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Abstract

In this paper we first give a weak convergence theorem for pseudo
nonspreading mappings and then we establish strong convergence for these
mappings which is the generalization of the work recently done by Kurokawa
and Takahashi.(2010). The results are the improvement of the work done by
previous authors.
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INTRODUCTION AND PRELIMINARIES:

In this paper, Let H be a real Hilbert space and C be a complex convex subset of H
.Throughout the paper ,we denote "x,, — x and x,, = x" the strong and weak
convergence of {x,}, respectively. Denote by F(t) the set of fixed points of a
mapping T.

Definition 1.
Let T: C — C be a mapping
(1) T is said to be non expansive, if [|Tx — Ty|| < ||lx — yll,Vx,y € C.

(2) T is said to be quasinonexpansive , if F(T) is nonempty and
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ITx —pll<llx—pl, VXEC,PEF(T). .cooeiiiiiiiiiiiieiiiiii, (1)
(3) T is said to be non spreading , if

2ITx —=Ty|l? < ITx =yl + ITy = plI> Vx,y €EC. ..coevviviiiiin ... (2)
It is easy to prove that T: C — C is nonspreading if and only if
ITx=TylI? < Ix—=ylI?+2x —Tx,y = TY)VX,y EC eceeovvviirininnnn.n (3)

4 T:C->H is said to be k— strictly pseudononspreading in the
terminology of Browder-Petryshyn , if there exists k € [0,1) such that

G) NITx—=Tyll> < llx—yll* +kllx = Tx — (y = TY)II* + 2(x — Tx,y —
Ty) Vx,y €C

Definition 2.

(1) If T:C—C is a nonspreading mapping with F(t) # @, then T s
guasinonexpansive and

F(T) is closed and convex.

(2)Clearly every nonspreading mapping is k — strictly pseudononspreading with
k=0,but the inverse is not true. This can be seen from the following example.

Example: Let R denote the set of all real numbers. Let T: R - R be a mapping
defined by

X, x € (—0,0)

Tx = {—Zx, x € [0, ).

It is easy to see that k- strictly pseudononspreading mapping withk € [0,1), but it is
not nonspreading.

Definition 3.

(1)C be a mapping I-T is said to be demiclosed at ), if for any sequence {x,} € H
with x,, = x and||(I — T)x,|| = 0,we have x* = Tx".

(2) A Banach space E is said to have Opial’s property , if for any sequence {x,} C E

with x,, = x*, we have lim inf||x, — x*|| < lim inf]||x, — |, Vy # x*...... (6)
n—oo n—oo

It is well known that each Hilbert space possesses Opial property.

(3) A mapping Let S: C — C is said to be semicompact , if for any bounded sequence
{x,} c C with
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lim ||x, — Sx,[|=0, then there exists a subsequence {x,} < {x,} such that {x,}
n—-oo

converges strongly to some point x* € C.

Lemma 1. Let E be a uniformly convex Banach space and let B,.(0) = {x € E: ||x|| <
r} be a closed ball with center 0 and radius r > 0.For any given sequence {x;,x,
perenenn Xn ...} € B.(0) and any given number sequence {A,1,, ... ...... Y |
with 1; = 0,72, 4; = 1, there exists a continuous strictly increasing and convex
function g:[0,2r) — [0, 0)with g(0) = 0 such that for any i,j € N,i <j the
following holds:

IZ =1 Anxnll? < Bpoey An N 11 = 2 g (|2 = 2] vveeeeiii (7)

Lemma 2. Let H be a real Hilbert space , C be a nonempty and closed convex subset
of H,and T: C — C be astrictly pseudononspreading mapping,

Q) If F(T) # @, then itis closed and convex.

(i) (I = T) is demiclosed at origin.

Lemma 3. Let T:C - C be a strictly pseudononspreading mapping with k €
[0,1). Denote T = BI + (1 — B)T, where § € [k, 1), then

(i)  F(T)=F(Tp);
(i) The following inequality holds
2
||Tﬁx - Tﬁy” <|lx—yl*+ ﬁ(x —Tpx,y —Tey)Vx,y €C,......... (8)
(ili)  Tp is a quasinonexpansive mapping , that is
. 2
(iv) ||T[;x—p|| <lx=pl2ZVXEC, P EF(T)ccuiiiiiiiiiiiiiiii 9)

Lemma 4. Let C be a nonempty set and closed convex subset of a Hilbrt space H and
let@:CxC >R

Be a bifunction satisfying conditions (Al), (A2), (A3), and (A4). Then for any r> 0
and x € C, there exists z € C such that

®(Z,y)+%(y—z,z—x)20,Vy E € (10)
Furthermore if for given »> 0

T.:.C > C byTr(x)={zEC:¢(z,y)+%(y—z,z—x)20, Vy €
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Then the following hold;

(1) T is single valued;

(2) T is firmly non expansive , thatis ||T,x — T,y||? < (T,x — T,y,x — y);
(3)F(T,.) = Q, where Q is the set of solutions of the equilibrium problem;
(4) Q is a closed and convex subset of C.

