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Abstract

This paper studies the global exponential stability of the impulsive functional
differential by using Lyapunov functions and Razumikhin techniques. The
obtained results extend and generalize some results existing in the literature.
Moreover, the Razumikhin condition obtained is very simple.
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1. INTRODUCTION

There has been a significant development in the theory of impulsive differential
equations in recent years. Impulsive differential equations have attracted many
researchers attention due to their wide application in many fields such as control
technology, drug administration and threshold theory in biology and the like.

There are several research works which appeared in the literature on stability of
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impulsive functional differential equations; see [1-12]. Recently, there have been
some research works in this direction, in [5-7], the authors investigated the uniform
asymptotical stability and global exponential stability of impulsive functional
differential equation. In [13], the authors obtained some results on exponential
stabilization of impulsive functional differential equations. The method of Lyapunov
functions and Razumikhin technique have been widely applied to stability analysis of
various impulsive function differential equations and they have also proved to be
powerful tool in the investigation of impulsive functional differential equations [5-7,
13-18].

In this paper we further study exponential stability of impulsive functional differential
equations from the control point of view. Some new stability results are obtained by
employing the Razumikhin technique and Lyapunov functions.

2. PRELIMINARIES

Notation. Let R denote the set of real numbers, R, the set of nonnegative real
numbers, Z, the set of positive integers and R” the n— dimensional real space
equipped with the Euclidean norm |-|. K = {a € C(R,,R,) | a(0) =0and a(s) >0
for s >0 and a is strictly increasing in s}. For any t >t;, = 0> a = —oo, let
f(t,x(s)) where s € [t + a,t] Or f(t,x(. )) be a Volterra type functional. In the case
where a = -oo, the interval [¢ + o,7] is understood to be replaced by (—oo, t].

Consider the following impulsive functional differential equations:

( x () = f(t,x()), t>o,t#t
Axp=g, = x(ti) — x(t;c) = L(te x (), kel
xg = ¢(s) a<s<0, (2.1)

where o >ty = 0, the impulse times t;, satisfy 0 <t, <t; <<t =
© as k = oo, supyz, {tx —tk—1} <o and x’ denote the right hand derivative of
x.¢ € C,C being an open set in PC ([a,0],R™), where PC ([a,0],R") =
{p:[a,0] - R™ is continuous everywhere except at a finite number of points ¢, at
which @(t), (tr) existand @(tf) = @(t;)}. For each t > t, x.€ C is defined by
x:(s) = x(t+5),s € [a,0]. Define PCB(t)= {x.e C:x, is bounded}. For ¢ €
PCB(t), the norm of ¢ is defined by ||@|| = supg<g<ol| ©(6)|.

In order to prove our main results, we need the following lemma and definitions.
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Lemma 2.1: - The initial problem (2.1) exists with a unique solution which will be
written in the form x(t, o, ¢) if the following hypotheses hold:

(Hy) f : [tg—1, t] X C > R™, k € Z,, is continuous for all k € Z, and for any ¢ € C,
the Iimitlim(t,x)ﬁ(t;'(p)f(t, x) = f(t;,p) exists.
(Hy) f(t, @) is Lipschitzianin ¢ ineach compactsetin C.

(H3) I (t,x): [ty, o] x R® - R™ is continuous and for any p > 0, there exists a
p1€(0,p) such that x e S (p;) implies that x + I (tx,x) € S(p), where
S(p) ={x:|x| <p,x e R"}

(H,) Forany any ¢ € (C,f(t, o(. ))6 PC([ty, ), R™).

Throughout the paper, we let (H;) — (H,) hold. Furthermore, we assume that
f(t0)=0,I,(t,0) =0,keZ,; then x(t) =0 is a solution of (2.1),which is
called the trivial solution. Moreover, we will only consider the solution x(t, g, @) of
(2.1),which can be continued to co from the right of o.

Definition 2.1. The function V :[a, ©) X C — R, belongs to class v if
(H,) V is continuous on each of the sets [t;_q,t;) X C
and lim(t,(pﬂ—)(t;,(pz)v(t' @) = V(t;, ;) exists;

(H,) V(t, x)is locally Lipschitzian in x and V(¢t,0) = 0

Definition 2.2. Suppose Ve vy; for any (t,) € [tx_1,tx) X C, the upper right-hand
derivative of V(t,x) along the solution of (2.1) is defined by

1
D*V (6, () = lim sup{V(¢+h,p(0) + hf (&, 1)) = V (£, (0))}

Definition 2.3. The trivial solution of (2.1) is said to be globally weakly exponentially
stable if there exist functions a,, a, € K and constants 1 > 0, M =1 such that for

any initial value x, = ¢ € PCB(0), a;(|x()]) < Ma,(l|p|)e 2t t > o.

