Global Journal of Pure and Applied Mathematics.

ISSN 0973-1768 Volume 13, Number 9 (2017), pp. 5143-5154
© Research India Publications

http://www.ripublication.com

k-Regular and k-Duo T'-Semirings

R.D. Jagatap
Y.C. College of Science, Karad, India.

Abstract

The concept of a k-duo I'-semiring is introdued. Several characterizations of a
k-duo TI'-semiring in a k-regular TI'-semiring are furnished. Further
characterizations of a k-regular and k-duo I'-semiring are studied by using
different kinds of k-ideals in a I" semiring.
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1. INTRODUCTION

The notion of a I'-semiring was introduced by Rao [9] as a generalization of a
semiring and studied it. Dutta and Sardar[1] discussed semiprime ideals in a TI'-
semiring. Author studied quasi-ideals and minimal quasi-ideals of a I'-semiring in
[3] and bi-ideals of a I'-semiring in [6]. In general ring ideal does not coincides with
semiring ideal. Hence Henriksen [2] defined more restricted class of ideals in a
semiring known as k-ideals. Sen and Adhikari [10, 11] studied k-ideals of semirings.
Properties of k-ideals in a I'-semiring were discussed by Rao [9] and Dutta and Sardar
[1]. Also Author studied k-ideals and full k-ideals in I'-semirings in [5].

Neumann [9] gave the definition of a regular ring. Analogously the concept of a
regular semiring was introduced by Zelznikov [13]. This concept of regularity was
extended to a I'-semiring by Rao [9]. Author furnished some characterizations of
regular I'-semirings in [4]. In [7] Author gave definitions of k-quasi-ideal, k-bi-ideal
and k-regular I'-semiring and then some characterizations of k-regular TI'-semirings
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are furnished. The concept of a duo semiring was considered by Shabir, Ali and
Batool [12] and proved some characterizations of it. In [4] author introduced the
concept of a duo I'-semiring and gave some characterizations of it.

In this paper the notions of a left k-duo I'-semiring, right k-duo I'-semiring and k-duo
I'-semiring are defined. Various characterizations of a k-duo I'-semiring in a k-
regular T'-semiring are proved. Further some characterizations of a k-regular and k-
duo I'-semiring are discussed by using k-ideals, k-bi-ideals, k-quasi-ideals in a I'-
semiring.

2. PRELIMINARIES:
For the basic concepts of I'-semirings we follow Dutta and Sardar [1].

Definition 2.1: Let S and T be two additive commutative semigroups. S is called a T'-
semiring if there exists a mapping S X' XS — S whose image is denoted by
aab; for all a,b € S and for all a € T satisfying the following conditions:

(i) aa(b+c) = (aab) + (aac)
(i) (b+ c)aa = (baa) + (caa)
(iii) a(a + B)c = (aac) + (afc)
(iv) aa(bBc) = (aab)fc ; foralla,b,c € Sanda,B € T .

Definition 2.2 : An element 0 € S is said to be an absorbing zero if

Oaca=0=aa0,a+0=0+a=a;forall a€S and foralla €T.

Definition 2.3: 4 non-empty subset T of a I'-semiring S is said to be a sub-T-
semiring of S if (T,+) is a subsemigroup of (S,+) and aab € T, for all a,b € T and
foralla €T.

Definition 2.4: A non-empty subset T of a I'-semiring S is called a left (respectively
right) ideal of S if T is a subsemigroup of (S,+) and xaa € T (respectively aax € T)
forall a €T,x € Sand foralla €T.

Definition 2.5: If a non-empty subset T of a I'-semiring S is both left and right ideal
of S, then T is known as an ideal of S.
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Definition 2.6 : A4 right ideal I of a T'-semiring S is said to be a right k-ideal if a € 1
and x € S suchthat a+x €1, thenx € 1I.

Similarly we define a left k-ideal of a I'-semiring S.

If an ideal I is both right k-ideal and left k-ideal of a I'-semiring S, then I is known
as a k-ideal of S.

