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Abstract

The notion of product fuzzy graph has generalized for intuitionistic product
fuzzy graph and definition of complement and ring sum of two intuitionistic
product fuzzy graph have provided. Further some properties of ring sum of
intuitionistic product fuzzy graph have discussed.
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INTRODUCTION

In 1975, Rosenfeld [4] discussed the concept of fuzzy graphs whose basic idea was
introduced by Kauffmann in 1973. The fuzzy relations between fuzzy sets were also
considered by Rosenfeld and he developed the structure of fuzzy graphs, obtaining
analogs of several graph theoretical concepts. In [4] Rosendfeld and Yeh and Beng
independently developed the theory of fuzzy graph. A fuzzy graph is a pair G:(o, u),
where o is a fuzzy subset of V and p is fuzzy relation on V such that, p (xy) <o (x) A
o (y) for all x,y €V where 6:V — [0,1] and : V X V - [0,1].

Mohideen Ismail S. et al [11] have evaluated the basic definitions of intuitionistic
fuzzy graph and discussed some properties of the power of an intuitionistic fuzzy
graph and given the relationship between the index matrix of an intuitionistic fuzzy
graph and power of an intuitionistic fuzzy graph and Nagoor Gani A. et al [2010] has
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introduced regular fuzzy graph.

V. Ramaswamy and Poornima B. [12] replaced ‘minimum’ in the definition of fuzzy
graph by ‘product’ and call the resulting structure product fuzzy graph and proved
several results which are analogous to fuzzy graphs. Further they discussed a
necessary an sufficient condition for a product partial fuzzy sub graph to be the
multiplication of two product partial fuzzy sub graphs.

The notion of product fuzzy graph has generalized for intuitionistic product fuzzy
graph and definition of complement and ring sum of two intuitionistic product fuzzy
graph have provided. Further some properties of ring sum of intuitionistic product
fuzzy graph have discussed.

1. PRELIMINARY

Definition:1.1[12] Let G be a graph whose vertex set is V,o be a fuzzy sub set of V
and u be a fuzzy sub set of VXV then the pair (o, ) is called product fuzzy graph if

uxy) <o(x) Xo(y) ,Vx,y€V

Remark : If (o, u) is a product fuzzy graph and since a(x) and o(y) are less than or
equal to 1, it follows that u(x,y) < 6(x) X o(y) < o(x) Ac(y) ,Vx,y € VHence
(o, u) is a fuzzy graph thus every product fuzzy graph is a fuzzy graph

Definition:1.2 a product fuzzy graph (o, u) with crisp graph (V,E) is said to be
complete product fuzzy graph if u(x,y) = o(x) X o(y) ,VXy€V

Definition:1.3 A product fuzzy graph (o, 1) with crisp graph (V,E) is said to be
strong product

fuzzy graph if u(x,y) = o(x) xo(y) ,V(xy) €E

Definition:1.4[14] The complement of a product fuzzy graph (o, u) with crisp graph
(V,E)is (6,x) where d=0

And rxy) = o) xo(y) —uxy)
=5 (x) X&) —uxy)
It follows that (G, ) itself is a fuzzy graph. Also
B xy)= o) xo(y) —ixy)
=o(x) X o(y) — [6(x) X 6(y) — u(x,y)]
=uxy) Vx,y€eV
Definition:1.5 [15] LetG;: (oy,1,) and Gy:(og, 1) are product fuzzy graphs with
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Gl: (VlJ EZ) and GZ: (Vz, Ez) and Iet G= Gl V) Gz: (Vl V) Vz, E1 V) Ez) be the unlon Of
G; and G,. Then the union of two fuzzy graphs G; and G, is also a product fuzzy
graph and is defined as

