —zllc)) Whichis a
contradiction, Su = zso, Pu = Su = z. Sou is a coincidence pointif P and S. The pair
of maps S and P are weakly compatible SPu = PSu thatis Sz = Pz. S(X) C Q(X),
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there exists a point v € X such that z = Qv. Then we have

vz =Tvlle) = ¥ (ISu = Tvllc)
< F(y(®A(u, v))), p(®A(u, v)))
< F(Y(A(u,v)), (A (u, v))
= F(Ymax{||Pu — Qullc, |Pu — Sull, [|Qv — Tv],

1
FUPu—=Tolle + Qv — Sulle)}), g(max{(| Pu — Qullc,

1
1Pu = Sufle, [Qu = Tvlle, Z(1Pu = Tvlle + |Qu = Sullc)})
= F(ymax{|[z — zlle, lz — zll¢, Iz = Tv]lc,

1
S Uz =Tvlle + Iz = zlle)} ¢(max{fjz = zlle, 12 = zlle. lz = T,

1
E(Ilz —Tvlc+llz—2zlle)})
=FW(lz—=Tvlc), ¢z — Tvllc)

Thus ¥ (llz — Tvle) <= F(@(lz — Tvolle), 9(@(llz — Tv|lc)). If Tv # z then
|z — Tvl|l > 0 and hence as ® is contractive modulus

F(@(lz = Tvlle), o(@(lz — Tvlle)) < F(¥(llz — Tvlldellz — Tvlle))

which is a contradiction. Therefore Tv = Qv = z. So, v is a coincidence point of
Q and T. Since the pair of maps Q and T are weakly compatible, QTv = T Qv, (i.e)
Qz = Tz. Now show that z is a fixed point of S. We have

V(ISz —zl) = v (lSz = Tvlle)
< F(Y (P (A(z,v)), p(P(A(z, v))))
< F((A(z,v)), 9(A(z, )))
= F(Ymax{|| Pz — Qull¢, [Pz — Szllc, Qv — Tv],

%(IIPZ —Tvlc+ 1Qv = Szlle)}),
max{||Pz — Qullc, [Pz — Szlle, 1Qv — T,
%(IIPZ —Tvlle + Qv = Szllc)})
= F(max{|[Sz — zlle, 1Sz = Szlle, Iz = zlle,

1
SISz = zlle + llz = Szlle)D).

1
p(max{[|Sz — zll¢, 1Sz — Szlle, Iz — zlle, E(IISZ —Zlle + Iz = Szlle)})
= FW ISz —zlle), oISz — zlle)
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Thus ¥ (ISz — zlle) < F(Y(P([Sz = zlle), (@ (ISz — zllc))). If Sz # z then || Sz —

Zlle > 0 and hence as & is contractive modulus

F(@(Sz — zlle)), (@ ISz — zlle)) < F( Sz — zlle), 9ISz — zllc))which is a
contradiction. There exits Sz = z. Hence Sz = Pz = z Show that z is a fixed point of

T. We have

vz =Tzlle) = YISz = Tzllc)
< F((P(A(z,2))), o(P(A(z, 2)))
< F(W(A(z,2), 9(A(z, 2))

= F(y(max{|| Pz — Qzllc, 1Pz — Szll¢, 1@z — Tz,

%(IIPZ —Tzlle + 11Qz = Szlle)D),
pmax{||Pz — Qzlle, [Pz — Szllc, 1Qz — Tzllc,
%(IIPZ —Tzlle +11Qz = Szllo)})
= F(Ymax{|z — Tzl llz = zlle, 1Tz = Tz,

1
FUz=Tzlle + 1Tz - zle)h)

1
pmax{llz = Tzllc, Iz = zlle, 1Tz = Tzlle, SUlz=Tzlle + 11Tz - zllea)h)

=FW(lz—Tzlle), ¢z — Tzll)
= F(y(max{||lz — Tzll¢, lz — zlle, 1Tz — Tz,

1
E(Ilz —Tzlle + 11Tz —zlle)})

1
pmax{l|lz — Tzllc, Iz — zlle, 1Tz — Tz, E(Ilz —Tzlle + 1Tz = zllc)}D)

=FW(lz—Tzllo), ¢(lz — Tzlle)

Thus ¥ (llz = Tzlle) < F(W(®(lz — Tzlle)), o(P(llz — Tzll¢))). If z # Tz then ||z —

Tz|| > 0 and hence as ® is contractive modulus

F(@(llz = Tzlle)), ¢(@(lz = Tzlle)) < F(Y(llz = Tzlle), Iz — Tzlle)-

which is a contradiction. Hence z = Tz. Therefore Tz = Qz = z. Therefore Sz =

Pz = Tz = Qz = z. That is z is common fixed point of P, Q, S and T.
Uniqueness
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Suppose, z and w is (z # w) are common fixed point of P, Q, S and 7. we have

vz —wle) = ¥ Sz = Twllc)
= FW(@A(z, w))), o(P(A(z, w)))
< F(} (A (z, w)), ¢(A(z, w))
= F(Ymax{|[Pz — Qullc, [Pz = Szlle, | Qw — Twllc,
1
SUPz=Twle + [1Qw = Szllc)).

pmax{||Pz — Qullc, [Pz — Szlle, 1Qw — Twll,

1
SUPz=Twle + [Qu = Sz[l)})

= F(Ymax{|z — wle, lIz = zlle, lw — wlle,

%(”z —wlle + lw —zllo)},

1
p(max{flz —wie, llz = zlle, lw = wlle, 511z = wlle + [lw = zlle)})
= F{(llz —wlle), o(llz — wlle)

Thus, ¥ (lz — wlle) = FW(®P(lz — wlle)), ¢(P(llz — wllc))). Since z # w, then
|z — w] > 0 and hence as ® is contractive modulus.

F(@(lz —wlle), o(@(llz = wlle))) < F(¥(llz — wlle), ¢(llz — wlle))

therefore  F (¥ (llz — wllo), ¢(llz —wlle) < FW¥(lz — wlle), ¢(llz — wllc)

which is a contradiction,
therefore z =w

Thus z is the unique common fixed point of P, Q, S and T. |
Corollary 2.5. Let (X, ||.||c) be a Cone Banch space with the norm d(x,0) = |x].

Suppose that the mappings P, S and T are three self maps of (X, ||.||c) such that T (X) C
P(X) and S(X) C P(X) satisfying

V([Sx = Tylle) = F(Y(P(A(x, ¥))), o(P(A(x, ¥)))), (2.10)
forall x, y € X, where v and ¢ are altering distance and ultra altering distance functions

respectively, F' € C such that ¥ (t 4+ 5) < ¥ (t) + ¥ (s) and @ is contractive modulus.

1
Ax,y) = max{[|Px =Pyl | Px=Sxlle. | Py=Tylle. ZUlI Px=Tylle+[| Py —Sxc}).
The pair {S, P} and {T, P} are weakly compatible. Then P, S and T have a unique
common fixed point.

Proof. The proof of the corollary immediate by taking P = Q in the above theorem
(2.4). [
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