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Abstract

In this paper, fast syndrome-weight decoding algorithm (FSWDA) is proposed to
decode up to seven possible errors in a binary systematic quadratic residue (QR)
codes (79, 40, 15) and (97, 49, 15). The main conception of FSWDA is predicated
on the property of cyclic codes together with the weight of syndrome difference.
In decoding of the QR codes, the evaluation of the error-locator polynomial in the
finite field is complicated and time-consuming. To deal with such an issue, our
scheme FSWDA keeps away from evaluating the error locator polynomial and has
no need to generate the table which store the syndromes and their corresponding
patterns of error in the memory. Also, our scheme serve as an efficient and high
speed decoder.

AMS subject classification: 94A60.
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1. Introduction

The seven-error-correcting binary QR codes include (79, 40, 15) and (97, 49, 15) QR
code, respectively. The ADA’s for this codes were initially presented by Chang et al. [8]
and they asserted that an exhaustive computer simulation was executed successfully. He
proposed a ADAs, in which the coefficients of the error-locator polynomial are acquired,
the error positions can be determined by using the Chien search algorithm [3], which
is an comprehensive inquiry over every one of the components in the limited field. In
the decoding strategy of ADAs, this step is the most time-consuming and need a lot of
multiplication and division operations over the finite field.
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Most recently, table-lookup decoding algorithms (TLDAs) [9], [5], [6] have assumed
an imperative part in forward error correction. These sorts of decoders are efficient
with minimum decoding delay; however, the TLDAs require a memory space in the
decoder chip and increase the decoding cost rapidly when the code length is large. The
Efficient syndrome weight decoding algorithm (ESWDAs) proposed by Chang et al. [1]
is displayed to iterpret up-to triple possible errors for the binary Golay code and (31,
16, 7) QR code. At that point, a new efficient syndrome-weight decoding algorithm
(NESWDA) [10] is presented to decode up to five possible errors in a binary systematic
(47, 24, 11) QR code.

In this paper, we will proposed a novel storage-efficient FSWDA to decode the long
binary systematic (79, 40, 15) and (97, 49, 15) QR code. As shown in this paper, the
proposed FSWDA does not need a memory size to store the look-up table. The prime
idea of the proposed FSWDA is based on the weight of syndrome difference between
the syndrome of the received word and the row vector of the transpose of the parity-
check matrix. Moreover, no complicated computation in the finite field is required in
the proposed FSWDA and it also can be extended to decode all seven-error-correcting
binary QR codes.

The remainder of this paper is organized as follows: The preliminary of the binary
QR codes is briefly given in Section 2. The proposed FSWDA is described in Section
3 with one example to demonstrate the proposed FSWDA. Finally, this paper concludes
with a brief summary in Section 4.

2. Preliminary

2.1. Binary Code

The information to be sent is transmitted by a sequence of zeros and ones called Binary
Codes, which means that the code is defined on the field 0,1.

2.2. Binary Quadratic Residue Code [8]

A binary QR code (n, k, d) or (n, (n + 1)/2, d) with minimum distance d is defined
algebraically as a multiple of its generator polynomial g(x) over GF(2m), where k =
(n+ 1)/2 is the message length and n is the code length. Let n be a prime number of the
form n = 8m ± 1, where m is a positive integer and m be the smallest positive integer
such that 2m ≡ 1( mod n). The set Qn of quadratic residues modulo n is the set of
nonzero squares modulo n; that is, Qn = {j | j ≡ x2 mod n,1 ≤ x ≤ (n − 1)/2}.

Let the symbol C79 and C97 denote the binary (79, 40, 15) and (97, 49, 15) QR code
respectively.

Let α be a root of primitive irreducible polynomial p79(x) = x39 + x4 + 1 and
p97(x) = x48 + x8 + x6 + x4 + x3 + x2 + x + 1 such that α is a generator of the
multiplicative group of all nonzero elements in GF(239) and GF(248) respectively.
Then, the element β = αu.
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The set of quadratic residues modulo are

Q79 = {1, 2, 4, 5, 8, 9, 10, 11, 13, 16, 18, 19, 20, 21, 22, 23, 25, 26, 31, 32, 36, 38,

40, 42, 44, 45, 46, 49, 50, 51, 55, 62, 64, 65, 67, 72, 73, 76} (1)

