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Abstract

A vertex odd divisor cordial labeling of a graph G with vertex set V is a bijection
f :V(G) — {1,3,...,2n — 1} such that an edge e = uv is assigned label 1
if f(u)|f(v)or f(v)|f(u) and label O otherwise, then |e;(0) —es(1)| < 1. A
graph which admits vertex odd divisor cordial labeling is called vertex odd divisor
cordial graph. In this paper we prove that vertex switching of cycle C, (n > 4) with
one chord, cycle C,(n > 5) with twin chords, cycle C,(n > 6) with triangle, gear
graph, shell graph, flower graph are vertex odd divisor cordial.

AMS subject classification: 05C78.
Keywords: Vertex odd divisor cordial graph, Vertex switching of a graph.

1. Introduction

The graphs considered here are finite, simple and undirected graph. For terms not defined
here, we refer to Gross and Yellen [3]. For standard terminology and notations related to
number theory we refer to Burton [1]. The most recent findings on various graph labeling
techniques can be found in Gallian [2]. Varatharajan et al. introduced the concept of
divisor cordial labeling of graphs.
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Definition 1.1. [8] Let G = (V, E) be a graph, f : V(G) — {1,2,...,]V(G)|} be a
bijection and induced function f* : E(G) — {0, 1} be defined as

Lif f)|f) or fu)lfu).

0; otherwise.

f*(e=uv)={

Then f is called divisor cordial labeling if |es(0) — es(1)| < 1. A graph which admits
divisor cordial labeling is called divisor cordial graph.

Definition 1.2. [6] The vertex switching G, of a graph G is the graph obtained by taking
a vertex v of G, removing all the edges incident to v and adding edges joining v to every
other vertex which is not adjacent to v in G.

Throughout this paper |V (G)| and |E(G)| denote the cardinality of vertex set and
edge set of graph G respectively.

2. Vertex odd divisor cordial labeling

Muthaiyan and Pugalenthi introduced the concept of vertex odd divisor cordial labeling
of graphs.

Definition 2.1. [4] Let G = (V, E) be asimple graph, f : V(G) — {1,3,...,2n—1}
be a bijection and induced function f* : E(G) — {0, 1} be defined as

Iif fa)lf() or f)lfu).

0; otherwise.

f*(€=uv)={

Then f is called vertex odd divisor cordial labeling if |e(0) —es(1)| < 1. A graph
which admits vertex odd divisor cordial labeling is called vertex odd divisor cordial
graph.

The divisor cordial and vertex odd divisor cordial labeling of various types of graphs

are presented in [6, 9, 5].

3. Vertex odd divisor cordial labeling for vertex switching of
cycle related graphs

Definition 3.1. [2] A chord of a cycle C), is an edge joining two non-adjacent vertices.

Theorem 3.2. The graph obtained by vertex switching of cycle C,(n > 4) with one
chord is vertex odd divisor cordial, where chord forms a triangle with two edges of C,,.

Proof. Let G be the cycle C,, with one chord. Letvy, v, ..., v, be the successive vertices
of C,, and e = v, be the chord of C,,. The edges e = vov,, 1 = viv2, €2 = ViV, form
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a triangle. Without loss of generality let the switched vertex be vy (of degree 2 or degree
3) and let G,, denote the vertex switching of G with respect to v;.

[V(Gy)| = n.

We define labeling function f : V(G,,) — {1,3.,5,...,2n — 1} as per the following
cases.

Case 1: deg(vy) = 2. In this case |E(Gy,)| = 2n — 4. Here we define labeling f as

21 1<i<4d
fl) = {2i+1; S<i<n—1.
f,) = 0.

If label of v,,—1 is a multiple of 9 then interchange the labels of v,_1 and v,,_>. In view
of the above labeling pattern, we have e (1) = e (0) =n — 2.

Case 2: deg(vy) = 3. In this case |E(G,,)| = 2n — 6. Here we define labeling f as

20 —1; i=1,2,6<i <n.
fl) = { .

fws) = 9.

In view of the above labeling pattern we have es(1) = e7(0) = n — 3. Thus |e((0) —
er(1)| < 1. Hence vertex switching of cycle C,, with one chord is a vertex odd divisor
cordial graph. |

Example 3.3. Cycle graph C7 with one chord and Vertex odd divisor cordial labeling
for the graph obtained by vertex switching of cycle C7 with one chord with respect to
vertex of degree 2 and degree 3 respectively is shown in Figure 1.