G = G1 U Gy: (01 U oy, 1y Up,) Where

Gl(u) lfu € Vl - Vz
(01 U Gz)u = Gz(u) ifue VZ - Vl
max|[o, (u), 6, (W] ifuev,nv,
u, (uv) ifuv e E; — E,
And (1, Up)uv = 4 i, (uv) ifuv € E, — E;
max[p, (uv), u, (uv)] ifuv € E; NE,
L 0 otherwise

Definition:1.6 [15] Let (o4, ;) be a product partial fuzzy sub graph of G; =
(V1,Xy)and (o 5, 1,) be a product fuzzy sub graph of G, = (V,X;) . Let X' denot the
set of all arcs joining the vertices of V; and V,. Then the join of (oy,p,) and
(6 2,1,) isdefinedas (61 + 0,1, +p,) where

) ifu eV,
(01+02)u= Gz(u) lfUEVZ
c;(W)Vo,(u) ifuev,ny,
( u, (u,v) if (u,v) € X4
w, (u,v) if (u,v) € X,
A = J 2
nd (hy + 1yuv u, (u,v) v, (u,v) if (u,v) € X; N X,

L o,(u) X 6,(v) if (u,v) €X'

2. MAIN RESULTS

Definition: 2.1 An intuitionstic product fuzzy graph (IPFG), denoted by
G: {(o,7), (1, v)} of any crisp graph G:(V,E) is defined as follows

1) The function o:V - [0,1] and 1:V — [0,1] denote the degree of
membership and nonmembership of the elements x; € V respectively such
that

0<{o(x)+tx)}<1VxeV,(i=12,...... n)
i) The function ©: VxV - [0,1] and y: V X V — [0,1] are defined by
n(xi, x) < product[cs(xi),c(xj)]
And y(x;, %) < max[r(xi),r(xj)]
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Definition:2.2 An intuitionstic product fuzzy graph (IPFG) is said to be strong if and
only if

wVxV-[01]andy:V xV - [0,1] such that
p(xi,xj) = product[cs(xi),c(x]-)]
And y(xi,xj) = max[r(xi),r(xj)] forall (x,%;) € E.

Definition:2.3 An intuitionstic product fuzzy graph (IPFG) is said to be complete if
and only if

wVxV-[01]andy:V xV - [0,1] such that
u(xi,xj) = product[G(Xi),G(xj)]
And y(xi,xj) = max[r(xi),r(xj)] forall x;,x; € V.

Definition:2.4 Complement of An intuitionstic product fuzzy graph (IPFG) is defined
by

The function o:V - [0,1] and 1:V — [0,1] denote the degree of
membership and nonmembership of the elements x; € V respectively such
that

0<{o(x)+tx)}<1Vx€V,(i=12,...... n)Then
c=candT=1
And u:V xV = [0,1]and y:V X V - [0,1] such that
ﬂ(xl-,xj) = product[a(xi), a(xj)] — ,u(xl-,xj)
< product[a(xl-), a(x]-)]
product[&(xi), E(xj)]
i.e. ﬁ(xi,xj) < product[&(xi),ﬁ(xj)]
And V(xi,xj) = max[r(xi),r(xj)] - y(xi,xj)
< max[r(xi),r(xj)]
= max[f(xi),f(xj)]
i.e. 7(xi %) < max[t(x), T(x;)]
Definition:2.5 Complement of an strong intuitionstic product fuzzy graph is defined
by
o:V - [01]and7:V - [0,1] suchthatg =cand T =1
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And u:V xV - [0,1]and y:V x V = [0,1] such that
ﬁ(xi,xj) = product[a(xi), a(xj)] — ,u(xl-,xj)
=0
Since ,u(xi,xj) = product[a(xi),a(xj)] V(x;,x;) EE
And 7(x;, x;) = max[t(x), t(x;)] — v (i %)
=0
Since y(xl-,xj) = product[r(xi),r(xj)] V(x;,x;) EE