Q97 = {1, 2, 3, 4, 6, 8, 9, 11, 12, 16, 18, 22, 24, 25, 27, 31, 32, 33, 35, 36, 43,

44, 47, 48, 50, 53, 54, 61, 62, 64, 65, 66, 70, 72, 73, 75, 79, 81, 85, 86, 88,

89, 91, 93, 94, 95, 96} (2)

he generator polynomial of long binary systematic (79, 40, 15) and (97, 49, 15) QR code
are

g79(x) =
∏

i∈Q79

(x − βi) = x39 + x36 + x35 + x31 + x30 + x29 + x27 + x26 + x25

+x24 + x21 + x20 + x19 + x18 + x16 + x14 + x13 + x11 + x5 + x4 + x2 + x + 1
(3)

g97(x) =
∏

i∈Q97

(x − βi) = x48 + x47 + x46 + x45 + x44 + x41 + x36 + x35 + x33

+x32 + x30 + x29 + x25 + x24 + x23 + x19 + x18 + x16 + x15 + x13 + x12

+x7 + x4 + x3 + x2 + x + 1
(4)

For the binary (79, 40, 15) and (97, 49, 15) QR codes, the error-correcting capability
t = �(d − 1)/2� = �(15 − 1)/2� = 7 errors, where x denotes the greatest integer less
than or equal to x, and d = 15 is the minimum Hamming distance of the code.

2.3. Matrix Representation of Binary QR Codes [2]

A codeword of binary QR code is a polynomial c(x) = c0 +c1x +c2x
2 + . . .+cn−1x

n−1

such that it is a multiple of the generator polynomial g(x). If the codeword c(x) is trans-
mitted through a noisy channel, then the received polynomial r(x) = r0 + r1x + r2x

2 +
· · ·+rn−1x

n−1 can be expressed as the sum of the codeword polynomial c(x) and the error
polynomial e(x) = e0 + e1x + e2x

2 + · · · + en−1x
n−1. For simplicity, let the message

or information, codeword, error pattern, received word, and syndrome be expressed
as the binary vector forms m = (m0, m1, . . . , mn−1), c = (c0, c1, . . . , cn−1), e =
(e0, e1, . . . , en−1), respectively. The systematic codeword of the vector form is given by
c = mG, where G is called the systematic generator matrix.

For the binary systematic (79, 40, 15) QR code, the systematic k × n = 79 × 40
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generator matrix G can be expressed as follows:

G = �Ak×(n−k)|Ik�k×n =

⎡
⎢⎢⎢⎣

p0,0 p0,1 · · · p0,38 1 0 · · · 0
p1,0 p1,1 · · · p1,38 0 1 · · · 0

...
...

. . .
...

...
...

. . .
...

p39,0 p39,1 · · · p39,38 0 0 · · · 1

⎤
⎥⎥⎥⎦

40×39

(5)

where Ik is the k × k = 40 × 40 identity matrix and Ak×(n−k) is the matrix of size
k × (n − k) = 40 × 39. The codeword of systematic form can be obtained in matrix
form by

c = mG = (m39 . . . m1m0)G = (p38 . . . p1p0|m35 . . . m1m0), (6)

where the (p38 . . . p1p0) is the parity-check part of c and the (m39 . . . m1m0) is the
message part of c. The systematic parity check matrix H of size (n − k) × n = 39 × 79
can be expressed as follows:

H = �In−k|AT
k×(n−k)�(n−k)×n =

⎡
⎢⎢⎢⎣

1 0 · · · 0 p0,0 p1,0 · · · p39,0

0 1 · · · 0 p0,1 p1,1 · · · p39,1
...

...
. . .

...
...

...
. . .

...

0 0 · · · 1 p0,38 p1,38 · · · p39,38

⎤
⎥⎥⎥⎦

39×79

(7)

where AT
k×(n−k) is the transpose matrix of Ak×(n−k) and In−k is the (n − k) × (n − k) =

39 × 39 identity matrix.
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For C79, matrix Ak×(n−k) has the following form:

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0
0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0
0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1
1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1
1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0
0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0
0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0
0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1
1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1
1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1
1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0
0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1
1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1
1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1
1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1
1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0
0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0
0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1
1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1
1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1
1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1
1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0
0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1
1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1 0
0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1 1
1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0 1
1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1 0
0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0 1
1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0 0
0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0 0
0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0 0
0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0 0
0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1 0
0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1 1
1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0 1
1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1 0
0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1 1
1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1 1
1 1 0 1 1 0 0 0 0 0 1 0 1 1 0 1 0 1 1 1 1 0 0 1 1 1 1 0 1 1 1 0 0 0 1 1 0 0 1
0 0 1 1 0 1 0 0 0 1 0 1 1 0 1 1 1 0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The vector form of the syndrome can be defined by

s = rHT = r =

⎡
⎢⎢⎢⎣

1 0 · · · 0 p0,0 p1,0 · · · p39,0

0 1 · · · 0 p0,1 p1,1 · · · p39,1
...

