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Abstract

In this paper, we introduce binary soft separation axioms in binary soft
topological space. In this paper, we define and explore several properties of
binary soft 7, , 1 = 0; 1; 2, binary soft regular, binary soft Ty, binary soft

normal and binary soft Ty, axioms using binary soft points. We also discuss

some binary soft invariance properties namely binary soft topological property
and binary soft hereditary property. We hope that these results will be useful
for the future study on binary soft topology to carry out general framework for
the practical applications and to solve the complicated problems containing
uncertainties in various fields.
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1. INTRODUCTION

The concept of soft sets was first introduced by Molodtsov[3] in 1999 as a general
mathematical tool for dealing with uncertain objects. In,[3][4] Molodtsov successfully
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applied the soft theory in several directions, such as smoothness of functions, game
theory, operations research, Riemann integration, Perron integration, probability,
theory of measurement, and so on.

In 2016 Ahu Acikgoz and Nihal Tas[1] introduced the concept of binary soft set
theory on two initial universal sets and studied some basic properties. In continuation,
Benchalli et al.[2] studied the concept of binary soft topology and related basic
properties which are defined over two initial universal sets with suitable parameters.

In continuation, in the present paper we have defined and explored several properties
of binary soft 7, ,1=0; 1; 2, binary soft regular, binary soft Ty, binary soft normal

and binary soft Ta, axioms using binary soft points. Also, we have discussed some

binary soft invariance properties namely binary soft topological property and binary
soft hereditary property in binary soft topological spaces.

The organization of this paper is as follows: Section 2 briefly reviews some basic
concepts about soft sets, binary soft sets and their related properties; Section 3 we
present main results of the paper with the suitable examples. Section 4 is about binary
soft regular, binary soft normal and binary soft 7,,-Spaces.

2. PRELIMINARIES

Definition 2.1. [5] Let X be an initial universe and let E be a set of parameters. Let
P(X) denote the power set of X and let A be a nonempty subset of E. A pair (F, 4) is

called a soft set over X, where F is a mapping given by F:4— P(X). In other

words, a soft set over X is a parameterized family of subsets of the universe X. For
e A, F(¢) may be considered as the set of ¢ -approximate elements of the soft set

(F, A). Clearly, a soft set is not a set.

Let U,,U, be two initial universe sets and E be a set of parameters. Let P(U,), P(U,)
denote the power set of U,,U, , respectively. Also, let 4,B,CcC E.

Definition 2.2. [1] A pair (F, A) is said to be a binary soft set over U,,U, , where F is
defined as below:

F:4— PU,)xPU,), F(e)=(X,Y) foreach e 4 suchthat X cU,, Y cU,.

Definition 2.3. [1] A binary soft set (G, A) over U,,U, is called a binary absolute soft
set, denoted by 4 if F(e)=(U,,U,) foreach ec 4.
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Definition 2.4. [1] The union of two binary soft sets of (¥, A) and (G, B) over the
common U,,U, is the binary soft set (H,C), where C=AUB and forall ec C,

(X,,%), if ecA-B
He)=1  (X,.1), if ecB-A (1)
(X, uX,,Y,uY,), if eeAnB

such that F(e)=(X,,Y,) for each e 4 and G(e)=(X,,Y,) for each ec B. We
denote it (F, A) (G, A)=(H,C).

Definition 2.5. [1] The intersection of two binary soft sets (F,A) and (G, B) over a
common U,,U,is the binary soft set (H,C), where C=4NB, and
H(e)=(X,nX,,Y,NnY,) for each eeC such that F(e)=(X,,Y,) for each e 4

and G(e)=(X,,Y,) for each e B. We denote it as (F,A)f:ﬁ(G,B)Z(H,C)

Definition 2.6. [1] Let (F, A) and (G, B) be two binary soft sets over a common
U,,U, . (F, A) is called a binary soft subset of (G,B) if

(i) A< B,

(1) X, c X, and Y, ¥, such that F(e)=(X,,Y)), G(e)=(X,,Y,) for each
e€ A. We denote it as (F, A) c (G,B).
Definition 2.7. [1] A binary soft set (F, A) over U,,U, is called a binary null soft set,
denoted by E if F(e)=(¢,9) foreach ec 4.

Definition 2.8. [1] The difference of two binary soft sets (F, A) and (G, A) over the
common U,, U, is the binary soft set (H,A), where H(e)=(X,—-X,,Y, —Y,) for each
e € A such that (F,4)=(X,,Y)) and (G, 4)=(X,,Y,).

Definition 2.9.[1] Let 7, be the collection of binary soft sets over U,, U,, then 7, is
said to be a binary soft topology on U,, U, if

)¢, X ez,
(i1) The union of any member of binary soft sets in 7, belongsto 7, .