Examples: (1) Let N, denotes the set of all positive integers with zero. S = N, is a
semiring and with I' = S, S forms a I'-semiring. A subset I = 3N, \ {3} of S is an
ideal of S but not a k-ideal. Since 6,9 =3+ 6 € [ but3 & I.

(2) If S = N isthe set of all positive integers, then ( S, max., min.) is a semiring and
withT' = S, S forms a I'-semiring. I,, = {1, 2,3, ,n}is ak-ideal foranyn € I.

Definition 2.7 : For a subset 1 of a T-semiring S define

I={a€eS|a+x€l forsomex€l } liscalleda k-closure of .

Definition 2.8 [7]: A non-empty subset B of a T'-semiring S is said to be a k-bi-ideal
of S if B is a sub-T-semiring of S, BTISTB € B and ifa € B and x € S such that
a+x €B, thenx € B.

Definition 2.9 [7]: A subsemigroup Q of (S,+) is a k-quasi-ideal of S if
STQ)N(QTS) S Qandif a€ Q and x € S such that a + x € Q, then

x € Q.

Definition 2.10 [7]: An element a of a T'-semiring S is said to be k-regular
ifa € al'STa.

If all elements of a T'-semiring S are k-regular, then S is known as k-regular
I'-semiring.

Now onwards S denotes a I'-semiring with absorbing zero unless otherwise stated.

Some basic properties of k-closure are given in the following lemma .

Lemma 2.11 :- For non-empty subsets A and B of S we have,
1)If AS B, then A C B.
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2) A is the smallest (left k-ideal, right k-ideal, k-quasi-ideal, k-bi-ideal) k-ideal
containing (left k-ideal, right k-ideal, k-quasi-ideal, k-bi-ideal) k-ideal A of S.

3) A=A if and only if A is (left k-ideal, right k-ideal, k-quasi-ideal, k-bi-ideal) k-
ideal of S.

4) A = A, where 4 is (left k-ideal, right k-ideal, k-quasi-ideal, k-bi-ideal) k-ideal of
S.

5) ATB = AT'B, where A and B are (left k-ideals, right k-ideals, k-quasi-ideals, k-bi-
ideals) k-ideals of S.

Theorem 2.12 [7]:- In S following statements are equivalent.
1) Sis k-regular.
2) For every left k-ideal L and right k-ideal R of S, RTL = RN L.
3) For every left k-ideal L and right k-ideal R of S,
() RZ= RTR=R (i) [2=IIL=1L
(iii) RTL =R N L isa k-quasi-ideal of S.
4) Every k-quasi-ideal Q of S is of the form QI'STQ = Q.

3. k-DUO I'-SEMIRING :

Now we define a k-duo I'-semiring as follows.

Definition 3.1 :- A T-semiring S is said to be left (right) k-duo T-semiring if every
left (right) k-ideal of S is a right (left) k-ideal.

A T-semiring S is said to be a k-duo I'-semiring if every one sided k-ideal of S is
a two sided k-ideal. That is a I'-semiring S is said to be a k-duo T'-semiring if it is
both left k-duo and right k-duo.

Theorem 3.2:- If S is k-regular, then S is left k-duo if and only if for any two left k-
ideals A and B of S, ANB = AI'B.

Proof :- Let S Dbe a k-regular T'-semiring. Suppose that S is a left k-duo
I'-semiring. Let A and B be any two left k-ideals of S. Hence A is a right k-ideal of
S. Therefore by Theorem 2.12, A n B = AT B. Conversely, by assumption LI'S = L N
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S € L. This shows that L is a right k-ideal of S. Therefore S is a left k-duo I'-
semiring. -

Similar to Theorem 3.2 we have following theorem.

Theorem 3.3:- If S is k-regular, then S is right k-duo if and only if for any two
right k-ideals A and B of S, AN B = AI'B.