Definition:2.6 Complement of an complete intuitionstic product fuzzy graph is
defined by

o:V - [01]and7:V - [0,1] suchthatg =cand T =1
And u:V xV - [0,1]and y:V x V - [0,1] such that
/i(xl-,xj) = product[a(xi), a(xj)] — /,t(xl-,xj)
=0
Since ,u(xi,xj) = product[a(xi), a(xj)] Vx;,xj €V
And 7(xi, %) = max[t(x), t(x)] — v(xi, %))
=0
Since y(xl-,xj) = product[r(xl-),r(xj)] Vx;,x; €EV.
Definition:2.7  Let Gy:{(01,11),41,v,)} and  G1:{(02,72), 42, 7,)} be two
intuitionstic product fuzzy graph with crisp graph G;: (V4,E;) and G,: (V,, E,) res.

Then the ring sum of two intuitionstic product fuzzy G;: (o1, 1) and Gy: (03, Uy) IS
denoted by G = G, ®G,: {(01D0,, 11 D1,), (11 Bpz, v, Dy, )} is defined as

The function o:V - [0,1] and t:V — [0,1] denote the degree of membership and
nonmembership of the elements x; € V respectively such that

0<{o(x)+t(x)}<1Vx,€eV,(i=12,...... n)
(Gl)X le E V1 - VZ
(0,0,)x = (0,)x ifxev, -V,
max{o, (x),62(x)} ifxev; Ny,
(11)x ifxeVv, -V,
(11D12)x = (T2)x ifxeV, -V

max{t,(x),7,(x)} ifxevynV,
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py (xy) if xy € E; —E,

And (1 ®uz)xy = {Mz(xy} if xy € E; — Ey
0 otherwise

y1(xy) if xy € E; —E,

(r1®v2)xy = {yz (xy) if xy€E,—E;

0 otherwise

Theorem 2.8 Let Gy:{(cy,71),1,7,)} and  Gy:{(o2,72),1,,7,)} With 0 <
{o(x;) +1(x))} <1 Vx; € V be two intuitionstic product fuzzy graph of crisp graph
Gy: (V4, Ey) and Gy: (V,, E,) res. Then the ring sum of two intuitionstic product fuzzy
denoted by G = G;®G,: {(01D0,,7:D1,), (1, B, v,By,)} is also an intuitionstic
product fuzzy graph.

Proof: Since Gi:{(c1,t1),1,,v,)} and Gy:{(c2,72),1,,v,)} be two intuitionstic
product fuzzy graph with 0 < {o(x;) +t(x))} <1 vx; €V of crisp graph
Gy:(V,Ey) and  Gy:(V,,Ey) res. Then we have to show that G=
G1DG;: {(01B02, 11 D1), (1, B, v, By, )} for this it is sufficient to show that

) (0, ®u,)xy < {(61D0,)x X (6,D0,)y}
i) (7,07,)xy < {(t:B1,)xV(1:D1,)y} In each case.
Case-1Ifxy € E; —E, andx,y € V; —V, then
(1, ®u,)xy =, (xy)
< [6:(%) X 61(y)]
= [(0; Uoy)x X (67 U 0y)y] VX, y€EV, =V,
= [(01®0,)x X (0:©03)y]
e (u,®u,)xy < [(61D0,)x X (6:D0,)y] Vxy€eEV, -V,
Andxy € E; —E, and x,y € V; —V, then
(r,®v,)xy =7, (&xy)
< max[t; (x), 1, (y)]
= max[(1; U 1,)x, (1, U 1,)y] Vx,yeEV, -V,
= max[(1; ®12)x, (1; 1)yl
i.e (v, ®y,)xy < max[(1;Dr1,)x, (1,D1,)y] VX yeV;, =V,
Case-2 Ifxy € E, —E; andx,y € V, — V; then
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(n, ®u,)xy =, (xy)
< [6:(x) X 62 (y)]
= [(01 U oz)x X (01 U 63)y] VX, y €V, = V;
= [(01®02)x X (01@03)y]
e (n,®w)xy < [(6:B0,)x X (06:B0,)y]  Vxy€EV, —V;
Andxy € E, —E; andx,y € V, —V; then