(111) The intersection of any two binary soft sets in 7, belongsto 7, .
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Then (U,,U,,7,,E) is called a binary soft topological space over U,, U,.

3. Main Results

Throughout the paper let U,, U, be two initial universe sets and E be a set of

parameters. Let P(U,), P(U,) denote the power set of U,, U, , respectively.

Definition 3.1. Let (U,,U,,7,,E) be a binary soft topological spaces on X over

U,xU, and Y be non empty binary soft subset of X . Then

t, ={(F,E)(F,E)eA} is said to be the binary soft relative topology on Y and
y

(17 Ta, ,E) is called a binary soft subspace of (U,,U,,7,,E). We can easily verify

that 7, is a binary soft topology on Y
y

Example 3.2. Any binary soft subspace of a binary soft discrete topological space is
binary soft discrete topological space.

Example 3.3. Any binary soft subspace of a binary soft indiscrete topological space is
binary soft indiscrete topological space.

Proposition 3.4. Let (U,,U,,7,,E) be a binary soft topological spaces on X over
U, xU, and Y beanon empty binary subset of X . Then U,,U,,t, ,a) is subspace
y

of (Ul,Uz,z'Ay ,E) for each o SE.
Proof: Let (Ul,Uz,z'Ay,a) is a binary soft topological space for each « € E . Now by
definition for any o € E

7, = F@I(F.E)er,)

— (Y "F(@)(F,E)ez,}

~{¥ "F@/F(@)er, }

Thus (U,,U,,7, ,a) is a subspace of (U,,U,,7,,a). Which completes the
1 2 Ay 1 2 A
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proof.

Proposition 3.5. Let (U,,U,,7, ,E) be a binary soft subspace of a binary soft
y

topological space (U,,U,,7,,E) and (G, E) be a binary soft open in Y. If Ye T,
then (G,E)ez,.

Proof: Let (G, E) be a binary soft open set in Y then there exists a bmary soft open
set (H, E) in X over U, xU,, such that (G,E)= Ym(H E). Now, if Yez'A then

Y N(H,E) ez, by the third axiom of the definition of binary soft topological space
and hence (G,E)ez,.

Theorem 3.6. Let (U,,U,,7, ,E) be a binary soft subspace of a binary soft
y

topological space (U,,U,,7,,E) and (G, E) be a binary soft set of X over U, xU,,
then

(1) (G, E) is binary soft open in ? if and only if (G,E)=I§ r:\(H,E) for some
(H,E)er,.

(i1) (G,E) is binary soft closed in Y if and only if (G,E)=Y (:\(H ,E) for some
binary soft closed set in (H,E)e X over U, xU,.

Proof: (i) Follows from the definition of binary soft subspace.

(i1) If (G,E) is binary soft closed in ? then we have (G, FE)= ? then we have
(G,E)=I7—(H,E), for some (H,E)er, . Now, (H,E)=)7r:\(K,E) for some
y

(K,E)ez, Forany e E, G(f)=Y(B)-H(p)
—H(p)

~[Y(BAKP)]
NK(B)]

Il | Il
“<ZZ "<ZZ =
“<ZZ '“<1ZZ

|
~u

—K(B)
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R(X-K(B))

Il
=

|
~u
B!

[K(B))

(B)BIK(B)] . Thus (G,E)=Y S[K(B)], where (K,E) is binary soft

Il
=

u

closedin X over U, xU, as (K,E)er,.

Conversely, assume that (G,E)=Y r:\(H ,E) for some binary soft closed set
(H,E) in X over U, xU, which means that (,E)er,. Now if (H,E)= )N(—(K,E)
where (K, E) e 7, then for any S cE,

G(B)=Y(B)AH(B)
H(p)

R(X-K(B))

Il Il
~u =
ou

|
~

—K(B)

~

_[Y RK(B)]

Il
=

(B -7 (B)RK(B))].

|
~

Thus (G,E)=7Y —[Y A(K,E)]. Since (K,E)er,, so [Y 7(K,E)]er, and
y

hence (G,E) is binary soft closed set in Y . Which completes the proof.

Let (U,,U,,7,,E) be a binary soft topological space. Let (U,,U,,7, ,E) be a binary

soft subspace of (U,,U,,7,,E). Let (F,E) cY bea binary soft subset of ¥ . Then
we can find the binary soft closure of (F, E) in the space (U,,U,,7, ,E). The binary
y

y

soft closure of (F, E) in (U,,U,,7, ,E) is denoted by (F, E)
y
Theorem 3.7. Let (U,,U,,7, ,E) be a binary soft subspace of binary soft
y

topological space (U,,U,,7,,E). Let (F,E) SY bea binary soft subset of ¥ . Then
we have the following results as follows.
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G) (F.E) =Y A(F.E).