Theorem 3.4:- If S is k-regular, then S is left k-duo if and only if every
k-quasi-ideal of S is a right k-ideal of S.

Proof :- Let S be a k-regular I'-semiring and Q be any k-quasi-ideal of S. Suppose
that S is left k-duo. Then there exists a right k-ideal R and a left k-ideal L of S such
that Q = RN L. Therefore Q = RN L is a right k-ideal of S. Conversely, suppose
that every k-quasi-ideal of S is a right k-ideal of S. Let L be a left k-ideal of S. Hence
L is a k-quasi-ideal of S. Therefore by assumption L is a right k-ideal of S. Hence S is
a left k-duo I'-semiring. [

Proofs of the following theorems are similar to above theorem hence omitted.

Theorem 3.5 :- If' S is k-regular, then S is right k-duo if and only if every
k-quasi-ideal of S is a left k-ideal of S.

Theorem 3.6 :- A k-regular T'-semiring S is k-duo if and only if every k-quasi-ideal
of S is ak-ideal of S.

Theorem 3.7:- If S is k-regular, then S is left k-duo if and only if every
k-bi-ideal of S is a right k-ideal of S.

Theorem 3.8:- If S is k-regular, then S is right k-duo if and only if every
k-bi-ideal of S is a left k-ideal of S.

Theorem 3.9 :- If'S is k-regular, then S is k-duo if and only if every k-bi-ideal of S is
a k-ideal of S.
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4. k-REGULAR AND k-DUO I'-SEMIRING
In this section characterizations of a k-regular and k-duo I'-semiring are furnished.
Theorem 4.1 :- Following statements are equivalent in S.

(1) S is k-regular and left k-duo.

(2) Forany k-bi-ideal B and a left k-ideal L of S, BN L = BIL.

(3) For any k-quasi-ideal Q and alefti k-ideal L of S, Q N L = QTL.
Proof :- (1) = (2)

Let B bea k-bi-ideal and L be aleft k-ideal of S. Then by Theorem 3.7, B is
a right k-ideal of S. Therefore BTLS B and BTL S L. Hence BTLS BN L.
Let a€BNL. Hence a € al'STa . Therefore al'STa € BISTL € BTL. Thus
BNL < BIL. Hence weget BN L = BrL.

(2)=73)

Implication holds as every k-quasi-ideal of S is a k-bi-ideal of S.

@)= (1)

Let R bea right k-ideal and L be a left k-ideal of S. Then by (3), RN L = RTL.

This shows that S is k-regular by Theorem 2.12. For L = S, we have L NS = LTS .
Therefore L = LTS. Hence L is a right k-ideal. Thus S is left k-duo. m

Theorem 4.2 :- Following statements are equivalent in S.

(1) S is k-regular and right k-duo.

(2) Forany k-bi-ideal B and a right k-ideal R of S, BN R = RIB.

(3) For any k-quasi-ideal Q and aright k-ideal R of S, Q N R = RTQ.
Proof :- (1) = (2)

Let B bea k-bi-ideal and R be aright k-ideal of S. Then by Theorem 3.8, B
is a left k-ideal of S. Therefore RTBSB and RIBSR. Hence
RTBS BNR. Let ae BNR. Hence a € al'STa . Therefore al'STa € RTSTB ©
RTB. Thus BN R < RTB. Hence weget BNR = RIB.

(2)=73)

Implication follows as every k-quasi-ideal of S is a k-bi-ideal of S.

@)= (1)

Let R bea right k-ideal and L be aleft k-ideal of S. Then by (3),RNL =

RTL. This shows that S is k-regular. For R = S, we have R NS = STR. Therefore
R = STR. Hence R is aleft k-ideal. Therefore S is right k-duo. m
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Theorem 4.3:- In S following conditions are equivalent.

(1) S is k-regular and k-duo.