Concerning the weak and strong convergence problem for some kinds of iterative
algorithms for nonspreading mappings, k-strictly pseudononspreading mappings and
other Kkind of non-linear mappings have been considered in Osilike and
Isiogugu[4],lgarashie at al, lemoto and Takahashi, Kurokawa and Takahashi . The
purpose of this paper is to propose anew iterative algorithm as a generalization for
pseudononspreading mappings using weak and strong convergence. Under suitable
conditions , the weak and strong convergence are proved. The results are extension
and generalization of previous results.

MAIN RESULTS
We assume the following conditions satisfied, throughout this section.

(1)H is a Hilbert space , C be nonempty and closed convex subset of H.

(2) For each S;:C - C,i=1,2,..... & Ri:C—-C,j=12,.... are k;& k; strictly
pseudo nonspreading mapping with = sup;.q k; € (0,1) and similarly k =
supj>1 kj € (0,1) . For given B,y € [k,1),denoted by S;f = I + (1 —

B)S;and Ryy =yl + (1 —y)R;
Foreachi =1,2...... &j=12......,it follows from (8)that
2 2 2
I55% = Sipyll” + [1Riya — Ry bl|” < llx = yI12 + lla = bl +;55 (x = Sipx,y =
2
Sip )+ 15 {a—Riyab — Riyb) Vx,y,a,b € C.

(3)D:CXC—->R&p:CxC— R are bifunction satisfying the conditions (Al) -
(A4).The it follows from lemma 4 that the mapping defined in (11) is single valued,
z=Tx,v=0Q,a,F(T.) = Q,G(Q,) = &where Q and € are the solution set of the
equilibrium problem and Q and € are closed and convex subset of C.

Theorem: Let H,C,{S;H{ R}k, B,v.{S:B}.{Riv}® ¢, T, Qr, Q% be the same as
above .Let {x,}, {a,}, {u,}and {c,} be the sequences defined by
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f X1, a4 €C, chosen arbitrarily
1 1
{ ?(x,y) + o(a,b) + ;(y— Up, Uy — Xp) + ;(b —Cp,Cp—ay) = 0,Vy,beC
lxn+1 +an4q = HonUn + 60,ncn + Z Ain Si,,[i‘un + 2 6j,n Rjycn
i=1 =1
............ (A)

Where {a;,} c (0,1)& {5;,} < (0,1) and {r,} & {d,} satisfies the following
conditions

(@) Xi2oain = 1& X2, 6, =1 foreachn=>1
(b) foreachi,j= 1liminfy 0 @on Qin>0& liminfy e 8opn 8jn >0
(€){r,} € (0,0),and {d,;} € (0,0) and liminf,,_,, 1, > 0,liminf,_, d, > 0
() If  F=(MNZ.F(S))N Q#0andF = (N2, F(R)) NS # 0then
{xn} {an} {uy} and {c,}
Converge weakly to some point x* and a* respectively where x*, a* € F.

(1) In addition , if there exists some positive integer m such that S,, & R,, such that
Sn & R,, are semicompact, then the sequences {x,}, {u,} converge strongly to
x* € F and the sequences

{a,}and {c,} converge strongly to a* € F.
Proof: First we prove the conclusion (1). The proof here is divided into three steps.

Step1.We prove that the sequence {x,}, {a,}, {un}and {c,}, {Sipun} { Rjycn},i,j =
1 are all bounded,and for each p,q € F the limits lim||x, — p|l, lim|lu, —
n—-oo n—-oo

pll, lim|la, — qll, lim |lc, — ql| exists and

n—->oo n—-oo
lim ||x,, — pl| + lim ||a,, — ql| = lim ||u,, — p|| + lim||c,, — ql|........... (12)
n—-oo n—->oo n—->oo n—-oo