(i) (F,E)® =7 &5(F,E)°
(i) (F.E) &Y &(F,E)

y

p—5 I ——

Proof: (i) To prove, let (F.E) =7 S (F.E).

N

We have (F ,E)y= The binary soft intersection of all the 7, -binary soft
y

closed sets containing (F,E).
= fzw{(G, E),:(G,E), is 7, -binary soft closed set and (G, E), 5 (F,E)}

~

= rz\{Y r:\(G,E):(G,E) is 7, -binary soft closed set and
y

~(G,E)S (F,E)}

~u

l

~
~

Y N (G,E):(G,E) is 7, -binary soft closed set and (G, E) 5 (F,E)}
y

l

A {r:\(G, E):(G,E) is r, -binary soft closed set and (G, E) 5 (F,E)}

Il
~u

—_ e —

(F,E).Thus (F,E) =Y ~(F,E).

|
~u
BN

(i1) To prove (F,E)” = YF\(F,E)G) ,
we know that, (F, E)® = The binary soft union of all the 7, -binary soft open
y

sets contained in (F,E).

6{(H,E):(H,E)y is TA)-binary soft open and (H,E)%(F,E)}

= 6{(H,E)=I7rz\(K,E): (K,E) is 7,-binary soft open set and
YA (K, E)S(F,E)}.

Also,we know that ¥ A(F,E)° =Y A[O{(L,E), :(LE), is r,-binary soft
open set and (L,E), c (F,E)}]

~

Now, let (M, E) € Y A (F, E)° which implies (M,E) &Y and (M, E) E (F, E)°®

(M,E)é)7 and (M,E)EO{(L,E)A:(L,E)A is 7,-binary soft open set and
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(L.E), E(F,E)}

= (M,E)EY and (M,E)E(L,E),, where (L,E),, is r,-open and

(L,E), E(F,E)

~

= (M,E)EYK:N(L,E)L , where (L,E), is 7,-openand (L,E), E(F,E)

thatis ¥ N (L,E), &Y N(F,E) = YA(L,E), &(F,E)

— (M,E)ESY A(K,E):(K,E) is 7,-open and ¥ (K, E) & (F,E)}

= (M,E)E(F,E)®. Thus (M,E)E Y A (F,E)® which implies
(M.E)E(F.E)°.

Therefore ?%(F,E)O E(FaE)(a-

(iii) To prove, (F,E) &Y A(F,E)
y

NN—NNN

Since using the result (i) ¥ N (F, E)mYm[Y (F,E)] (Since 175)?).

!

~

E YA(F,E)ALX —(F,E)]

Thus (F,E) EYAF ,E). Which completes the proof.

y

Definition 3.8. Let (U,,U,,7,,A4) be a binary soft topological space of X over
(U,xU,) and F,,G, c )?' , such that F, Z G, . Then the binary soft topological space
is said to be binary soft 7, space denoted as 7 Ay If there exists atleast one binary soft
open set (F;,A4) or (F,,A) such that F, E(FI,A), G, E(FI,A) or F, E(FZ,A),
G, E(F,,A).
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Definition 3.9. Let (U,,U,,7,,A4) be a binary soft topological space of X over
(U,xU,) and F,,G, e X , such that F, Z G, . Then the binary soft topological space

is said to be binary soft 7, space denoted as 7 A If there exists atleast one binary soft
open set (K, A) or (F;, A) such that F, & (F;, 4), G,  (F,. 4) or F, € (F,.,4),
G, & (F, 4).

Definition 3.10. Let (U,,U,,7,,A) be a binary soft topological space of X over
(U,xU,) and F,,G, e X , such that F, Z G, . Then the binary soft topological space

is said to be binary soft 7, space denoted as 7 Ay If there exists atleast one binary soft
open set (£, 4) and (F,, A) such that F, g (F,4), H, g (F,,A4) and
(F.E)YA(F.E) =4,

Proposition 3.11. (i) Every 7, -space isa 7,, -Space.

(i1) Every 7,,-space isa 7,, -Space.
Proof: (i) is obvious. (ii) If (U,,U,,7,,A4) is a 7,,-space then by definition, for
F,G, E ):( W F 2 G, there exists atleast one binary soft open set (F],4) and (F,, A4)
such that F E(F,A), H E(F,4) and (F,E)A(F.E)=¢,. Since
(F.E)A(F,E)=¢,; F 2(F,4) and G, Z(F,4). Thus it follows that
,,U,,r,,A) is a 7, -space.

Note that every 7, -space is a 7,, -Space. Every 7,,-space is a 7,, -space.
The converse donot hold ingeneral. The following examples shows our claim.