(2) For any two k-quasi-ideals Q1 and Q, of S, Q; N Q, = QI Q,.
(3) For a left k-ideal L and a right k-ideal R of S, L N R = LTR.
Proof :- (1) = (2)

Let Q; and Q, be any two k-quasi-ideals of S. Therefore Q; = R, N L;and Q, = R, N
L, , where R; , R, areright k-ideals and L,, L, are left k-ideals of S. Therefore
Q: =R, NL; and Q, = R, N L, are k-ideals of S. Hence by Theorem 2.12, @Q; N

Q2 = Q11'Q;.
2)=0)

Let R Dbe a right k-ideal and L be a left k-ideal of S. Therefore R and L are
k-quasi-ideals of S. Hence by (2), we have L N R = LI'R.

@) =(@1)

ForR =S, LT'S = L. n S = L. This shows that a left k-ideal L is a right k-ideal of S.
Similarly we can show that a right k-ideal R is a left k-ideal of S. Thus every one
sided k-ideal of S is a k-ideal. Hence Sis a k-duo TI'-semiring. Then clearly
RN L =RIL. Hence S is k-regular (see Theorem 2.12). ]

Theorem 4.4 :- In S following conditions are equivalent.

(1) S is k-regular and k-duo.

(2) INnB =ITBTI, for every k-ideal I and every k-bi-ideal B of S.

(3) INnQ =1ITQII, for every k-ideal I and every k-quasi-ideal Q of S.
Proof :- (1) = (2)

Let I be a k-ideal and B be a k-bi-ideal of S. Hence by Theorem 3.9, B is a
k-ideal of S. Therefore I'BI'I <1 and ITBI'I € B. Hence ITBI'I € I nB. Take

any a€lnB. Hence ae€alSTa. Therefore al'STa € al'ST(al'STa) <
ITST'(BI'STT) € ITBT'I. Thus InB C ITBI'I. Therefore I N B = IT'BI'I.

(2) =)
As every k-quasi-ideal of S is a k-bi-ideal of S, implication holds.
®)=0Q1)

For a left k-ideal L and a right k-ideal R of S, by (3) we have L =SnNL = STLIS
and R=SNR=STRIS. Now LI'S=SILI'STS € STLIS=L and STR=
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SI'STRI'S < ST'RI'S = R. This shows that L is a right k-ideal and R is a left k-ideal
of S. Therefore S is a k-duo I'-semiring. Again by (3), RN L = RI'LT'R € RT'L. But
RTL € Rn L always. Therefore RN L = RIL. Hence by Theorem 2.12, S is k-
regular. [

Theorem 4.5:- S is k-regular and k-duo if and only if L N R = LTRTS, for a left
k-ideal L and a right k-ideal R of S.

Proof :- Assume that S is a k-regular and k-duo I'-semiring. Let R be a right k-
ideal and L be a left k-ideal of S. Hence R is a left k-ideal and L is a right
k-ideal of S. Therefore LTRTS<SL and LTRISS LIRS R. Thus we get
LTRTSSLNR. Let a€LnR. Hence a€alSTa . Therefore al'STa €

(aT'STa)I'STa € (LTSTR)I'S € LTRTS. Hence LN R S LTRTS. Thus we get LN
R = LTRTS . Conversely, let R be a right k-ideal and L be a left k-ideal of S.
Therefore by assumption, L NS = LTSTS and SN R = STRT'S. Hence we get L =
LTSTS and R = STRTS. This shows that L and R are two sided k-ideals of S.
Therefore S is ak-duo I'-semiring. Let I be a k-ideal of S. Hence by assumption,
INS=1ITSTS,SNI=STITS, InI=ITITS. Thus we get I = ITSTS = STITS =

ITITS. Therefore ITI = (STITS)I'(STITS) = STI and  ITI = IT(ITSTS) = ITS.

Hence we get ITS = STI. Now [ = IT(ITS) = IT(STI) = ITSTI. Thus I = ITSTI.
Therefore S is a k-regular I"-semiring. [

Proof of following Theorem is analogous to proof of Theorem 4.5.