In particular, when a;(s) = a,(s) =s, it is usually called globally exponentially
stable.
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3. MAIN RESULTS
In this section, we prove our main result with the relevant example.

Theorem 3.1 The trivial solution of (2.1) is globally exponentially stable if there exist
functions wy, w, € K,V (t, x)€ vy and some contants A > 0, 8, = 0, KeZ, such that

B walllxlD = V(& x) < wa(llxlD, (¢ x)elty + @, ) x R™.

(i) Forany o>t, and YePC([a 0], R"), if V(t+86,9(8))e 9 <
V(t,9(0)), O¢la,0],t # t;, then D*V(t,(0)) < —p(t) V(¢,1(0)),
where p(t) € PC([ty — 7,0), R,}) and infisg4q (1) = A

(i) Forall, (t;, P)eR, x PC([a, 0], R™), V(t;, Y (0) + I (t, ) <
(1 + Bi) V(ti, ¥(0)) with Xy By <

Proof: Condition (i) implies that w;(s) < w,(s), seR™ So let W; and W, be
continuous, strictly increasing function satisfying  W;(s) < w;(s) S w,(s) <
W,(s) V s e R™ Thus we have forall (t,x)e [a, ) X R"

Wi(llxlD) = v (t, x) < Wa(llxID
From condition (ii)) and (iii), we first define positive constant
M=Tlg=1(1+ Bx) <0
For any o > t,, let x(t) = x(t, g, ¢) be a solution of (2.1) through (o, ¢). For any
¢e PCB(o), we shall prove that
Wi llx(@®)Nl < MW, (llplDe Dt = 0 31)
For convenience, we take V (t, x(t)) = V(t) and next we shall show that
v swillel | | a+poeicezo
ostp<t
In order to do this we let

v -wiligll | | a+poe e, ezo
at) = ostr<t

V() = Wliglle™™= . s+a<t<o

We need to show that Q(t) < 0forallt > o.Itis clear that Q(t) < Oforte [0+
a,o0],since Q(t) < V(t) — W;||¢]|l < 0 by condition (i).

We shall show that Q(t) < 0 for t €[o,t;]. In order to do this we let g >0 be
arbitrary and show that Q(t) < q for te€[o,t;). Suppose not, then there exist some
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telo,ty) sothat Q(t) >q. Let t* =inf {te[o,t;); Q(t) > q}, since Q(t) <0<
q for te[o + a,a], we know t*e(o,t;). Note that Q(t) is continuous on [o,t;),
then Q(t*) =q and Q(t) < q for te[o+ a,t7]

V(t*) = Q) + W,||plle ™) and for 6 € [, 0], we have
V(" +6) = Q(t* + 0) + W,||p|le A +0-9)
< q + WyllglleE+0-)
< (q + Wallgplle™* =)=
=V(t)e
So, by condition (ii), we have
DFV(t") < —p(t)V(t"),
so we have
D*Q(t*) = DYV (t*) + AW, ||p|le A=)
< —p(tIV () + AW, || plle™ =)
< —p(E IV () + Wyllplle = Dp(t")
< —p(E)V(t) — Wyl|glle =)
=-pt)q<0
which contradicts the definition of t*, so we get Q(t) < q forall te[o, ty).
Let g — 0%, we have Q(t) < Oforte[o,t;)
Now we assume that
Q(t)< 0 for telo,t,,), m = 1. We shall show that Q(t) < 0fort e [o,t,;, 1]
By condition (iii), we have

) = V() ~Wollgll | | 1+ peEn=o)

ostp<t;m

<A+ BV - Wollgll [ | 1+ poetimo

O<ti<ty,
=1+Bn) Qty) <0
We need to show that Q(t) < q for t €(t,, tms1)-
Suppose that, let

t* = inf {t €[ty tme1); QL) > q}.
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Since Q(t,,) < 0 < g, by the continuity of Q(t), we get t* > t,,, Q(t*) =q and
N(t) < q for telo,t*]

Since V(t?) = Q") + Wl TTosep<e- (1 + Bi)e ™=,

then for any 6 €[a, 0], we have

V(t"+0) < Q" + 0) + Wyllgll TTpsrp<e- (1 + Br)e 679

< q+Wllpll Tlo<t,<e-(1 + By)e M +0-0)