Example 3.12. Let U, ={c¢,,c,,c;}, U, ={m,,m,} E={e,e,}.Let

(U, Uy 7y, E) = (X, 8. (e,(c.} {m}).(ex(fc,} imy})} ), binary soft points
F, =ta(icyim}), G, ={e({ej{m})} and F, ={e (i} im})i,

G82 ={e,({c,} {m,})}. Since Fe1 #* Ge1 ; then there exists binary soft open set

(F.E)= {{(a (6} m}).(e,(16,} tm,}))} } such that F, & (F,.E), G, E(F.E).
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Similarly for the pair Fe2 # Ge2 , there is binary soft open set (F, E) such that
Ge2 g (F,E), Fe2 E (F,E). This shows that (U,,U,,7,,E) is a binary soft 7,, -Space.

Clearly (U,,U,,7,,E) is not a binary soft 7,, -space.

Proposition 3.13. Let (U,,U,,7,,E) be a binary soft topological space of X over
(U,xU,) and Y be a non-empty subset of X . If U,,U,,7,,E) is a binary soft Tay"

space then (U,,U,,7, ,E) is a binary soft 7,, -Space.

Proof: Let (U,,U,,7,,E) be a binary soft topological space of )? over (U,xU,).
Now let F,G, 5% such that F, # G, . If there exists binary soft open set (£],E) in
)? such that F, E(E,E) and G, Z(F],E). Now F,| é? implies that F, E? So
F, c ? and F, E(Fl,E). Hence F, g ?(:W(FI,E) =["(F,E)], where (F,E)er,.
Consider, G, Z(FI,E), this means that G, ¥ () for some g €E. Then
G, 7Y A(F,E), =Y, A(F,E),. Therefore G, %Y A (F,E)=["(F.E)]. Similarly
it can be proved that if G, E(F,,E) and F. &(F,,E) then G,&['(F,,E)] and
F.€["(F,,E)]. Thus (Ul,Uz,rAy,E) is a binary soft r, -space.

Example 3.14. Let U, ={c¢,,c,,c;}, U, ={m,,m,} E={e,e,} and
£, = (XL g (e (e} Im Dl im D)l i (e (e im ) (e e im)

(e (XX (e} fm )}

Where (F,, E) = {(,({c,} fm D) (e, (fe} fm )}
(Fy E) = {(e,({e,} im ), ({6,} fm )}
(Fy. E) = {(e,({e,} fm )}

(Fy E) = {(e,({XHX D) (e, (e} m 1)}

Clearly (U,,U,,t,,E) is binary soft topological space of X over (U, xU,).
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Note that 7, = (X446 (e} m )} {(e (e} m, )3,

Ta, :{):( ,g,{(ez({cl}{ml}))},{(ez({cz}{mz}))} are binary soft topological
spaces on )? over (U, xU,). There are two pairs of distinct binary soft points namely
F, =ie({e;} imy3))}, G, = e (e ) im))yand F, = {(e,({¢} {imy )5,

Ge2 ={(e,({c,} {m,}))}. Then for binary soft pair Fel #* Ge1 of points , there are binary
soft open sets (F,E) and (F,,E) such that Fe1 Z(E,E) ,Ge1 z(Fl,E) and
Ge1 g (F,,E), Fe1 E(FZ,E). Similarly for the pair Fe2 #* Ge2 , there are binary soft
open sets (F,E) and (F,,E) such that Fe2 g(FZ,E), Ge2 E(Fz,E) and
Ge2 E(FI,E),FE2 e (F},E). This shows that (U,,U,,7,,E) is binary soft space Ty "
space and hence a binary soft 7,, -Space. Note that (U,,U,,7,,E) is binary soft Ty, "

space.

Example 3.15.

Let U, ={c,,c,,c3}, U, ={m,,m,} E={e,e,} and

7, ={X.§.(F,.E).(F,.E),(F,,E)} . Clearly, (F,,E)={(e,({c;} {m})},

(Fu B) = {(ex(fe,} i)}, (FLE) = {(e (e} im ) (ey(fe} fmy )} soft points
namely, F, = {(¢,(ic,} i} )} G, = {(¢(ig} {m})}. Then (U,.U,.7,,E) is binary
soft topological space on )? over (U, xU,). Now, there are two pairs of binary soft
distinct points namely, £, = 1{(e,(ic,} {m,}))}, G, ={(e(ic,} im }))} and

Fe2 ={(e,({c,} {m,;}))}. Ge2 ={(e,({c,} {m,}))}. Then for the binary soft pair

Fe1 * Ge1 of points there does not exist binary soft disjoint open sets (F, E) and (G, E)
such that £, E(F,E),G, &(F.E) and F, €(G,E), G, &(F,E). Thus (U,,U,,z,,E)
is not a binary soft 7, -space. Clearly (U,,U,,7,,E) is a binary soft 7, -space and
hence a binary soft 7,, -Space.