In fact it follows from lemma 4 thatu, =T, x,, p =T p, ¢, = Qr,an,q = Qy, q
and

”un - p” + ”Cn - q” = ”Trnxn - Trnp” + ”anan - anCI”
<llxp—pll+llecn—qllvn =1

Sincep,q € Fbylemma3 p € N2, F(S;p) & q € N2 F(R;,)

Hence it follows that
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IXn+1 =PIl + llan+s —qll

+ 60,nc‘n + z 6j,‘n Rjycn —q
=1

[0/0)
ao,nun + Z ai,n Si,ﬁun -p
i=1 ]

< ao,n”un - p” + Zfil din ”Si,ﬁun - P” + 60,nI|Cn - q” + Z?:l 6j,n ” Rjycn - q”

(00} ©o
< onllin =PI+ ) in llty = pll + opllen = qll + ) §jnlley = gl
i=1 =1

= ”un - p” + ”Cn - q” < ”xn - p” + ”Cn - qllvn =1
This implies that for each p,q € F, the limits lim|x, — pl|, lim|la, —
n—->0o n—-oo
qll, lim||c, — ql| exists and so {x,},{a,}, {u,} and {c,}, are all bounded and (12)
n—-oo

holds.

Furthermore by (9) it is easy to see that for each i,j =1, {S;gu,} ,{Sipxn}
, {Rjycn}, {Rjya,} are also bounded.

Step2. Next we prove that for each i, j > 1the following holds

lim ||x,, — S;x, || + lim ||an — Rjan” = lim ||u,, — S;u, || + lim ||cn - Ran” =0
n—-oo n—-oo n—-oo n—-oo

Infact by lemmab. for any positive integer i,j > 1 andp,q € F, we have

lxn41 = PII? + llanss — qll?
2

= aO,n(un -p)+ z Ain (Si,ﬁun - D)

=1

2

+ 60,n(cn - CI) + z 6j,n (Rjycn - Q)
j=1

< aO,n”un - p”2 + Z?il din ”(Si,ﬁun - p)HZ + 6O,n”Cn - q”2 +
Zﬁl jn ” (Rjycn - Q)llz — Qon ai,ng(”un - Si,ﬁun”) - 6O,n6j,n h(”Cn - Rjycn”)
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< aO,n”un - p”2 + Zfil Oin “(un - p)llz + 6O,n”Cn - CI||2 +
25218 1 (en — DI — ton tin 9([lun = Sipuall) -
60,n6j,n h(llcn - Rj,ycn”)

< ”un - p”2 + ”Cn - q”2 — Qon ai,ng(”un - Si,ﬁun”) -
60,n6j,n h(llcn - Rjycn”)

< ”xn - p”2 + ”an - Q||2 — Opn ai,ng(”un - Si,ﬁun”) -
60,n6j,n h(llcn - Rjycn”)

This shows that ag, @;n 9(||un — Sipun||) + Son6jn h(||cn — Rjycnl|) <

lxn = plI? + llan = qlI* = llxps1 = PII* = llanss — qlI* - 0 as(n - 0)

Since g, h are continuous and strictly increasing function with g(0) = 0. By condition
(b), it yields that lim ||un — Si,ﬁun” + lim ||cn - Rj,ycn” =0
n—oo n—-oo

................................................... (17)
Therefore we have
7}LI_I}(}O”un — Siunll + Tlll_r)?ollcn - chn” = Al_r}(}oﬁ ”un - Si,ﬁun” + gl_l:goi ”Cn -
Rj,VCn”:O
..................... (18)

On the other hand, it follows from lemma4 that w, =T, x,,c, = @y, a, and for
each p,q€e F

2 2
”un - p”2 + ”Cn - q”2 = ”Trnxn - Trnp” + ”anan - anq”
< (Trnxn - Trnp' Xn — p) + (anan - anq' an — CI>
=(un—p, xn —p) +{cn —q, an — q)

1
= E {”un - p”2 + ”xn - p”2 + ”Cn - CI||2 + ”an - CI||2 - ”xn - un”2 -
”an - Cnllz}
This shows that

”un - pHZ + ”Cn - CI||2 < ”xn - p”2+”an - CI”2 - ”xn - un”2 - ”an - Cnllz
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In view of (15) & (19)

”xn+1 - p”2 + ”an+1 - Q||2 < ”un - p”2 + ”Cn - q”2 < ”xn - p”2 +
”an - CI||2 - ”xn - un”2 - ”an - Cn”2

That is,

”xn - unllz + ”an - Cn”2 < ”xn - pllz_”xn+1 - p”2 + ”an - Q||2 - ”an+1 - CI||2
- 0as (n - o)

