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Abstract

In this paper, we introduce two subclasses of analytic functions which are defined
by means of general fractional integral operator and investigate some convolution
properties and coefficient estimates for these classes. Furthermore, several inclu-
sion properties and relevant connections of the results presented here with those
obtained in earlier works are also considered.
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1. Introduction and Definitions

Let A denote the class of functions f(z) of the form
(o.@]
f@=z2+) a, (1.1)
k=2

which are analytic in the open unit disk U = {z : z € C and |z] < 1}. Also let f and g
be analytic in U with f(0) = g(0). Then we say that f is subordinate to g in U, written
f <g or f(z) < g(2), if there exists the Schwarz function w, analytic in U such
that w(0) =0, lw(z)|] < 1 and f(z) = g(w(z)) (z € U). We also observe that

f(z) <gz) inU
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if and only if
f0)=¢0) and  f(U) Cg@)

whenever g is univalent in U.
For functions f;(z) € A, given by

(0.¢]
fj(Z):Z+Zak,jZk (J=12),
k=2
we define the Hadamard product (or convolution) of f1(z) and f2(z) by

(fix D@ =2+ aria2z’ = (a* )@ (el

k=2

Making use of the principle of subordination between analytic functions, Bhoosnur-
math and Devadas [1] considered the subclasses S*[A, B] and K*[A, B] of the class A

for || < £} and —1 < B < A <1 as following (see also [2] and [3]):

SY[A, B] = {f cd: T D osa (1 +AZ) +isina (z € IU)}, (1.2)

[ 1+ Bz
and
ra m1_ @ @) 144z
K[A,B]_ife/l.e W<cosoe(1+BZ)—l—zsma zelU)}. (1.3)

We note that
S°[A, B]=S[A,B], KY[A,B]=K[A,B] (-1<B<A<]I),

where the classes S[A, B] and S[A, B] are introduced and studied by many authors (see
[4], [5], [6] and [7]).

Let a, b and ¢ be complex numbers with ¢ # 0, —1, —2,---. Then the Gaus-
sian/classical hypergeometric function , F1(a, b; c; 7) is defined by

@y
»Fy(a, b; c; z)—g o [’ (1.4)

where (1) is the Pochhammer symbol defined, in terms of the Gamma function, by

- _F(n-l—k)_{l (k= 0)
Mk = T | nm+D--(m+k—1) (k e N).

The hypergeometric function 2 F1(a, b; c¢; z) is analytic in U and if a or b is a negative
integer, then it reduces to a polynomial.
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Many essentially equivalent definitions of fractional calculus have been given in the
literature (cf., e.g. [8], [9]). We state here the following definition due to Saigo [10] (see
also [11] and [12]).

Definition 1.1. For A > 0, i, v € R, the fractional integral operator ZS”Z‘L "V is defined
by

—)»,U«

)”’”f(z) ©o) / =01k <k+u, —vial— —) f@ydg, (1.5
where ; F is the Gaussian hypergeometric function defined by (1.4) and f(z) is taken to
be an analytic function in a simply-connected region of the z-plane containing the origin
with the order

f@=0(z) (z—0)

for € > max{0, u — v} — 1, and the multiplicity of (z — ¢ )*~1 is removed by requiring
that log(z — ¢) to be real when z — ¢ > 0.

The definition (1.5) is an interesting extension of both the Riemann-Liouville and
Erdélyi-Kober fractional operators in terms of Gauss’ hypergeometric functions.

With the aid of the above definition, Owa et al. [12] defined a modification of the
fractional integral operator j& %“ ¥ by

T2 —wWlr@+i+v)
T2 —p+v)

Tl f(2) = Iy F(2) (1.6)

for f(z) € Aand u — v < 2. Then it is observed that jo)t;“ 'Y also maps A onto itself as
follows:

Tl F @) —z+ZCk<A o Vaz, (1.7)
k=2

where

2=+ V)-12)k—1
Cre(h, 1, v) = 1.8
O ) = G Gt v+ 20 (9

(feAr>0u—v<?2).

We note that
TodVf(2) = f(2)
JIHO2 =T, 5f() (fedy+1>58>0)
T D= QN (fedy=0i8>—1),

where Z,, 5 and Qf; (f) are the integral operators introduced by Choi et al. [13] and Liu
[14].
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It is easily verified from (1.7) that

( A+1 mY £z )) = (A+v+ 2)j0):’zﬂ’vf(z) —(A+v+ l)jo):;rl’u’vf(z)(lg)
(feAr>0pn—v<2).

Next, by using the integral operator &70)"ZM Y, we introduce the following new classes

of analytic functions forA > 0, u —v < 2, |¢| < %and —-1<B<A<1:

Sy uvlA, Bl = {f e A: M“’f(z) € SY[A, B] (z eIU)} (1.10)

and
[A.B]: {feA TolV f(2) € KA, B) (zeU)}. (1.11)

A,LLV

It follows from the definitions (1.10) and (1.11) that
f(2) e K, [A, Bl & zf'(2) € SF , ,[A, B] (z € V). (1.12)
In particular, we set
5;9—3+1,0,3—2[Aa B] = S;,S[A’ B]

and
IC)/ s+1.0.5—2[A, Bl = K, 5[A, B]

for—1 < B < A<1landy + 1> § > 0. Furthermore, the subclasses S;‘ys[A, B] and
K, s[A, B] of A was considered by Choi et al. [13].

