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1. Introduction

In [3] Gierz introduced prime elements in a continuous lattice. Later many authors [4],
[6], [8] studied about the prime elements in many different contexts. Motivated by those
definitions of prime element; in [12] we introduced a new collection of open sets called
p-open sets in topological spaces and studied some of the basic notions in topology using
the concept of p-open sets. Also in [12] we apply the concept of p-open set to generalised
closed sets which was introduced by Norman Levine [7] in 1970. Generalised closed
sets introduced by Norman Levine plays a significant role in topology and many research
work has been done in this area. In [12] we studied some new separation axioms using
p-open sets and generalised p-closed sets and identified the spaces in which all those
separation axioms are equivalent.

In present work, we defined new types of compactness called p-Compactness and
C-p.compactness using the concept of p-open sets. We introduce p-continuity,
p-homeomorphism, p-topological property etc and proved that p-Compactness is a p-
topological property. Also we characterize p-Compactness using nets and filters and
characterize C-p.compactness using regular p-open sets and also using nets and filters.
We introduce regular p-open sets and regular p-closed sets for this purpose. We obtained
the condition for the equivalence of p-Compactness and compactness of any arbitrary
topological space.

2. Preliminaries

Definition 2.1. [12] Let (X, 7') be any arbitrary topological space. The open sets in T
forms a complete lattice with smallest element 0 and largest element 1; where 0 = ¢ and
1 = X. We define an open set G# 1 in T to be prime openset it HNK C G = H C G
or K € G ; where H, K are open sets in 7 such that H N K # ¢. Clearly O and 1 are
prime in 7. Prime open sets are denoted by p-open sets. Complements of p-open sets
are called p-closed sets.

Definition 2.2. [8] Any space is said to be a sober space if the only prime elements in
it is of the form X — {x} where x € X.

Theorem 2.3. [12] Let (X, T7') be a hausdorff space and x € X then the only p-open
sets are X — {x}.

Definition 2.4. [12] Let (X, T') be a topological space and let A C X, then the p-closure
of A with respect to T is defined as the minimal p-closed super set of A in X and is
denoted as p-cl/(A).

Proposition 2.5. [12] Let (X, T') be a topological space, then for every p-open set there
always exists a unique p-closed set containing A.

Definition 2.6. [12] Let (X, T') be atopological space andlet A C X, then the p-interior
of A with respect to T is defined as the maximal p-open subset of A in X and is denoted
as p-int(A).
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Proposition 2.7. [12] Let (X, T') be a topological space, then for every p-closed set
there always exists a unique p-open set contained in A.

Theorem 2.8. [12] Let (X, T) be a topological space and ¥ € X. U p-open in X
implies U N'Y p-openin Y.

3. p-Continuity and p-Compactness In Topological Spaces

For any arbitrary topological space compactness and discreteness occurs simultaneously
only when the underlying set is finite. Introduction of p-Compactness gives a variety
of infinite p-Compact discrete topological spaces; in fact in X (X) the largest element is
always p-Compact where X (X) denotes the collection of all topologies on X.

Definition 3.1. Let (X, T), (Y, T,) be two topological spaces and let f : (X,T) —
(Y, T") be a mapping between this two topological spaces. f is called p-continuous if
the inverse image of p-open sets in T are p-openin 7.

Remark3.2. Let (X, T), (Y, T/)be two topological spacesandlet f : (X, T) — (Y, T/)
be a continuous mapping between this two topological spaces. Then f need not be p-
continuous; for example let X = {a, b, ¢} and let f : (X, D) — (Y, T) be the identity
mapping such that D is the discrete topology on X and 7' = {X, ¢, {a}, {a, b}} then f
is continuous but not p-continuous.

Remark3.3. Let(X, T), (Y, T/)betwotopological spacesandlet f : (X, T) — (¥, T/)
be a p-continuous mapping between this two topological spaces. Then f need not be
continuous; for example Let X; = R with cofinite topology and X, = R with discrete
topology. Identity function f : X; — X» is p-continuous but not continuous.

Definition 3.4. Let (X, T), (Y, T/) be two topological spaces and f : (X, T) — (Y, T/)
be a mapping. f is said to be a p-homeomorphism if f is one-one, onto and both f, !
are p-continuous.