Theorem 3.16. Let (U,,U,,,,E) be a binary soft topological space on X over
(U, xU,) .Then each binary soft point is binary soft closed if and only if
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U,,U,,z,,E) is a binary soft 7,, -space.

Proof: Let (U,,U,,7,,E) be a binary soft topological space on X over U, xU,).
Now to prove Let (U,,U,,7,,E) is a binary soft 7, -Space, suppose binary soft points

e
e

(F,E), Ge1 (G,E) are binary soft closed and Fe1 ¢Ge1- Then (F,E)° and

4
(G,E)" are binary soft open in (U,,U,,7,,E). Then by definition (F,E)" =(F°,E),
where F(e)=X—F(e,) and (G,E) =(G°,E), where G =X —Gl(e,). Since
F(e) fsz(el) = Z . This implies F(e)= )? —G(e) =G for all e. This implies
F(e)= ):(— G(e)=G" for all e. This implies F(e)=(F,E) g (G,E)°. Similarly,
G(e)=(G,E)E(F,E). Thus we have F(e)Z(G,E), G(e)#(G,E)° and
F(e) Z (F,E)", G(el)é(F,E)c. This proves that (U,,U,,7,,E) is binary soft Ty "
space.

Conversely, let (U,,U,,r,,E) is binary soft 7, -space, to prove that
F(e)=(F,E) g )? is binary soft closed, we show that (£, E)° is binary soft open in
U, U,,t,,E). Let Gel =(G,E) e (F,E)° is binary soft closed. Then 1’76,1 * Ge1 , since
,,U,,z,,E) is binary soft 7, -space, there exists a binary soft open set (L,E) such
that G, E(L,E)E (F,E)° and hence 6661 {(L,E),G, S (F,E) =(F,E)}. This
proves that (£, E)° is binary soft open in (U,,U,,7,,E) thatis FE1 =(F,E) is binary
soft closed in (U,,U,,7,,E). Which completes the proof.

Remark 3.17. It is clear that, in general if (U,,U,,7,,E) is a binary soft 7, -space,

then (U,,U,,7, ,E) is not necessarily a 7,, -space. The following Theorem gives

condition for (U,,U,,7, ,E) to be a binary soft 7,, -space.

Theorem 3.18. Let (U,,U,,7, ,E) be a binary soft topological space of X over

(U,xU,) and F,,G, € X such that F, #G,. If there exists binary soft open sets
(F,,E) and (F,,E) such that F. € (F,E) and G, & (F,,E)", then (U,,U,,, ,E) isa

binary soft 7,,-Space and (U,,U,,7, ,E) is a binary soft 7,,-space for each e S E .
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Proof:  Clearly Ge1 g (F,E) =(F,E) implies Ge1 P (F,,E). Similarly
F.(F,EY =(F\,E) implies F #(F,,E). Thus we have F &(F,E),
G, é(F],E) or G, Z(FZ,E), F, Z(Fz,E). This proves (UI,UZ,TAE,E) is a binary
soft 7,, -Space. Now for any e cE, (UI,UZ,TAQ,E) is a binary soft topological space
and F,E(F.E) and G E(F,E) or G, &(F,E) and F, &(F,,E). So that
F,EF(e), G, £ F(e) or G, EFy(e), G, & Fy(e). Thus (U,,U,.7, ,E) is binary soft

7,,-Space.

Theorem 3.19. Let (U,,U,,7, ,E) be a binary soft topological space on X over

(U,xU,) and F,,G, € X such that F, # G, . If there exists binary soft open sets
(F,,E) and (F,,E) such that F. € (F,,E) and G, € (F,,E) or F. € (F,,E) and
G, e (F,,E)", then (U,,U,,7,,E) is a binary soft 7,,-Space and (Ul,Uz,rAe,E) isa

binary soft 7,,-Space for each e € E .

Proof: Clearly G, c (F,E) =(F9,E) implies G, P (F,E). Similarly
F, g (F,,E) =(F2,FE) implies F, P (F,E). Thus we have
F, é(E,E) ,G, E(F,,E) or G, g (F,,E), F, Z (F,,E). This proves (U,,U,,7,,E) is
a binary soft 7,, ~Space. Now for any eéE, (Ul,Uz,rAe,E) is a binary soft Tay"
space and F, E(E,E) and G, E(F],E)c or G, E(FZ,E) and F, ;NEJ(FQ,E)C. So that
F(e)EF(e), G(e)Z F(e) or G(e)EF,(e), F(e)& F(e). Thus U, U7, ,E) is
binary soft 7,, ~Space.