...
. . .

...
...

...
. . .

...

0 0 · · · 1 p0,38 p1,38 · · · p39,38

⎤
⎥⎥⎥⎦

T

, (8)

where HT denotes the n × (n − k) = 79 × 39 transpose matrix of H; that is, HT =
[I39|A40×39]79×39.
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The proposed algorithm only needs to compute the syndrome of r for every received
word and the complicated computation of the error-locator polynomial given in the ADA
can be completely avoided. If r occurs with no error, then the syndrome s = rHT =
(c + 0)HT = cHT = 0, where 0 denotes a zero vector. Otherwise, s = rHT =
(c + e)HT = 0 + eHT = eHT .

2.4. Hamming weight

[7] The Hamming Weight of a binary vector a is denoted by w(a), and the Hamming
distance between a and b is denoted by d(a, b) = w(a + b).

3. Existing Results

Following theorems are the results proofed by various authors, which are useful in our
proposed algorithm.

Theorem 3.1. [7] Let a = (a0, a1, . . . , an−1) and b = (b0, b1, . . . , bn−1) be two binary
vectors, then

w(a + b) = w(a) + w(b) − 2
n−1∑
i=0

aibi

if aibi = 0 for 0 ≤ i ≤ n − 1, then

Corollary 3.2.
w(a + b) = w(a) + w(b).

The following Theorem is useful to compute the syndrome of the received word when
the received word shifts one bit to the right.

Theorem 3.3. [4] Let s(x) be the syndrome polynomial corresponding to a received
polynomial r(x). Also, let r(1)(x) be the polynomial obtained by cyclically shifting the
coefficients of r(x) one bit to the right. Then the remainder obtained when dividing xs(x)

by g(x) is the syndrome s(1)(x) corresponding to r(1)(x). However, if the syndrome
cyclically shifts many times, then the syndrome computation is quite time-consuming
for dividing xs(x) by g(x) many times. The following theorem provides an efficient
method to compute s(i) for 0 ≤ i ≤ n − 1, and it can save a lot of computational time.

Theorem 3.4. [1] For the binary QR codes, let rj be an element of r and hj be the j − th

row vector of HT for 0 ≤ j ≤ n − 1. Then the syndrome s(i) of r(i) for 0 ∈ i ∈ n − 1
has the form

s(i) =
n−1∑
j=0

rjh[i+j ],

where the suffix [x] of h denotes x mod n.
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Theorem 3.3. reveals that the syndrome of r(i) can be fast computed by the vector
addition. Theorem 3.4 also provides an efficient method to simplify the decoding step
by using the syndrome weight.

Theorem 3.5. [10] For the binary QR codes, it is assumed that there are v errors in the
received word, where 1 ≤ v ≤ t and t = �(d −1)/2�. All v errors are in the parity-check
bits if and only if the weight of syndrome w(s) = v.

Theorem 3.6. [6] For the binary QR codes, if v errors are in the information bits of
the received word, where 1 ≤ v ≤ t and t = �(d − 1)/2�, then the weight of the
corresponding syndrome vector satisfies

w(s(x)) ≥ d − v or w(s) ≥ (d − v)

theorem 3.7. [10] For the binary QR codes, let e = (e0, e1, . . . , en−1) be an error pattern
and em = (e0, . . . , ek−1), ep = (ek, . . . , en−1) be respectively its message section and
parity check section. Assume that w(em) ≥ 1, w(ep) ≥ 1 and w(e) ≥ t , where
t = �(d − 1)/2�, then the weight of the corresponding syndrome vector satisfies

w(s) ≥ t + 1

Given a received word r, the syndrome s(i) of r(i) can be fast computed by theorem
3.3. According to theorem 3.4, if 1 ≤ w(s) ≤ 7 then error positions are in the parity-
check bits of r.

If 1 ≤ w(s(k)) ≤ 7, then the error positions are in the information bits of r. Let hj

denote the j − th row vector of HT , where 0 ≤ j ≤ n − 1. Also let sdϕ denote the
syndrome difference between the syndromes of r and hj in each decoding step ϕ. By
using the weight of sdϕ , the error cases can be quickly determined.