11 7 : S
Figure 1:

Definition 3.4. [2] Two chords of a cycle C,, are said to be twin chords if they form a
triangle with an edge of C,. For positive integers n and p with5 < p+2 <n, C,,
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is the graph consisting of a cycle C,, with twin chords where chords form cycles C,,,C3
and Cj, 41—, without chords the edges of C,,.

Theorem 3.5. The graph obtained by vertex switching of cycle with twin chords C,, 3(n >
5) is vertex odd divisor cordial.

Proof. Let V(Cp3) = {v1, v2,...,Vs} , €1 = vyv2, €2 = v,v3 be the chords. Without
loss of generality let vy be the switched vertex and let (Cy, 3),, denote the vertex switching
of C, 3 with respect to vertex v.

|V((Cn,3)v1)| =n.
We define labeling function f : V((Cy3)y,) — {1, 3,5, ..., 2n—1} as per the following
cases.

Case 1: deg(vy) = 2. Inthis case |[E((Cy 3)y,)| = 2n — 3. Here we define labeling f as

2%i—1: 1<i<A4
ﬂw)"{m+n S5<i<n—1.
f(vn) = 9.

If label of v,,—1 is a multiple of 9 then interchange the labels of v,_1 and v,,—>. In view
of the above labeling pattern we have ef(1) =n —1,e7(0) =n — 2.

Case 2: deg(vy) = 3. Inthis case |E((Cy3)y,)| = 2n — 5. Here we define labeling f as

2i—1: i=12 6<i<n.
fm)"im—& 4<i<5s.
f(v3)) = 9.

If label of v, is a multiple of 3 then interchange the labels of v,_1 and v,,_>. In view

. 2n —5 2n —5
of the above labeling pattern we have e (1) = 7 ,er(0) = > .

Case 3: deg(v1) = 4. Inthis case |E((Cy 3)y,)| = 2n — 7. Here we define labeling f as

20 —1; i=1,2, 6<i<n.
fm)"{%—& 4<i<5.

fw) = 0O.

In view of the above labeling pattern we have the following.

2n — 17
ef(l):L 7 J

2n — 17
ef(O):’V 7 —‘
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Hence vertex switching of C,, 3 is a vertex odd divisor cordial graph. |

Example 3.6. Cg 3 graph and Vertex odd divisor cordial labeling for the graph obtained
by vertex switching of Cg 3 with respect to vertex of degree 2, degree 3 and degree 4

respectively is shown in Figure 2.
p— 3
13 1 9
1 315 5
] 7 9 13 7
5 "
Figure 2:

11

Definition 3.7. [2] A cycle with triangle is a cycle with three chords which by themselves
form a triangle. For positive integers p, ¢, r andn > 6 with p+g+r+3 =n,C,(p, q, 1)
denotes a cycle with triangle whose edges form the edges of cycles Cp 12, Cy12, Cr 12
without chords.

Theorem 3.8. The graph obtained by vertex switching of cycle with triangle C,, (1, 1, n—
5)(n > 8) is vertex odd divisor cordial.

Proof. Letvy, vy, ..., v, bethe successive vertices of cycle with triangle G = C,, (1, 1, n—
5) and e; = viv,—1, €2 = V1V3, €3 = V,—1V3 be the chords of G. Without loss of gen-
erality let v; be the switched vertex and let G,, denote the vertex switching of G with
respect to vg.

[V(Gy)| =n.
We define labeling function f : V(G,,) — {1,3.,5,...,2n — 1} as per the following
cases.

Case 1: deg(v1) = 2. In this case |E(G,,)| = 2n — 2. Here we define labeling f as
2i—1; i=1,2,6<i<T7.

f) = 21 —3; 4<i<5.
2i+1; 8<i<n-—3.
fw) = 0.
Sfun—2) = 15.
fn-1) = p2,
fv) = pi,

where p; and p; are the largest prime number and previous largest prime number re-
spectively. In view of the above labeling pattern we have e (1) = e¢(0) =n — 1.
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Case 2: deg(vi) = 4. In this case |[E(G,,)| = 2n — 6.