~

Theorem 3.20. Let (U,,U,,7,,E) be a binary soft topological space on X over
(U,xU,) and F,,G, é)? such that F, #G,. If there exists binary soft open sets
(F,,E) and (F,,E) such that F. €(F,E) and G,&(F,E) or G, &(F,,E) and
F, E(FZ,E)", then (U,,U,,7,,E) is a binary soft 7,,-Space and (U,,U,,7,,E) is a

binary soft 7, -Space and (U,,U,,7, ,E) is a binary soft 7, -Space for cach e € E .

Proof: The proof is similar to the proof of 3.19.
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Now we shall discuss some of the binary soft heriditary properties of 7, (i= 0,1)
spaces.
Theorem 3.21. Let (U,,U,,,,E) be a binary soft topological space on X over
(U,xU,) and Y & X . Then, if U,,U,,r,,E) is a binary soft 7,,-Space then

b

,,U,,r, ,E) is abinary soft 7,, -Space.
y

Proof: Fe,Geéf; such that F, #G,. Then Fe,Geé)?. Since (U,,U,,7,,E) is a
binary soft 7,, -Space, thus there exists binary soft open sets (F,E) and (G,E) in

U,,U,,7,,E) such that F.€(F,E) and G,%(F,E) or G &(G,E) and
F, E(G, E). Therefore F, g Y(:\(F,E)ZY(F,E). Similarly it can be shown that if

G, 2(G,E) and F &(G,E), then G & (G,E) and F & (G,E). Thus
U,,U,,tz, ,E) is binary soft 7,, -Space.
y

Theorem 3.22. Let (U,,U,,7,,E) be a binary soft topological space on X over
(U,xU,) and YEX.If U,,U,,z,,E) is a binary soft 7, -Space then

U,,U,,r, ,E) is abinary soft 7, -space.
y

Proof: The proof is similar to the proof of Theorem 3.21.

Theorem 3.23. Let (U,,U,,,,E) be a binary soft topological space on X over
U, xU,).1f (U,,U,,7,,E) is a binary soft 7,,-space on X over (U,xU,), then

U,,U,,z, ,E) is a binary soft 7,,-space for cach e € E .

Proof: Let (U,,U,,7,,E) be a binary soft topological space on X over (U,xU,).

~

For any eEE, T, ={F(e):(F,E)§TA} is a binary soft topology on X over
(U, xU,). Let x,yéf such that x# y, since (U,,U,,7,,E) 1s a binary soft Ty, -

space, therefore binary soft points Fe,Geé)? such that F,#G, and XeF (e),
yéG(e), there exists binary soft open sets (F,E) and (F,,E) such that
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F.2(F,E), G,&(F,E) and (F,E)~(F,,E)=¢. Which implies that

XE F(e) c F(e), vy g G(e) c F,(e) and F(e) r:\FZ(e) = 5 . This proves that
U,,U,,t, ,E) is a binary soft 7,, -Space.

Theorem 3.24. Let (U,,U,,7,,E) be a binary soft topological space on )? over

(U, xU,) and ? & )? JIfU,,U,,7,,E) 1s a binary soft 7,,-space then

(Ul,Uz,TAy ,E) 1s a binary soft 7,,-space and (U],UZ,TAG,E) is a binary soft Ty, "
space for each e cE.

Proof: Let F,,G, E }% such that F, # G, . Then F,,G, é)? , since (U,,U,,7,,E) is a
binary soft 7y, therefore there exists binary soft open sets (F},E) and (F,,E) such
that F E(F,E), G, &(F,E) and (F.E)E(F,,E)=4. Thus

(F.E)="(F.E),

ou

F &Y

~

Geéfr:\(Fz,E)Zy (F,,E) and Y(FZ,E)rz\ Y(Fz,E)=(Z. Thus it proves that
U,,U,,t, ,E) is a binary soft 7,, -space.
y

Theorem 3.25. Let (U,,U,,7,,E) be a binary soft topological space on X over
u,xu,). It (U,,U,,r,,E) is a binary soft 7,,-space and for any two binary soft

points F,G, € X such that F, #G,, then there exists binary soft closed sets (£}, E)
and (F,,E) such that F. €(F,E), G, 2 (F,E) and F & (F,,E), G, €(F,,E) and

(F,E)O(F,,E)=X .

Proof: Let (U,,U,,7,,E) be a binary soft topological space on )? over (U, xU,).
Since (U,,U,,7,,E) is binary soft 7, -space and F,,G, X such that F, # G, , there
exists binary soft open sets (H, E) and (L, E) such that F, g (H,E) and G, g (L,E)
and (H,E)A(L,E)=¢ . Clearly (H,E)&(L,EY and (L,E)&(H,E). Hence
F, E(L,E)", put (L,E)° =(F,E) which gives Feé(Fl,E) and G, E(Fl,E). Also
G, €(F,,E), then put (H,E)° =(F,,E). Therefore F. € (F,E) and G, & (F,,E).
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Morever (F,, E)J(F,,E)=(L,E) O(H,E)° = X . Which completes the proof.