In this paper, we investigate some convolution properties and coefficient estimates
for the classes Sf’ v [A, B]and IC;’f’ o [A, B]. Furthermore, several inclusion properties
and relevant connections of the results presented here with those obtained in earlier works
are also discussed.

2. Main Results

Unless otherwise mentioned, we will assume in the reminder of this paper that —1 <
b1
B<A<l1, | < > ] = 1 and Ci (X, 1, v) is given by (1.8). In order to establish

our convolution properties, we shall need the following lemmas due to Bhoosnurnath
and Devadas [1, 2].

Lemma 2.1. ([1]) The function f(z) defined by (1.1) is in the class S*[A, B] if and
only if

{f(z)*(l—Mz) } #0 (z €D, (2.1)

(1-2)?
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where '
M= e'* + (Acosa +iBsin oz);. 2.2)
(A— B)lcosa
Lemma 2.2. ([2] Lemma 2.7 with n=1) The function f(z) defined by (1.1) is in the
class K*[A, B] if and only if

{f(z)*(l—Nz)(

} £0 (zel, (2.3)

where
v eoe+[(A+B)cosa+izBSinO‘]§_ (2.4)
(A — B)tcosa

We begin by proving the following theorem.

Theorem 2.3. Let A > 0 and © — v < 2. The function f(z) defined by (1.1) is in the

class Sy, ,[A, B]if and only if
o0 / .
(k—1+kB¢)e'* — (Acosa +iBsina)¢ k1
1 — Cr (A, u, 0 (z €U).
k; A Bicosa O a? T #£0 (e D)

Proof. From Lemma 2.1, we find that f(z) € S , ,[A, B]if and only if

[j’\ YLy % (1 — Mz) ] £0 (zel, (2.5)

.
(1—-2)?
where M is given by (2.2). Then, by applying (1.7), the left hand side of (2.5) becomes

%{ /\va(Z) <(1 _Zz)z - (lﬁjzz)z)]
= %[( AMVf()) { ( Auvf(z)) Auvf()}]
= 1- g k—1+ kB{gji;g?gg:g +iBsina) Gt vy
which completes the proof of Theorem 2.3. =

Theorem 2.4. Let . > 0 and © — v < 2. The function f(z) defined by (1.1) is in the
class K3 , ,[A, B]if and only if
1—§:k(k —1)e!” — [(A —kB)cosa —i(k — 1)Bsina]¢

(A — B)¢ cosa Cr(h, o V)arz* ™! #£0 (z € V).

k=2
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Proof. From Lemma 2.2, we observe that f(z) € ICK" M’U[A, B] if and only if

= )3] £0 (zel, (2.6)

where N is given by (2.4). Then, by using (1.7), the left hand side of (2.6) may be written

1
;[ To oV f(@) % (1= N2)

as
)LMV Z _ NZ2 >:|
[ J@x ((1 — (-

— l l Ao b,V H_ l Ap_v _ )»uv

= - [Zz(zjo,z f@) N{zz( f@) —2(H @) ”

L 2, (k—1)e'® —[(A—kB)cosa —i(k — 1)Bsina]¢ 1

= 1 I;k A= B) ooz Cr(h, p, v)agz" ™,
which evidently proves Theorem 2.4. |

Next, we determine coefficients estimates for a function of the form (1.1) to be in the
classes S}?’M’V[A, B]and ICK"“,V[A, B].

Theorem 2.5. Let A > 0 and max{u, u — v, —A — v} < 2. The function f(z) defined
by (1.1) is in the class Sj'f, v [A, B] if its coefficients satisfy the condition

o0
Z (k —1+|Acosa +iBsina — kBei“|) Cr(A, i, v)|ar] < (A — B)cosa.
k=2

Proof. Since

B i (k—1+kB¢)e!® — (Acosa +iBsinw)¢
(A — B)t cosu

Cr(h, p, v)agzE ! '

k=2
00

k=2

(k—1+kB¢)el® — (Acosa +iBsina)¢

(A — B)¢ cosa Cr(h, 1, v)larl,

and

(k —1+kB¢)e!® — (Acosa +iBsina)¢
(A — B)fcos ‘
|(k — 1)e'® — (Acosa +iBsina — kBe'®)¢ |
- (A— B)cosa
_ (k—1)+ |Acosa +iBsina — kBe'|
- (A — B)cosu

b
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by virtue of Theorem 2.3, we conclude that f(z) € SE" M’U[A, B]. Thus, the proof proof
of Theorem 2.5 is completed. |

By using arguments similar to those above with Theorem 2.5, we can prove the
following theorem.