2i—1; i=1,6<i<T.

f) = {2i—3; 3<ic<5s.
20 +1; 8<i<n-2.
fw) = 9.
fn—1) = 15
f(v,) = p,where p is the largest prime number.

In view of the above labeling pattern we have e (1) = ef(0) = n — 3. Thus |ef(0) —
er(1)| < 1. Hence vertex switching of C,,(1, 1, n — 5) is a vertex odd divisor cordial
graph. [

Example 3.9. Cg(1, 1, 3) graph and Vertex odd divisor cordial labeling for the graph
obtained by vertex switching of Cg(1, 1, 3) with respect to vertex of degree 2 and degree
4 respectively is shown in Figure 3.

15

Figure 3:

4. Vertex odd divisor cordial labeling for vertex switching of wheel
and shell related graphs

Definition 4.1. [3] The wheel graph W,, isthejoinof C,, and Kyi.e. W, = C,,+ K. Here
the edges(vertices) of C,, are called rim edges(rim vertices) and the vertex corresponding
to K is called apex.

Theorem 4.2. The graph obtained by vertex switching of any rim vertex of wheel W,
is vertex odd divisor cordial.

Proof. Letvg be the apex and vy, vy, .. ., v, be the rim vertices of wheel W,,. Let (W,,),,
denote the graph obtained by switching of a rim vertex vy of W,. Here |V ((W,),,)| =
n + 1 and |E((W,)y,)| = 3n — 6. We define labeling function f : V((W,),,) —
{1,3,5,...,2n+ 1} as
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Forn <9:
fw) = 1
f) = 2i+1;1<i<n.
Forn > 9 :
fv) = L
flv) = 3.
f() = pir1s 1 <i <k
—6
fit1) = 3f(v); 1 <i <k, wherek = Kn G )J
and pjy1 =i+ 1' h prime number. For the remaining vertices vax4+2, V2k+3, - - - » Un—1,

assign the vertex labels such that for any pair of adjacent vertices (v;, v;), f (v;) f fv i)
and f(v;) 1 f(v;). In view of the above labeling pattern we have

3n —6

when n is even: ey(l) = = ez(0).

3n — 6
ef(1)=’7 > —‘

3n—6
ef(O)=L > J

Thus |ef(0) — ef(1)| < 1. Hence vertex switching of any rim vertex of W, is a vertex
odd divisor cordial graph. |

when » is odd:

Example 4.3. Wheel graph Wy and Vertex odd divisor cordial labeling of the graph
obtained by vertex switching of a rim vertex v; of wheel Wy is shown in Figure 4.

Figure 4:

Definition 4.4. [3] The gear graph G, is obtained from the wheel W,, by subdividing
every rim edge of W,,.

Theorem 4.5. The graph obtained by vertex switching of gear graph G, (except apex
vertex) is vertex odd divisor cordial.
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Proof. Let vy be the apex vertex and vy, v, ..., vy, be other vertices of gear graph G,
where
2; if i is even.
deg(v;)) =1’
gvi) {3; if i is odd.

Now the graph obtained by vertex switching of rim vertices v; and v; of degree 2 are
isomorphic to each other, Vi, j. Similarly the graph obtained by vertex switching of rim
vertices v; and v; of degree 3 are isomorphic to each other V i, j. Hence we require to
discuss two cases.

(i) Vertex switching of an arbitrary vertex say v; of G, of degree 3.

(i1) Vertex switching of an arbitrary vertex say v, of G, of degree 2.
Let (G,)v; denote the vertex switching of G, with respect to the vertex v;, i = 1, 2.

Case 1: Vertex switching of G, with respect to vertex v (of degree 3). Here |V (G,)| =
2n + 1 and |E(G,)| = 5n — 6. We define labeling function
f VUG — {1,3,...,4n + 1} as follows.

n—=o6 5n—06

edges with label 1 and

Our aim is to generate edges with label 0. Let

fw) = 1,

which generates 2n — 3 edges with label 1 and

flw) = 3.
: : 5n—6 . .
Now it remains to generate k = ——— — (2n — 3) edges with label 1. For the vertices
v3, Vs, ..., U assign the vertex label as per following ordered pattern upto it generate k

edges with label 1.

fu2ig1) =3QRi+1);1 <i <k,
n

5; if n 1s even.
where k = { ;; +1
;  if n is odd.
For the remaining vertices vit1, Vk+2, - - ., Van—1, V2, V4, ..., U2, of G, assign the vertex

labels such that for any pair of adjacent vertices (v;, v;), f(v;) 1 f(vj)and f(v;) { f(v;).
In view of above defined labeling pattern we have,

Sn—6

when 7 is even: ey(1) = =ey(0).
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) 5n—5
er(l) = .
when 7 is odd: 5n2— 7

er(0) = =—.