4. Binary Soft Regular, Binary Soft Normal and Binary Soft z, (i=4,3) Spaces

In this section, we define binary soft regular and binary soft 7,, - spaces using binary

soft points. We also characterize binary soft regular and binary soft ormal spaces.
Morever we prove that binary soft regular and binary soft Ty, properties are binary

soft heriditary, where as binary soft normal and binary soft 7,, are binary soft closed

heriditary properties.

Now we define binary soft regular space as follows:

Definition 4.1. Let (U,,U,,7,,E) be a binary soft topological space on X over
(U,xU,). Let (F,E) be a binary soft closed set in (U,,U,,7,,E) and F, cX , such
that F| E (F,E). If there exist binary soft open sets (G, E) and (H, E), such that

F.2(G,E), (F,E)& (H,E) and (G,E)A(H,E)=¢ , then (U,,U,,z,,E) is called a

binary soft regular space.

Theorem 4.2. Let (U,,U,,7,,E) be a binary soft topological space on X over

(U, xU,) . Then the following statements are equivalent:
(1 U,,U,,7,,E) is binary soft regular.

(i1) For any binary soft open set (F,E) in (U,,U,,7,,E) and G, g (F,E), there

is a binary soft open set (G,E) containing G, such that G, g (G,E) E (F,E).

(ii1) Each binary soft point in (U,,U,,7,,E) has a binary soft neighborhood
base consisting of binary soft closed sets.

Proof: (i) = (ii)
Let (F,E) be a binary soft open set in (U,,U,,7,,E) and G, g (F,E). Then

(F,E) is binary soft closed set such that G, E(F ,E)°. By the binary soft regularity
of (U,U,,7,,E), there are binary soft open sets (F,E), (F,,E) such that

G, E(F],E), (F,E) E(Fz,E) and (FI,E)r:\(FZ,E)Zg. Clearly (F,,E)‘ is a binary
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soft closed set contained in (F,E). Thus (E,E)E(Fz,E)CE(F ,E). This gives

(F.E)E (F,EY E(F.E), put (FK,E)=(G,E). Consequently, G,<(G,E) and

(G,E)E (F,E). This proves (ii).
(i) = (iii)

Let G, cX , for binary soft open set (F,E) in (U,,U,,7,,E), there is a binary

soft open set (G,E) containing G, such that G, g (G,E), (G,E) c (F,E). Thus for

each G, e X , the sets (G,E) form a binary soft neighborhood base consisting of
binary soft closed sets of (U,,U,,7,,E) which proves (3).

(i) = (1)

Let (F,E) be a binary soft closed set such that G, E(F ,E). Then (F,E) isa
binary soft open neighborhood of G,. By (iii), there is binary soft closed set (£}, E)
which contains G, and is a binary soft neighborhood of G, with (£, E) c (F,E) .
Then G, Z (F,E), (F,E) c (F,E) =(F,,E) and (FI,E)r:\(FZ,E) = ;Z Therefore
U,,U,,t,,E) is binary soft regular.

Theorem 4.3. Let (U,,U,,7,,E) be a binary soft regular space on X over (U, xU,).
Then every binary soft subspace of (U,,U,,7,,E) is binary soft regular.

Proof: Let (U,,U,,7, ,E) be a binary soft subspace of a binary soft regular space
y
U,,U,,t,,E). Suppose, (F, E) is a binary soft closed set in (U,,U,,7, ,E) and

F, e ? such that F| E(F,E). Then (F,E)= (G,E)(:W?; where (G, E) is binary soft
closed set in (U,,U,,7,,E). Then F, E(G,E), since (U,,U,,7,,E) is binary soft
regular, there exists binary soft disjoint binary open sets (F,E),(F,,E) in
U,,U,,7\,E)  such  that  F, E(F,E), (G,E)&(F,E). Clearly,
FE(F,E)NY ="(F,E) and (F,E)& (F,,E)AY="(F,,E) such that ' (F,E)&
! (Fz,E)Zg. Therefore it proves that (Ul,Uz,rAy,E) is a binary soft regular
subspace of (U,,U,,7,,E).

~
~

Theorem 4.4. Let (U,,U,,7,,E) be a binary soft regular space on X over
(U, xU,). A binary space (U,,U,,7,,E) is binary soft regular if and only if for each
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F, €X and a binary soft closed set (F, E) in (U,,U,,7,,E) such that F, g(F,E),
there exist binary soft open sets (Fj,E),(F,E) in (U,U,,7,,E) such that

EE(F.E)., (F.E)E(F,.E) and (F, E)A(F, E)=¢ .