Theorem 4.6:- S is k-regular and k-duo if and only if L N R = STLIR, for a left k-
ideal L and a right k-ideal R of S.

Theorem 4.7:- S is k-regular and k-duo if and only if LNOI1=1LTI and RNI =
ITR , for a left k-ideal L, aright k-ideal R and a k-ideal I of S.

Proof :- Assume that S is a k-regular and k-duo I'-semiring. Let R be a right
k-ideal and L Dbe aleft k-ideal and I be a k-ideal of S. Therefore R is aleft k-
ideal and L is aright k-ideal of S. Hence LTI € L and LTI € I. Therefore LTI <
Ln . Similarly we canshowthat ITR<S RNI. Takeany a € LNI. Hence a €
al'STa . Therefore al'STa € LTSTI € LTI. Therefore L NI < LTI. Thus we get
L NI =1LrII. Inthe same way we can show that R n I = ITR. Conversely, let R be
a right k-ideal and L be a left k-ideal of S. Hence by assumption, LNS = LTS
and SNR =STR. Therefore L =LTS and R = STR. This shows that L is a
right k-ideal and R is a left k-ideal of S. Therefore S is a k-duo I'-semiring.
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Then clearly R n L = RTL holds by assumption. Therefore S is a k-regular I'-
semiring ( see Theorem 2.12). [ ]

Theorem 4.8 :- Following statements are equivalent in S.
(1) S is k-regular and k-duo.
(2) Forany k-bi-ideals A and B of S, AN B = ATBTS.
(3) Forany k-bi-ideals Aand B of S, AN B = STATB.
(4) For any k-bi-ideal B and a k-quasi-ideal Q of S, B N Q = BTQTS.
(5) For any k-bi-ideal B and a k-quasi-ideal Q of S, B N Q = STBTQ.
(6) For any k-bi-ideal B and a k-quasi-ideal Q of S, B N Q = QTBTS.
(7) For any k-bi-ideal B and a k-quasi-ideal Q of S, B N Q = STQTB.
(8) For any k-quasi-ideals Q1 and Q, of S, Q; N Q, = Q;TQ,TS.
(9) For any k-quasi-ideals Q1 and Q, of S, Q; N Q, = STQ.TQ,.
Proof :- (1) = (2)

Let A and B be any two k-bi-ideals of S. Hence by Theorem 3.9, both A
and B are k-ideals of S. Therefore ATBIS< A and AI'BTS € ATB < B. Hence
ATBTSC ANB. Let a€e AnB. Therefore a€al'STa. Hence alSTac

(aI'STa) I'STa < (AT'STB)I'S € AT'BI'S. Thus we get An B < AI'BI'S. Hence AN
B = AI'BT'S.

=4, 4)=(),(()=(6),6)=(8)

Implications follow as every k-quasi-ideal of S is a k-bi-ideal of S.

8= (1)

Let R be aright k-ideal and L be a left k-ideal of S. Then both R and L are k-
quasi-ideals of S. Hence by (8), L N R = LT'RT'S. Therefore by Theorem 4.5, S'is
a k- regular and k-duo I"-semiring.

1) =0
Let A and B be any two Kk-bi-ideals of S. Therefore by Theorem 3.9, both A

and B are k-ideals of S. Then STAT'B € B and STAI'B < AI'B € A. Thus we get
STATBS ANnB. Take any a € AnB. Therefore a € al'STa. Hence al'STa <

al'ST(al'STa) € ST(AT'STB) € STAT'B. Thus we get AN B < STAT'B. Therefore
ANB = STATB.
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3)=0), 5)=0).03)=({).(7)=()
Clearly implications hold as every k-quasi-ideal of S is a k-bi-ideal of S.
9 =0Q1)

Let R be aright k-ideal and L be a left k-ideal of S. Then both R and L are
k-quasi-ideals of S. Therefore by (9), LN R = STLI'R. This shows that S is a
k-regular and k-duo I'-semiring by Theorem 4.6. [

Theorem 4.9:- In S following statements are equivalent.