(r;®1,)xy = 7, (xy)
< max[t,(x), 1, (y)]

= max[(ty U)X, (11 U 12)y] Vxy €
V2 - V1

= max[(1;®12)x, (1: 1)yl
i.e (v,®y,)xy < max[(1;®1p)x, (1:012)y] Vxy€EV, -V,
Case-3Ifxy € E; — E, andx,y € V; —V, then
(1, ®p,)xy = p, (uv)
< [max(o;(x), 52(x)) X max(o1(y), 62(y))]
= [(0, U o)X X (67 Uoy)y]
= [(61®02)x X (01@0,)y]
i.e (1, ®u,)xy < [(6:D0,)x X (6,D0,)y] forxy € E; —E, andx,y € V; —V,
And (v, ®7,)xy =7, (xy)
< [max(ty (%), 12 (x)) Vmax(ty (), T2 (¥))]
= max[(t; U 1,)%, (11 U 12)V]
= max|[(t; Bt,)x, (1:Do,)y]
i.e (v,®v,)xy < max[(t;D1,)x, (1:D1,)y] forxy €E; —E, andx,y €V, —V,
Similarly we can show that if xy € E, — E; and x,y € V, — V;then
(1, 01,)xy < [(0;B0,)x X (6,@0;)y] and
(v,@D7,)xy < max[(t,D1,)x, (1;D1,)y]

This completes the proof of the proposition.
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Example 2.9

(01,7)(x)=(0.4,0.3) (02,72)(W=(07.02)

0\ (0.19,0.3)

(0.29,0.3

(0.11,0.3) (0.39,0.2)

(01,14)(2)=(0.6,0.2)

(0.14,0.2) (@) =0503) (02703

(01,0 (1)=(03.0.1) Fig (22m2)(=060.1

(0,7)()=(0.7,0.2)
(0,7)(x)=(0.4,0.3)

0\ (0.19,0.3)

(0.29,0.3

(0.11,0.3) (0.39,0.2)

(0,9(@2)=(060.3) (027,03

(0.14,0.2)
(0,7)(v)=(0.6,0.1)

(0,0()=(030.1) Fig.2.12

Table 2.13 Membership table for fig. 2.10,2.11 and 2.12

Membership degree for vertices Membership degree for edges
For Graph For Graph For Graph For For Graph |For  Graph
Gy:{(01,11), 1, 7,)}|G1: {(02,T2), M2, 7,)} G: G1@G, Grath G:  |G: @G,
1

(0, 1)®)=(04,03)  |(03,T,)W=(0.7,0.2)  |(0y,7)(x)=(0.4,0.3) [(0.11,0.3) [(0.39,0.2) [(0.11,0.3)

(0, 1)¥=(030.1)  |(021)()=(0.60.1)  [(oy,1)(¥)=(0.3,0.1) |(0.14,0.2) [(0.27,0.3) [(0.14,0.2)

(01,1)(@)=(0.60.2)  |(02,1)(@)=(050.3)  |(051,)(W)=(0.7,0.2) [(0.19,0.3) [(0.29,0.3) [(0.19,0.3)

__________ (05, 1,)(W=(060.1) | — — — | — — _ [(0.39,0.2)

__________ (0,0(2)=(0603) | — — — | — — _ [(0.27,03)

_______________ —— — | — — _ (0.29,0.3)
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Theorem: 2.14 Let Gy:{(01,71),1,7,)} and  Gi:{(o2,12), 1,,7,)} With 0 <
fo(x)) +1(x)} <1 Vvx;€V and V; nV, = @be two (kq,k,) regular intuitionstic
product fuzzy graph of crisp graph Gy:(Vy,E;) and Gy: (V,,E,) res. Then G =
G1DG,: {(01B0,, 11D1,), (1, B, v,®v,)}is also a (kq, k) regular intuitionstic
product fuzzy graph.