Theorem 3.5. Homeomorphism implies p-homeomorphism.

Proof. Let (X, T), (Y, T/) be two topological spaces. Let f : (X, T) — (Y, T/) be a
homeomorphism between this two topological spaces. Let G be a prime open set in T’
to prove that f~'(G) is prime in 7. Always f~'(G) is open in T since f is continu-
ous. On contradiction assume that f ~1(G) is not prime in 7" then there exists two open
subsets £~ (H), f~1(K) of X such that f~'(G) c f~'(H), f~%(G) c f~1(K) and
a0 i) < 1716)

= f(fHG) C fUTEN, FFTHG) C (T (K and f(fTHHEINSTHK)) €
ATN(e))

= G CH,G C Kand HNK C G,where H and K are open subsets of Y since f is an
open continuous one one mapping. Hence G is not prime in 7" which is not possible and
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therefore inverse image of p-open sets are p-open that is f is p-continuous. Similarly
we can prove that f ~!is also continuous. Hence f is a p-homeomorphism. |

Remark 3.6. Converse of above theorem is not true and example in Remark 3.3 illus-
trates it.

Definition 3.7. A property P is said to be a p-topological property, if whenever a space
X has that property P then any space p-homeomorphic to that space also has the same
property P.

Definition 3.8. Let (X, T') be a topological space and let A C X then the collection
{Pi :i € I} of prime open sets in 7 is said to be a p-open cover of Aif A C U P;.

1

Definition 3.9. Let (X, T') be a topological space, (X, T) is said to be p-Compact if
every p-open cover has a finite sub cover.

Example 3.10. Any sober space is p-Compact.
Theorem 3.11. Any hausdorff space is p-Compact.

Proof. Proof is trivial since all hausdorff spaces are sober and any sober space happens
to be p-Compact. |

Theorem 3.12. Every compact space is p-Compact.

Proof. Since any p-open cover is an open cover, existence of finite sub cover for p-open
cover obviously follows from the compactness of the space. [

Remark 3.13. The converse of above theorem is not true; for example Let X be any
infinite set with discrete topology. Then X is p-Compact but not compact.

Proposition 3.14. Let (X, T') be a topological space and A C X. Then A is p-Compact
with respect to 7 if and only if it is p-Compact with respect to T4; where T4 is the
relative topology on A with respect to 7.

Proof. For necessity we assume that A is p-Compact with respect to T to prove that A
is p-Compact with respect to T4. Let {G; : i € I} be a p-open cover of A where each
G; € T4. Now by Theorem 2.8 each G; is of the form H; N A such that H; is p-open in
X but by our assumption H; has a finite sub collection which covers A; that is

AclJGicJHina c| JH

4 4
= ACH,UH,U.... U H;
= AC(H,UH;,U.... UH, )NA=G;, UG, U ... UG,
Now in order to prove the sufficiency part let H; be a p-open cover of A by p-open sets
inT
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Then A C U H;

;»AgArwl<UHi>=UG,~

where each G; = AN H; land is p-open in T4 again by Theorem 2.8 which implies

A C G, UG,.... UG,

CANH,UH;,U.... UH; )

CH,UH,U... U H;,. Hence A is p-Compact with respect to T'. [

Theorem 3.15. Every p-closed subset of a p-Compact space is p-Compact.

Proof. Let Y be a p-closed subset of a p-Compact space X we have to prove that Y is
p-Compact. Let G be a p-open covering of Y by sets p-openin X then H = GU{X — Y}
is a p-open covering of X and since X is p-Compact H has a finite sub cover in particular
G has a finite sub cover which covers Y. Hence Y is p-Compact. |

Theorem 3.16. The p-continuous image of a p-Compact space is p-Compact.

Proof. Let f : X — Y be p-continuous and let X be p-Compact. Let G be a p-open
covering of set f (X) by sets p-openin Y. The collection { f~'(A)/A € G}isacollection
of sets covering X; these sets are p-open in X because f is p-continuous. Hence finitely
many of them say f_l(Al), f_l(Az), ....... f_l(An) cover X. Then trivially the sets
Ay, As........ A, cover f(X). [ |

Theorem 3.17. p-Compactness is a p-topological property.