(1) S is k-regular and k-duo.

(2) Forany k-bi-ideals A, B and a k-ideal 10of S, ANB NI = ATBTI.

(3) Forany k-bi-ideals A, B and a k-ideal 1 of S, ANB NI = ITATB.

(4) For any k-bi-ideal B, a k-quasi-ideal Q and a k-ideal 1 of S,
BnQnI=BIQTI

(5) For any k-bi-ideal B, a k-quasi-ideal Q and a k-ideal 1 of S,
BnQnI=ITBIQ.

(6) For any k-bi-ideal B, a k-quasi-ideal Q and a k-ideal I of S,
BnQnI=QrIBrII.

(7) For any k-bi-ideal B, a k-quasi-ideal Q and a k-ideal 1 of S,
BnQnI=ITQTB.

(8) For any k-quasi-ideals Qq, Q, and a k-ideal I of S, Q; N Q, N1 = Q,TQ,TI.

(9) For any k-quasi-ideals Qq, Q, and a k-ideal I of S, Q; N Q, N1 = ITQ,TQ,.

Proof :- (1) = (2)

Let A, B be any two k-bi-ideals and I be a k-ideal of S. Therefore by Theorem
3.9, both A and B are k-ideals of S. Hence AI'BI'I € A and AT'BTI € AT'B C B.
Also ATBI'I € 1. Hencewe get ATBTI S ANBNI. Let ae ANnBnNI. Hence a €

al'STa . Therefore al'STa € (al'STa) I'STa € (AI'STB)I'STI <€ ATBT'I. Thus we
get AnNBNI< AIBT'I. Hence AnB NI = ATIBTI.

(2)=4),.4=().2)=(6).06)=()
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Implications follow as every k-quasi-ideal of S is a k-bi-ideal of S.

8 =(1)

Let R be aright k-ideal and L Dbe a left k-ideal of S. Then both R and L are
k-quasi-ideals of S. Therefore by (8), LN R = LT'RI'S . Hence S is a k-regular and
k-duo I'-semiring by Theorem 4.5.

1=

Let A, B be anytwo k-bi-ideals and I be a k-ideal of S. Hence by Theorem 3.9,

both 4 and B are k-ideals of S. Therefore ITATB < B and ITATB € A. Also
ITATB < I. Therefore ITATB<SANBNI. Take any a€e ANBNI. Hence a €

al'STa. Therefore al'STa € al'ST(al'STa) € ITST(AT'STB) € ITAT'B. Hence AN
BNl CITATB. Thus weget AnB NI =ITAl'B.

@) =06), 5)=0).Q@) =) .(71)=(9)
As every k-quasi-ideal of S is a k-bi-ideal of S, implications hold.
9 =(1)

Let R be aright k-ideal and L be a left k-ideal of S. Then both R and L are
k-quasi-ideals of S. Therefore by (9), LN R = STLI'R. Hence S isak-regular and
k-duo I'-semiring (see Theorem 4.6). [

Proof of following theorem is straightforward so omitted

Theorem 4.10:- In S following statements are equivalent.
(1) Sis k-regular and k -duo.
(2) Forevery k-bi-ideals A and B of S, ANB = ATB.
(3) Forevery k-bi-ideal B and a k-quasi-ideal Q of S, B n Q = BI'Q.
(4) For every k-bi-ideal B and a right k-ideal R of S, BN R = BIR.
(5) Forevery k-quasi-ideal Q and a k-bi-ideal B of S, Q N B = QTB.
(6) For every k-quasi-ideals Q, and Q, of S, Q1 N Q, = Q.I'Q,.
(7) Forevery k-quasi-ideal Q and a right k- ideal R of S,Q NR = QTR.
(8) Forevery left k- ideal L and a k-bi-ideal B of S,L N B = LTB.
(9) For every left k- ideal L and a right k-ideal R of S, L N R = LT'R.
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