Thus |e(0) — e (1)] < 1.

Case 2: Vertex switching of G, with respect to vertex v, (of degree 2). Here |V (G,)| =
2n+ 1 and |[E(G,)| = 5n — 4. We follow the same labeling pattern as in Case 1. Then
we have,

when n is even: ey (1) = T_ =er(0).
S5n—3
' er(l) = .
when 7 is odd: 5n2—
ef(0) = —
Hence |es(0) — e (1)| < 1. Thus the graph obtained by vertex switching of any vertex
of G, is vertex odd divisor cordial. |

Example 4.6. Gear graph G¢ and Vertex odd divisor cordial labeling for the graph
obtained by vertex switching of vertices of degree 3 and degree 2 respectively of gear
graph Gg is shown in Figure 5.

Figure 5:

Definition 4.7. [3] The shell graph S, is obtained by taking n — 3 concurrent chords in
cycle C,,. The vertex at which all the chords are concurrent is called the apex vertex.

Theorem 4.8. The graph obtained by vertex switching of any vertex (except apex vertex)
of shell graph §,, is vertex odd divisor cordial.

Proof. Let ug be the apex vertex and u1, u», ..., u,—1 be the other vertices of shell S,,,
where deg(u1) = 2 = deg(u,—1) and deg(u;) = 3,i = 2,3,...,n — 2. The graphs
obtained by vertex switching of vertices of same degree are isomorphic to each other.
Hence we require to discuss following two cases:

(i) Vertex switching of an arbitrary vertex say u; of S, of degree 3.
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(i1) Vertex switching of an arbitrary vertex say u; of S, of degree 2.

Let (S,),, denote the vertex switching of S, with respect to the vertex u; of S,,,i =1, 2.

Case 1: Vertex switching of up, where deg(up) = 3. Here |V ((Sy)u,)| = n and
|E((Sn)u,)| = 3n — 10. We define labeling function f : V((S,)4,) — {1,3,...2n —1}
as follows.

Forn < 15:
flug) = 1.
f(u1) = p,where p is the largest prime number.
fu) = 3.
fw) = 2i—1;3<i<n-—1.
Forn > 15:
flug) = L
f(u1) = p,where p is the largest prime number.

fu2) 3.
fluzi1) = pi;2=<i=<k.

Ju) = 3f(uzi-1);2 <i <k, wherek = L(n—lO)J'

6

and p; =1 th prime number. For the remaining vertices U1, Udk+2, U2k+3, UDk4ds - - - »
u,—1, assign the vertex labels such that for any pair of adjacent vertices (u;, u;), f(u;) "
Sf(uj;)and f(uj) f f(u;). In view of above labeling pattern we have,

3n — 10

when n is even: ey (1) = > =er(0).
3n—9
. er(l) = )
when 7 is odd: 3n2— 11
er(0) = 7

Thus [ef(0) —ef(1)] < 1.
Case2: Vertex switchingof u1, wheredeg(u1) = 2. Here |V ((Sy)u)| = 1, |[E((Sp)u)| =

3n — 8. We define labeling function f : V((S,),,) = {1.,3,...2n — 1} as follows.
Forn <9:

fw) = 2i+1;0<i<n-—1.
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Forn > 9 :
fluo) = 1,
fuy) = 3,
fu) = piy1; 1 <i <k,
—4
Suzit1) = 3f(u2); 1 <i <k, wherek = VTJ .
and pj41 =i+ 1" prime number. For the remaining vertices uox4+2, U2k+3, - - -, Un—1

of (S,)u,, assign the vertex labels such that for any pair of adjacent vertices (u;, u ),
fi){ f(uj)and f(u;) 1 f(u;). In view of above labeling pattern we have,

. 3n — 8
when n is even: ef(1) = = ¢e7(0).
0 3n—7
er(l) = .
when 7 is odd: 3n2— 9
0) =
er(0) 7
Thus [ef(0) — es(1)| < 1. Thus the graph obtained by vertex switching of any vertex
(except apex vertex) of S, is vertex odd divisor cordial. |

Example 4.9. Shell graph S$7 and Vertex odd divisor cordial labeling for the graph
obtained by switching of vertex of degree 3 and degree 2 respetively of 7 is shown in

Figure 6.
11
3
9
11
9

Definition 4.10. [3] The flower graph f[,(n > 3) is obtained from a helm H,, by joining
each pendant vertex to the apex vertex of H,,. Here we consider rim vertices as internal
vertices.