Proof: For each F, X anda binary soft closed set (G, E) such that F, P (F,E), by
Theorem 4.2 there is a binary soft open (G,E) such that F, e (G,E),

(G,E)E(FI,E)". Again by Theorem 4.2 there is a binary soft open (F,E)

containing F, such that (FI,E)E(G,E). Let (F,,E)=(G,E)), then

(F.E)S(G.E)E(G.E)S(F,E)Y  implies  (F,E)E((G,E)) =(F,,E)  or
(F,E)E (F,,E).
Also

(F.E)A(F,, E)=(F,E) (G, E)) €(G.E) N (G,E) SG.E)A(G.E) =¢ = ¢
. Thus (F,E) , (F,,E) are the requirred binary soft open sets in (U,,U,,7,,E). This
proves the necessity. The suffciency is immediate.

Definition 4.5. Let (U,,U,,7,,E) be a binary soft topological space on X over
(U, xU,), (F.E)and (G,E) are binary soft closed sets over (U, xU,) such that
(FLE) r:\(G, E)= 5 . If there exist binary soft open sets (F,E) and (F,,E) such that
(F.E)E(F,,E), (G,E)E(F,,E) and (F,E)A(F,,E)=4¢, then (U,,U,,7,,E) is
called a binary soft normal space.

Definition 4.6. Let (U,,U,,7,,E) be a binary soft topological space on X over
(U, xU,). Then (U,,U,,7,,E) is said to be binary soft 7, -space if it is binary soft

regular and a binary soft s, -Space.
Remark 4.7. (i) A binary soft 7,, ~Space may not be a binary soft 7,,-space.

() If (U,,U,,r,,E) is a binary soft 7,, -space, then (U,,U,,7, ,E) may not be a

binary soft 7 A, ~SPace for each parameter e cE

~
~

Proposition 4.8. Let (U,,U,,7,,E) be a binary soft topological space on X over

(U, xU,) and YEX. If u,,U,,r,,E) is a binary soft 7,, -space then
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,,U,,r, ,E) is a binary soft 7,, -Space.
y

Definition 4.9. A binary soft topological space (U,,U,,7,,E) on X over (U,xU,)

is said to be a binary soft 7,,-Space, if it is binary soft normal and binary soft Ty "
space.

Theorem 4.10. A binary soft topological space (U,,U,,7,,E) is binary soft normal
if and only if for any binary soft closed set (F, E) and binary soft open set (G, E) such
that (F ,E)E(G,E), these exist atleast one binary soft open set (H,E) containing

(F,E) such that (F,E) & (H,E)E (H,E) E(G,E).

Proof: Let us suppose that (U,,U,,7,,E) is a binary soft normal space and (F, E) is
any binary soft closed subset of (U,,U,,7,,E) and (G,E) is a binary soft open set

such that (# ,E)E(G,E). Then (G,E)° is binary soft closed and
(F ,E)r:\(G, E) =¢. So by supposition, there are binary soft open sets (H,E) and
(K.E) such that (F,E)& (H.E), (G.E) &(K.E) and (H,E)~(K,E)=4 . Since
(H,E)r:\(K,E)ZgI?, (H,E)E(K,E)”. But (K,E)" is binary soft closed, so that
(F.E)E(H,E)S (H.E)E(K.E) E(G,E).

Hence (F,E)E (H,E)E (H,E)ZE(G,E).

Conversely, suppose that for every binary soft closed set (F, E) and a binary
soft open set (G, E) such that (F,E) c (G,E), there is a binary soft open set (H,E)
such that (F,E) é (H,E) E(H—,E) é (G,E). Let (F,E), (F,,E) be any two binary
soft disjoint closed sets, then (£, E) c (F,,E)° where (F,,E)" is binary soft open .
Hence there is a  Dbinary soft open set (H,E) such that
(F,E)E(H,E)E&(H,E)E(F,,E). But then (F,E)S((H,E)° and

(H,E)S(H.E) 24 .

Hence (F,E) & (H,E) and (F,,E) & ((H,E))* with (H,E)A(H,E))=¢ .

Hence (U,,U,,7,,E) is binary soft normal space.

Proposition 4.11. Let (U,,U,,7, ,E) be binary soft subspace of a binary soft
y

topological space (U,,U,,7,,E) and (F, E) be a binary soft open(closed) in
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(Ul,Uz,rAy,E). If Y is a binary soft open(closed) in ,,U,,z,,E), then (F,E) is

binary soft open(closed) in (U,,U,,7,,E).

Theorem 4.12. A binary soft closed subspace of a binary soft normal is binary soft
normal.
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