Proof. Let (X, T), (Y, T/) be two topological spaces and f : (X, T) — (¥, T,) be a
p-homeomorphism between them. Let X be p-Compact we have to prove that Y is also
p-Compact. Since p-continuous image of a p-Compact space is p-Compact and f is onto;
we obtain f(X) = Y as a p-Compact space. Hence p-Compactness is a p-topological
property. [

4. Characterizations of p-Compactness
Theorem 4.1. The following statements are equivalent
1. X is p-Compact.

2. For every class {F;} of p-closed subsets of X, N; Fi = ¢ implies {F;} contains a
finite subclass {Fil, ............ Fim} with {F,-1 M. N Fim} = ¢.

Proof. Case 1: To prove that (1) = (2)

Suppose N; Fi = ¢, then by De-Morgan’s law X = ¢ = (N; F;})° = U;(F;)", so {(F;)‘}
is ap-open cover of X, but p-Compactness of X implies existence of (Fj,)°, ............ (F;,)°
such that X = (Fj) U .cocueene U (Fj,)¢, then again by applying De-Morgans law
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¢=X ={F N N F;, }. Hence (1) = (2).

Case 2: To prove that (2) = (1)

Let {G;} be a p-open cover of X, that is X = U;G;. By De-Morgan’s law ¢ = X =
(U;G) = N;i(G;)". Since each G; is p-open, {Gf} is a class of p-closed sets and has
an empty intersection. Hence there exists (G;,)¢, (Gi,)<, cevvrvennnnnn. (Gi,) € {(G)°}
such that (G;,)° N (Gi,) M ceeeveennee. N (G, )¢ = ¢. Thus by De-Morgan’s law X =
G,UG,U... U G, . Accordingly X is p-Compact and so (2) = (1). |

Theorem 4.2. A topological space X is p-Compact if and only if every class {F;} of p-
closed subsets of X which satisfies the finite intersection property has itself a non-empty
intersection.

Proof. Using the preceding theorem, it suffices to show that the following statements
are equivalent,

L. Fiy N, NF; #¢; Vi, oo vim = NiF; # ¢.
2. NiF; =¢ = Fiy, ine.......... im suchthat F;; N............. NFE, =ae.
But these statements are contra positives and therefore proof is trivial. |

Definition 4.3. Let (X, T) be a topological space and let S : D — X be a net. A point
x € X is said to be a p-cluster point/p-limit point if for every p-open set U containing
‘x’and m € D, there existsann € D suchthatn > m and S(n) NU # ¢. Also S is said
to p-converges to a point x € X if for every p-open set U containing ‘x’, there exists an
m € D suchthatforalln > m,n € D; S(n) NU # ¢.

Definition 4.4. Let (X, T') be atopological space and F be afilteron X. A pointx € X is
said to be a p-cluster point/p-limit point of F if every p-open set containing ‘X’ intersects
every member of F. Also F is said to p-converges to a point x € X if every p-open set
containing ‘x’ is a member of F.

Remark 4.5. Every limit point is a p-limit point but converse need not be true; for
example let N the set of all natural numbers be the directed set and let (N, D) be the
given discrete topological space. Then I : N — N be the identity mapping, that defines
aneton N. Clearly any point of N is a p-limit point but not a limit point of the net /.

Theorem 4.6. Let (X, T') be atopological space then the following statements are equiv-
alent

1. X is p-Compact.
2. Every net/filter in X has a p-cluster point.
Proof. Case 1: To prove that (1) = (2)

Let S : D — X be anetin X, we have to prove that S has a p-cluster point. On contra-
diction we assume that S has no p-cluster point. Then by definition of p-cluster point, for
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each x € X there exist a p-open set N, such thatx € N, and m, € D such that for every
neDn>my=8n) e X— N, Let X = U {N,/x € X}. Since X is p-Compact

there exists x, x2, ..., xr suchthat X = U {le./i =1,2,..., k}. Let the correspond-
ingelementsin Dbemy, , my,, ..., my,. Since D is adirected set there existsn € D such
that n > my, fori =1,2,... k. Butthen S(n) € [ | {X — Ny, /i = 1.2,....k} = ¢
which is a contradiction. Hence our assumption is wrong and § has at least one p-cluster
point in X. Then since S is arbitrary, (1) = (2).