Proof: Given that Gy:{(cy,71),1,,7,)} and G {(oz12) 1, 7,)} Wwith 0 <
{fox) +t(x)} <1 Vx; €V and V; NV, =@bhe two (kq,k,) regular intuitionstic
product fuzzy graph.Then

dg, ®) = (kq,k;)  Vx €V, and
dg,(y) = (ki kz) VyeV,
Now given that V; NV, = @ then
dg,@6, X) = dg,q, (X) + Zxyer{(0, (%) X 62(¥) ), (11 (X) V 12 ()}
= dG1®G2 x)+0
(by Definition of ring sum of intuitionstic product fuzzy graph)
=dg,(x) Vx€eV,
dg, () = (ky k)
i.e. dG1escz x) = (k, k) VxeV, PR @ §
And A0, 1) = e, g6, ) + Zayerl(0,(0) X 62(9) ), (L () V 1)}
= dg, g, ) +0
(by Definition of ring sum of intuitionstic product fuzzy graph)
=dg,(y) VyevV,
dg,(y) = (ky, k2)
ie. de, g0, (y) = (ky,ky) VyevyV, SRR 023 |
Hence by equation (1) and (2) we have
dg, g, ) = da, 0, )

S0 G = G1®G,: {(01B0,,1:B1,), (1, B, v,Bv,)} is a (ky,k,) regular
intuitionstic product fuzzy graph.

Theorem:2.15 Let Gi:{(c1, 7)1, v,)} and  Gy:{(o2,72),1,,7,)} With 0 <
{fo(x)) +t(x)} <1 Vx,€V and vinVv, =0 and G=



5390 Y. Vaishnaw and Sanjay Sharma

G1®G2: {(01®02, T1®T2), (“'1@“'2’ 'Y1®'Y2)} |S a (kll kz) regular IntUItlonStIC
product fuzzy graph then Gy:{(01, T 1y Y} and
Gy:{(02,72), 1, ¥,) } are also (ky, k) regular intuitionstic product fuzzy graph.

Proof: Given hat G = G;®G,: {(01B0;, 111, (1, Bu,, 7, ®v,)} is a (ky,kp)
regular intuitionstic product fuzzy graph with V; NV, = @ then we have to show that
Gi:{(o1, T, 1y, 7} and Gq:{(02,12), 1, v,)} are also (ky, k,) regular intuitionstic
product fuzzy graph.

Now given that V; NV, = @ then
dg, g, (X = dg, (X) + Zyyer{(0, (%) X 62(¥) ), (11 (X) V 12(y)}
=dg,(x)+0
(by Definition of ring sum of intuitionstic product fuzzy graph)
(ki k) =dg,(x) VxeEV,
Since G; G, is (kq, k,) regular intuitionstic product fuzzy graph
i.e. dg,®) = (k,kz) VXE V)i (1)

And dg, g, ) = dg, () + Xxyee{(c, (%) X 62(¥) ), (11 (X) V 12(y)}
(by Definition of ring sum of intuitionstic product fuzzy graph)
dg, g6, @) = d6,(») +0
dg,(y) = (ki k) VyeV,
Since G;®G, is (kq, k,) regular intuitionistic product fuzzy graph
ie.
do, = (K Kz) VY EVy e e (2)

Hence; by equation 1) and (2)
Gy:{(o1, 1), 1,7} and Gy:{(02,12), 1,,7,)} are also (kq,k,) regular intuitionstic
product fuzzy graph.

CONCLUSION

The notion of product fuzzy graph has generalized for intuitionistic product fuzzy
graph and definition of complement and ring sum of two intuitionistic product fuzzy
graph have provided with example. Further we have proved that, If two product fuzzy
graph are (kq, k) regular intuitionistic product fuzzy graph then ring sum of regular
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intuitionistic product fuzzy graph is also a (k4, k,) regular intuitionstic product fuzzy
graph and conversely.
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