Theorem 2.6. Let A > 0 and max{u, u — v, —A — v} < 2. The function f(z) defined
by (1.1) is in the class K3 , ,[A, B] if its coefficients satisfy the condition

o0
Zk{k — 14+ |(A—kB)cosa —i(k — 1)Bsina|} Cr(A, u, v)|ax] < (A — B)cosa.
k=2

Next, we investigate two inclusion properties for a function of the form (1.1) to be
in the classes Sy |, ,[A, Bland K5 , ,[A, B]. To prove these results we shall require the
following lemma due to Eenigenburg et al. [15].

Lemma 2.7. ([15]) Let i(z) be convex univalent in U with £(0) = 1 and Re{Bh(z) +
v} >0 (B,v e C).If p(z) is analytic in U with p(0) = 1, then

p(2) + ﬁ;é—)(zlv <h(x) (zel)

implies that p(z) < h(z) (z € U).
By using Lemma 2.7, we prove

Theorem 2.8. LetA >0,A+v>2andu—v < 2. If

. A 2
Relewie* L __*Fv+= ), 2.7)
1+ Bz (A— B)cosa

then
Sy oA, Bl C 8y, A, Bl

Proof. Let f(z) € SS,M,V[A’ BlforA >0,A4+v>2and u —v < 2, and set

)\.-i-l Mu,v /
: (@)
_ i«
where p(z) is analytic in U with p(0) = ei“. By applying the identity (1.9), we obtain
Y T @)
e p(z)—()»%—v—l—l):()»—l—v—l—@w (29)
(@)

Making use of the logarithmic differentiation on both side in (2.9), we have

zp'(2) 1+ Az .
- = h(7). 2.10
p(Z)+e_’“p(z)—u+v—|—1 <COSO[(1—|—BZ +isina (2) (2.10)
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Since the function £ (z) is convex univalent in U with 4(0) = €', from (2.7) we see that
Refe h(z) + A +v+1} >0  (z €.

Thus, by using Lemma 2.7 and (2.10), we observe that p(z) < h(z) in U, so that
f(2) € SA“’ M’U[A, B]. This completes the proof of theorem 2.8. [ |

Remark 2.9. TakingA =v+1 =n (n € N)and u = 0in Theorem 2.3, 2.5 and 2.8, re-
spectively, we have the ruselts obtained by Bhoosnurmath and Devadas [3, Theorem 2.3,
2.5 and 2.6, respectively].

Theorem 2.10. Let 1 > 0 and max{—A — 12, st — v} < 2. Suppose that (2.7) holds for
all z € U. Then
A Bl C KS, , [A, Bl

Proof. Applying (1.12) and Theorem 2.8, we observe that

f) ey, A Bl & zf'(z) €Sy, [A, B]
= z2f'(2) € 8%,y ,,[A, Bl
& f() €Ky, ,.[A, Bl

which evidently proves Theorem 2.10. [

PuttingA =y — 5+ 1, u =0and v = § — 2 in Theorem 2.8 and 2.10, we have the
following corollary.

Corollary 2.11. Suppose that y +1 > § > 0 and

. 1
Re e i —= > __r+l (z € U).
1+ Bz (A — B)cosa
Then
S;ﬁs[A, B] C S;‘H’(S[A, B]
and

KyslA, Bl C Kyti15[A, B].

Finally, we consider the generalized Bernardi-Libera-Livingston integral operator
Ly (f) defined by (cf. [16], [17], and [18])

Lo =L@ =T [T fd (e dio = - @D

Theorem 2.12. LetA > 0, u —v <2 and o > —1. Suppose that

Z } o+1
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If f(Z) € S%,M,U[Av B]’ then EO’(f)(Z) € S)(iﬂ’y[A’ B]

Proof. 1f we set
W2 Le (@)
Iy Lo (F)(2)

where p(z) is analytic in U with p(0) = e, By virtue of (2.11), we observe that

p(z) =e (z e, (2.13)

e (2L f)(z)>/ = 0+ DI @) — 0P L () el). (214
In view of (2.13) and (2.14), we have

Iy f @)
Il Le(H) @)

e p(z)+o=(0c+1)

By using same argument as in the proof of Theorem 2.8 with (2.12), we conclude that
Ls(f)(2) €S} u.v[A, B]. This evidently completes the proof of Theorem 2.12. [ |

Theorem 2.13. Let L > 0, u —v < 2 and 0 > —1. Suppose that (2.12) holds for all

zeU. If f(z) € K¢, [A, B], then Lo (f)(z) € K¢ [A, B].

o
AL,V AL,V

Proof. By using Theorem 2.12, it follows that

f()eKks, [A, Bl & zf'(z) €Sy, [A, B]
= L, (z2f'(2)) € 8, ,[A, B]
& 2L (f)@) €Sy, A, B]
= Lo(f)(2) € K5, [A, B],

which completes the proof of Theorem 2.13. |
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