Case 2: To prove that (2) = (1)

We assume that every net in X has a p-cluster point in X. To prove that X is p-Compact.
Let C be a family of p-closed sets in X having finite intersection property. Let D be the
family of all finite intersection of members of C. We make D a directed set by defining
for D,E e D; D > FE = D C E;Clearly D # ¢. Now defineanet S : D — X by
S(D) = any pointin D. By our assumption § has a p-cluster point say x € X. We claim

that x € ﬂ {C/C € C}. Then ﬂ {C/C € C} is non-empty. Hence X is p-Compact.

On contradiction we assume that x ¢ ﬂ {C/C e C} which implies there exists C € C
such that x ¢ C. Then X — C is a p-open set containing ‘x’ and C € D. Since ‘X’ is a
p-cluster point, by definition there exists D € D such that D > C and S(D) € X — C;
which implies X — C € X — D and S(D) € X — D which is a contradiction to our

definition of net. Hence x € m {C/C € C} and X is p-Compact. [

Theorem 4.7. A topological space is p-Compact iff every ultra filter/ultra net in it is
p-convergent.

Proof. Necessary part is trivial by Theorem 4.6., conversely let (X, T') be a topological
space and assume that every ultra filter in it is p-convergent. To show that X is p-Compact
it is enough to prove that every filter on X has a p-cluster point. Suppose F is a filter
on X then there exists an ultra filter G containing F. By our assumption G p-converges
to a point say ‘x’ on X which implies ‘x’ is a p-cluster point of G. So every p-open
set containing ‘X’ meets every member of G and in particular every member of F since
F C G. Hence ‘x’is a p-cluster point of F. Thus every filter on X has a p-cluster point
which implies p-Compactness of X. |

Analyzing Theorem 4.2, Theorem 4.6 and Theorem 4.7 we characterize p-
Compactness of any arbitrary topological space according to the following result.

Theorem 4.8. Let (X, T') be any topological space. The following statements are equiv-
alent

1. X is p-Compact.

2. Each family of p-closed subsets of X with the finite intersection property has
non-empty intersection.
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3. Every net/filter in X has a p-cluster point.

4. Every ultra filter in X p-converges.

Theorem 4.9. Let (X, T') be a topological space. Then p-Compactness of X implies
compactness of X if and only if there exists no net S in X such that S has a p-cluster
point but has no cluster points.

Proof. Necessary Condition. Assume that X p-Compact implies X is compact. Com-
pactness of X implies that every net in X has a cluster point which in turn implies that
there exists no net S in X such that $ has a p-cluster point but has no cluster points in X.

Sufficiency Condition. Assume that there exists no net S in X such that § has a p-cluster
point but has no cluster points and X is p-compact. To prove that X is compact. p-
Compactness of X implies every net in X has a p-cluster point and by our assumption
above every net has a cluster point hence X is compact. |

5. C-p. compactness and Its Characterizations

Definition 5.1. Let (X, T') be a topological space. A set U C X is said to be regular
prime open (regular p-open) if p-int(p-cl(U)) = U and U is called regular p-closed set
if it is the complement of a regular p-open set.

ExampleS5.2. Consider X = {a, b, c,d}, T ={X, ¢, {a}, {b}, {a, b}, {a,b,c},{a,b,d}}
then (X, T') is a topological space and {a} is a regular p-open set.

Remark 5.3. In a discrete space all subsets are regular open but all of them are not
regular p-open hence regular open sets need not be regular p-open.

Theorem 5.4. p-interior of a set A C X is regular p-open, if it is p-closed.

Proof. In order to prove that p-int(A) is regular p-open it is enough to prove that p-
int(A)=p-int(p-cl(p — int(A))). Since A is p-closed p-cl(p — int(A)) is A itself.
Hence the resullt. n

Corollary 5.5. For any set U C X, p-int(p-cl(U)) is a regular p-open set always.
Proof. Proof is trivial by last theorem since p-c/(U) is always p-closed. |

Proposition 5.6. Let (X, 7)) be a topological space, then for every p-open set there
always exists a unique regular p-open set containing A.

Proof. Proof is trivial by proposition 2.5 and proposition 2.7. |

Definition 5.7. A space X is said to be C-p.compact if for each p-closed A C X and
each p-open cover {U, /@ € A}of A, there exists a finite sub collection {Uai Ji=1,2. n}
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such that A C | ) p-cl(Us,)/i = 1,2,....n.
Remark 5.8. Compactness implies p-compactness implies C-p.compactness.