In view of (21), (17) and (A) and noting that {x, —S;su,} & {a, — R;,c,} are
bounded ,we have
2t = Sipund | + llan = Rjyeall

< lxp — unll + lla, — cull + ”un - Si,Bun” + ”Cn - Rj,ycn”

+ ”Si,ﬁun - Si.ﬁxn” + ”Rj,ycn - Rj,yan”

< ”xn - un” + ”an - Cn” + ”un - Si,ﬁun” + ”Cn - Rj,ycn” +
(= unll? + 125 [{utn = Sigtn, Xn = Sypuun)} 72 + {llan = call? + = [(en -

1
Rjycn an — Rj,nd)l} 22 - 0as (n - )

........................................................................................ (22)
Therefore we have
lim ”xn - Sixn”
n—-oo
+ ii_ff)‘o”an — Rjan||
. 1 ) 1
- ,{E{}om |20 = Sipoxal| + Tll_r,rolo 1— lan = Rjyan|| =0
.......................................................................................... (23)

The conclusion is proved.

Step3.Next we prove that the weak-accumulation point set W, (x,,) & V,(a,) of the
sequence{x,}, {a,} are singletonsetand W, (x,) c F, V,(a,) € F
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Infact, for any w € W,,(x,) , v €V,(a,) , there exists a subsequence {xni} c
{x,}, {anj} c {a,} such that x,, —w, ap, = v . It follows from (19) that u,, —
W, Cp, =V Since u,, =T, x,, ¢, = Qr, a, We have from condition A2 that
1 1
=t = 20)) (b = Gy = (6, = )

> o(y, uni) + @ (b — an) Vy,b € C

since (1 ) (uy, — x5,) + (4 /d ) (Cn; — @) > Oas(n — o) and that uy, —
i n]

W, Cp; =V, it follows from condition A4, that @(y,w) + @(b,v) <0,Vy,b € C

For any t €(0,1),y,b €C,lettingy, =t, + (1 —t)w, by = b + (1 -
t)v theny;, b, € C

0=0ny) + @b, b) < t{0(y,,y) + (b, b)} + (1 — t){B(ye, w) + @ (b, v)}
< {0, y) + (b, b)}...

This implies that @(w, y) + ¢(v,b) = 0Vy,b € C

This shows that w, v € C are the solution to the equillibrium problem and that is w €
Q,ve¢.

On the other hand,by lemma2. for each i > 1,1 —S; is demiclosed at 0. In view of
(15),we know that

w,v € F.Due to the arbitrariness of w e W, (x,) ,veEVl,(a,) with x*#
y* & a* # b*.Therefore there exists subsequences

{xnk}, {xnl} in{x,}, {ank}, {anl}in {a,} such that Xn, = X" and Xp; =

yhand ap, — a* &a,, = b".

Since x*, y*, a*, b* € C. by (12) the limits lim||x,, — x*|| & lim||x, —y*| and
n—->oo n—>oo

lim||la,, — a*|| & lim||a,, — b*|| exists. By using Opial property of H, we have

n—->oo n—oo

*

iminf,, — [ + minfla, ~ a

< n}{i_r)rgonxnk -y + nli—%o”a"k - b*

= lim||x, — y*|l + lim|la, — b||
n—-oo n—-oo
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*

< hm ”xn

im ||a,, -
= limllxn — x| + limllan —a’||
n—oo n—oo

*

—a

= ggi£f||xnk —-Xx

This is a contradiction. Therefore , W, (x,) , V,(a,) are singleton. Without loss of
generality, we assume that W, (x,) = {x*}, V,(a,) ={a’}land x, - x*&a, —
a*.By using (A) and(15)

\we have u, = x*&a, = a".
This completes the proof of the conclusion (1).
Next we prove the conclusion (I1).

Without loss of generality, we can assume S; & R; are semicompact. From (15) we
have that

1%, = Sixpll + |lan — Rjan|| © 0 as(n > @0)..oooviiiiiiiiiiii (28)

Therefore, there exists a subsequence of {xni} c {x,}, &{anj} c {a,} such that

*

X, 2 u"€C, & a,, = c"eC.Since Xp, = X"& a, —a" we have x*=
i j 12 J

u*& a" = b"and so x,, > x* € F,&a,, > a” € F.By virtue of (12), we have here

= lim||u,, — x*|| + lim||c,, —a*|| = 0 and = lim||x,, — x*|| + lim|la, —a*|| =0
n—oo n—oo n—oo n—-oo
This completes the proof of the theorem.
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