<(aq+wilipll | | @+ poee= |e-te

ost<t*
=V(t)e <0
Thus by condition (ii), we have D*V(t*) < —p(t*)V (t*), then we have
D*Q(t") = DTV (t") + AW, ||l 1_[ (1+ B) e M=)

o<tp<t*

< —p@)V(t") + AW, pl| 1_[ (14 B,) e =)

ostp<t*

< —pt)V (") = Walldl Tosrpcrr €2 =9)
=p(t)qg<0

Again this contradicts the definition of t*, which implies Q (t) <
q forall t €[t,,, tms1)-

Let ¢ — 0%, we have Q(t) < 0 for all t €[t,,, typs1)-So Q(t) < 0 for all te[o, ty41)-
Thus by method of induction, we get
v swillpll | | 4+ B0e ) celty ti),
o<tp<t
By condition (i) — (iii), we have
Willxl <V s wyllgll | | @+ e, t20
ostp<t
< MW, ||plle™*), t >0
which yields

w,M
Wy

Il < (=) ple ), e2 0
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Where M = [[72,(1 + By) < oo, since Y7, P < 0.
Thus the proof is complete.

Corollary 3.2: The trivial solution of (2.1) is globally exponentially stable if there
exist a function V(t,x) € vy, constants ¢; > 0,c, >0,m >0, A > 0and B =0,
ke Z, such that

Q) cilx]™ S V(t,x) < colx|™, (t, x)e[ty + a, 0] X R™.
(i)  Foranyo >t,and e PC([a,0], RM),if V(t + 8,1(8))e~*t=2)
< V(t,1(0)), 0¢[a, 0], t # t;, then D*V(t,(0)) <
—pV(t,%(0)), p(t) € PC([to — 7, ), R4)
(i)  For all (tr, Y)eR, x PC([a, 0], R™), V (3, Y (0) + I (t, ¥)) <
(1 + ) V(te, $(0),
with Y 5—1 Bi < oo.

Remark 3.3 When a = —r,r some positive constant, system (2.1) becomes
impulsive function differential equations with finite delays. We have the following
result by corollary 3.4

Corollary 3.4 The trivial solution of (2.1) with @ = —r is globally exponential stable
if there exist a function V (t, x)e v,, constants ¢; > 0,c, > 0,m > 0,4> 0 and S}, =
0, keZ., such that

0) lx|™ S V(t x) < co|x|™, (t,x)€e[ty — 1, 00] X R™

(i)  Foranyo = t, and YePC([-r,0],R™),if V(t +0, 1/1(0))6‘1“"")
< V(t,1(0)),0e[-7,0],t # t, then DYV (¢t,1(0)) <
—pV(t,9(0)), p(t) € PC([to — 7,%), R,)

(i) Forall (ty, ) eRy X PC([—1, 0], R™), V(tr, Y (0) + I (t, ¥))

< (1 + B0 V(t7, w(0)), with Z B, < oo.
k=1

Remarks 3.5 It should be noted that e**~?)in condition (ii) contains the information
of infinite delay or finite delays and plays an important role in ensuring the feasibility
of our results for impulsive functional differential equation for infinite and finite
delays.
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4. EXAMPLE

In this section, we give example to show the effectiveness and advantage of our
results.

Example 4.1: Consider the impulsive delay differential equation

x'(t) = —a(t) x(t) + 1520 x(t+a), t>a
x(te) = (1 + cp)x(t7), t, =k, keN (4.1)
Xep = @
Where ¢, >0 with Yriicr < oo, function aeC(R,R,) and

b e C(R,R), ¢ ePC([a, 0], R™). If a(t) = |f(t)|e** + A, then the trivial solution of
(4.1) is exponentially stable.

Proof: SetV(x) =V (t,x) = |x|,forallt > t, + a,

D*V(t,¢(0)) < sgn(¢(0)) |—a(®)p(0) + % p(a)

< —a®le0)| + If Olle(a)l
< —a(®)V(p(0)) + f(O)V (o) (4.2)
For any solution x(t) of (4.1) such that
V(t,%(0) = V(t +0,9(6))e 2 for fela, 0]
We have
V(ga(a)) < e V((p(O)).
Therefore
D*V(t,9(0)) < [-a®) + f(©)e**]|V(p(0))
Since a(t) = |f(t)|e** + 4, it follows that
D*V(t,¢(0)) < —2V(¢(0)) < —p(O)V(p(0)).

Whenever V(t,9(0)) = V(t+0,¢(8))e*=?) for Be[a,0] i.e. condition (ii)
for Theorem 3.1 holds.

Moreover,

V(te, @(0) + I (tr, ) = (1 + ) V(ti, 9(0))

Thus by Theorems 3.1, the trivial solution of system (4.1) is exponentially stable.
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