Remark 5.9. C-p.compactness need not implies C-compactness; in order to prove this
we consider an example due to S.Sakai 101 1et x = {(a,b) : n,m € N} such that
a=1/n,b=1/mora=1/n,b=0o0ra =0, b =0 where N stands for the set of all
positive integers. Also let {N;/i € N} be the partition of N to infinitely many disjoint
classes. Define subsets of X as follows:

Hir = {(1/i, 00y U{(1/i, 1/m)/m = k}} U{(1/n, 1/m)/n = k,m € N;},

Ly ={0,00}u{(/n,1/m)/n > k,m ¢ N;, 1 <i < k}.

Let T be the topology on X generated by {{(1/n, 1/m)}/n,m € N}U{H;/i,k € N}U
{Ly/k € N}. Then (X, T) is a c-compact hausdorff space. Now let Y = {yo, y1, y2....}
be a one point compactification of a countable discrete space {y1, y2....}. Consider X x Y
S.Sakai in [10] proved that this is a non c-compact space, but this space is hausdorff since
both X and Y are hausdorff and hence it happens to be a p-Compact and thus C-p.compact
space.

Theorem 5.10. A space (X, T) is C-p.compact if and only if for each p-closed A C X
and regular p-open cover (Cover in which all elements are regular p-open) {Uy /o € A}
there exists a finite sub collection {Ua,- =1, Zn} such that A C U p-cl(Uy,) /1 =
1,2....n.

Proof. Necessary Part: If X is C-p.compact all p-open covers satisfies the given condition
we have to prove that each regular p-open cover {U, /o € A} satisfies the given condition
but since each Uy, is regular p-open; p-int(p-c/(Uy)) = U, for every o € A that is each
U, is p-open and since each p-open cover satisfies the given condition {U, /o € A} also
satisfies the given condition. Hence necessary part is trivial.

Sufficiency Part: Assume that for each p-closed A € X and regular p-open cover
{Vy/a € A} there exists a finite sub collection {Va,- =1, 2n} such that A C U p-
cl(Vy;)/i =1,2....n. Let {U,/a € A} be any p-open cover of A. Then

{p—int(p —cl(Uy))/a € A} is a regular p-open cover of A. So there exists a finite
sub collection {p —int(p —cl(Uy,)) i =1, 2n} such that

A C Up—cl(p —int(p-cl(Uy,)))/i = 1,2....n. But p-cl(p-int(p-cl(Uy,;))) = p-
cl(Uy;) hence A C U p-cl(Uy;); i =1, 2.....n; that is A is C-p.compact. [ |
Definition 5.11. Let (X, T') be a topological space and let X # ¢, F a filter on X. Then
F is said to be p-closure convergent to a point a € X if for every p-open set V in X

containing ‘a’; p-cl(V) € F and a € X is said to be a p-closure limit point of F if every
p-open set V containing ‘a’ is such that p-c/(V) N A # ¢ forevery A € F.

Remark 5.12. p-convergence implies p-closure convergence but converse is not true.
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Similarly for p-closure limit point.

Example5.13. Let(R, T = {R, ¢, O, Q’}) be atopological space and a filter be defined
onitas F = U(x)/x € Q' that is principal filter generated by ‘x’. Then any rational
point is a p-closure convergent point but not a p-convergent point.

Definition 5.14. Let (X, T') be a topological space and let S : D — X be a net on X,
then S p-closure converges to a point x € X if for every p-open set U containing ‘x’
there exists m € D such that for every n > m; S(n) N p-cl(U) # ¢ and ‘X’ is said to be
a p-closure limit point of S if for every p-open set U containing ‘x’ and m € D; there
exists n € D such thatn > m and S(n) N p-cl(U) # ¢.

Now we characterize C-p.compactness as follows

Theorem 5.15. Let (X, T') be a topological space then the following conditions are
equivalent:

1. X is C-p.compact.

2. Foreachp-closed A € X andregular p-open cover (Cover in which all elements are
regular p-open) {U, /o € A} there exists a finite sub collection {Ual. =1, 2n}

such that A C |_J p-cl(U,)/i = 1,2.....n.