Figure 6:
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Theorem 4.11. The graph obtained by vertex switching of any vertex of flower graph
fl, s vertex odd divisor cordial.

Proof. Let ug be the apex vertex of helm H,. Let uy, u», ..., u, be the rim vertices of
wheel W, in H,. Leteq, e, ..., e, be the spoke edges where ¢; = u;v;, i =1,2,...,n,
deg(u;) = 4 and deg(v;) = 2. Then flower graph f1, is obtained by joining the vertices
vy, V2, ..., U, to apex vertex ug of H,. Now the graph obtained by vertex switching
of internal vertices u; and u; are isomorphic to each other, V i, j. Similarly the graph
obtained by vertex switching of external vertices u; and u ; are isomorphic to each other
Vi, j. Hence it is required to discuss following two cases.

(1) Vertex switching of an internal vertex u of degree 4.
(i1) Vertex switching of external vertex say v; of degree 2.

Let (fl,)u, and (fI,),, denote the vertex switching of fI, with respect to the vertex u
and v; respectively.

Case 1: Vertex switching of an internal vertex say u; of fI, of degree 4. Here
\VI(fl)u)l = 2n + 1, |[E((fly)u,)] = 6n — 8. We define labeling function f :
V((flp)u,) = {1,3,...4n 4 1} as follows.

Forn <8:
fuo) = 1.
fu) = 3.
f(v1) = p,where p is the largest prime number.

Assign the remaining labels to the remaining vertices in any order such that for any pair
of adjacent vertices (u;, u;) and (u;, vj), f(u;){ f(u;)and f(u;) { f(v;).
Forn > §:

fwo) = 1.
fu) = 3.
f(v1) = p,where p is the largest prime number.

Fu) = pii2<i<k wherek = LgJ _2.

n
Fi) = 3f@u);2<i <k, where k = bJ _2.

and p; =i’ h prime number. Assign the remaining labels to remaining vertices uy1, Ug+t2,
cevs Upy Vg1, Vk42, - - - » Up OF (f1,),, such that

fw) t fwip);k+1<i<n-—1.
fw) 1 fk+1<i<n.
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In view of above labeling pattern we have,
er(1)=3n—-4=e;(0).

Case 2: Vertex switching of an external vertex say vy of fI, of degree 2. Here
IV(I(fl)v)] = 2n + 1, |[E((fly)v,)| = 6n — 4. We define labeling function f :
V((fln)v) — {1,3,...4n + 1} as follows.
flup) = 1,
f) = 3,
i) = pi2<i<k wherek = L%J .
n

) = 3f):2<i <k wherek = bJ .

and p; =i'" prime number. Assign the remaining labels to remaining vertices iy 1, U1,
veoy Up,y Vk41, Vk42, - - - » Uy Of (f1,)y, such that

fw) t fwip);k+1<i<n-—1.
fw) 1 fk+1<i<n.

In view of above labeling pattern we have
er(1) =3n—-2=ey(0).

Hence the graph obtained by vertex switching of any vertex of f/, (except apex vertex)
is vertex odd divisor cordial graph. [

Example 4.12. Flower graph fl4 and Vertex odd divisor cordial labeling of its vertex
switching with respect to vertex of degree 2 and degree 4 are shown in Figure 7.

Figure 7:

5. Concluing Remarks

It is already proved that cycle with one chord, cycle with twin chord, cycle with triangle,
wheel graph, gear graph, shell and flower graph are vertex odd divisor cordial. We have
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discussed vertex odd divisor cordiality of these graphs in context of vertex switching of
any arbitrary vertex (except apex vertex). Hence it is concluded that vertex odd divisor
cordial labeling is preserved under the opertion vertex switching of the above graphs. To
examine the same for other graphs is an open area of research.
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