3. For each p-closed A € X and each collection of non-empty regular p-closed
sets {F,/a € A} such that (ﬂ F,) N A = ¢ there exists a finite sub collection

{Fa,/i =1,2.....n} such that (") p-int(Fs,)) NA=¢:i = 1,2......n.

4. For each p-closed A C X and each filter with base F = {A,/«a € A} in A, there
exists an a € A such that the filter has ‘a’ as a p-closure cluster point.

Proof.
* (1) & (2) already proved.

* To prove (1) = (3).

Assume that X is C-p.compact. Let A be a p-closed set and each collection of
non-empty regular p-closed sets { F, /o € A} such that (ﬂ Fy,)NA = ¢. Toprove

that (") p-int (Fy,)) N A = ¢ for i=1,2..n. Consider U = {Uy/Uy = X — Fy)
then each U, is a regular p-open set and A C U(X — Fy)/a € A. Since X is C-
p.compact A C U p-cl(Uyi)/i =1,2.....n. Now considerﬂ p-int(Fy,) = X —
| p-cl(Us,) € X — Awherei = 1,2......nand hence ([ ) p-int (Fy,)) N A = ¢.
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* To prove (3) = (2)
Let {Uy/a € A} be a regular p-open cover of A, then A C U Uy, implies A N
((")(X — Us)) = ¢ but by condition (3)
(") p-int(X = Us,)) N A = ¢ i = 1, 2...n which implies
ACX —(()p-int(X = Uy))ii=1,2....n
= J(X = p-int(X = Ug))ii =1,2c........ n
=(_J p-cl(Us,): i = 1,2.....n. Hence condition (2) is satisfied.

+ To prove condition (1) = (4)

Suppose there exists a filter F on A with filter base F = {A,/a € A} in A such
that F has no p-closure limit point. Then for each a € A there exists a p-open
set U(a) and some Ay () € F such that Ay ) N p-cl(U(a)) = ¢. But for every
a € A, there exists a p-open set U(a) satisfying the above condition hence
{U(a)/a € A} forms a p-open cover of A and C-p.compactness of X implies

A C Up—cl(U(ai));i =120 n. For each U(a;);i = 1,2...... n there
exists Ayg) € F which implies ﬂ Ag@yii = 1,2 n belongs to the filter
and there exists Ay, such that Ay, € [ )Aa() i i = 1, 2.cn s but Ag, # ¢

and Ay, € A C U p-cl(U(a;));i = 1,2.....n that in turn implies Ay(g;) N p-
cl(U(aj)) # ¢ which is a contradiction. Hence the result.

* To prove (4) = (3)

In order to prove condition (3) it is enough to prove its contra positive statement.
Suppose there exists a p-closed set A € X and a collection of regular p-closed
sets { Fy/a € A} such that each finite sub collection {Fa,- Ji=1,2.... n} has the

property that ((*\(p-int(Fa)) NA # ¢ :i = 1,2.nbut (((F) NA = 4.
Then the sets {(p — int(Fy)) N A/a € A} together with all finite intersections of
the form (ﬂ(p—int(Fai))) NA:i=1,2.... n will form a filter base for a filter
F on A ; then by our assumption F has a p-closure limit point say a € A. Then
for any p-open set U(a) containing ‘a’ and each p-int(Fy); p-cl(U(a)) N (p-
int(Fy) N A) # ¢. But Fy N A # ¢ forevery « € Aand ((|Fo) NA = ¢
together implies there exists g € A suchthata ¢ Fy,. Therefore a ¢ p-int(Fy,)
implies a € X — Fy, C p-cl(X — Fy,) C X — p-int(Fy,) which implies p-
cl(X — Fyy) N p-int (Fy,) = ¢ which implies ‘a’ is not a p-closure limit point of
F which is a contradiction. Hence (ﬂ F,) N A # ¢. Hence proving the contra
positive statement of (3). |

Remark 5.16. Let X be a topological space and ‘x’ in X is said to be a p-closure cluster
point of the filter F on X if and only if "x’ is a p-closure cluster point for the net associated
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with the filter and conversely. Hence the above equivalent condition for C-p.compactness
holds for any net on any p-closed subset of the corresponding topological space.
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