4. Proposed fast syndrome weight decoding algorithm (FSWDA)
algorithm

Let u0 = (1, 0, · · · , 0) be a k-tuples unit vector and ui has only one nonzero component
at the i − th position, where 0 ≤ i ≤ k − 1. By using these properties the proposed
FSWDA can be constructed.Let case H, C, P denote the error position in the information
bits, center bit, and parity-check bits of r, respectively.
The decoding steps of the proposed FSWDA work as follows:

1. (No error, P, PP, PPP, PPPP, PPPPP, PPPPPP and PPPPPPPcases)
First compute s and w(s) by the use of theorem 2.3
If 0 ≤ w(s) ≤ 7, then the information vector is
m = (r0, r1, . . . , rk−1). Go to step (10).

2. (H, HH, HHH, HHHH, HHHHH, HHHHHH and HHHHHHH cases)
Compute sk and w(s(k)) by the use of theorem 2.3
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Figure 1: List all the 61 error cases and the number of error patterns in each decoding
steps of the proposed FSWDA.
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If 1 ≤ w(s(k)) ≤ 7, then the corrected information vector is
m = (r0, r1, · · · , rk−1) + (s(k), 0). Go to step (10).

3. (HP, HPP, HPPP, HPPPP, HPPPPP, HPPPPPP, C, CP, CPP, CPPP,
CPPPP, CPPPPP and CPPPPPP cases)
Compute the syndrome difference sd3 = s − h for 0 ≤ i ≤ k − 1 and w(sd3).
If w(sd3) ≤ 6 , then the corrected information vector is
m = (r0, r1, . . . , rk−1) + ui. Go to step (10).

4. (HC, HHC, HHHC, HHHHC, HHHHHC, HHHHHHC, HP, HHP, HHHP,
HHHHP, HHHHHP and HHHHHHP)
Compute the syndromes sd4 = sk − hi for 0 ≤ i ≤ k − 1 and w(sd4).
If w(sd4) ≤ 6, then the corrected information vector is
m = (r0, r1, . . . , rk−1) + uk−1 + (sd4, 0) and
if w(sd4) ≤ 6 and 0 ≤ i ≤ k − 1 ,then the corrected information vector is
m = (r0, r1, . . . , rk−1) + (sd4, 0). Go to step (10).

5. (HHPP, HHPPP, HHPPPP, HHPPPPP, HCP, HCPP, HCPPP HCPPPP and
HCPPPPP cases)

Compute the syndromes difference sd5 = s − (hi + hj ) for 0 ≤ i < j ≤ k − 1
and w(sd5).
If w(sd5) ≤ 5, then the corrected information vector is
m = (r0, r1, . . . , rk−1) + ui + uj . Go to step (10).

6. (HHCP, HHHCP, HHHHCP, HHHHHCP, HHHPP, HHHHPP and
HHHHHHPP cases)
Compute the syndromes difference sd6 = sk − (hi + hj ) for 0 ≤ i < j ≤ k − 1
and w(sd6).
If w(sd6) ≤ 5, then the corrected information vector is
m = (r0, r1, . . . , rk−1) + uk−1 + (sd6, 0) and
if w(sd6) ≤ 6 and i > 0, then the corrected information vector is
m = (r0, r1, . . . , rk−1) + (sd6, 0). Go to step (10).

7. (HHCPP, HHCPPP and HHCPPPP cases)
Compute the syndromes difference sd7 = s−(hk−1+hi+hj ) for 0 ≤ i < j ≤ k−2
and w(sd7).
If w(sd7) ≤ 4, then the corrected information vector is
m = (r0, r1, . . . , rk−1) + uk−1 + ui + uj . Go to step (10).

8. (HHHCPP and HHHHCPP cases)
Compute the syndromes difference sd8 = sk − (hk−1 + hi + hj ) for 0 ≤ i < j ≤
k − 2 and w(sd8).
If w(sd8) ≤ 4, then the corrected information vector is
m = (r0, r1, . . . , rk−1) + uk−2 + (sd8, 0) and
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if w(sd8) ≤ 4 and i > 0, then the corrected information vector is
m = (r0, r1, . . . , rk−1) + (sd8, 0). Go to step (10).

9. (HHHCPPP case)
Compute the syndromes difference sd9 = s − (+hk−2 + hk−1 + hi + hj ) for
0 ≤ i < j ≤ k − 3 and w(sd9).
If w(sd9) ≤ 3, then the corrected information vector is
m = (r0, r1, . . . , rk−1) + uk−2 + uk−1 + ui + uj . Go to step (10)

10. stop.

4.1. Example

Let a information m = (010000000000000000000000000000000000000) be encoded into a C79 codeword

c = (0100100000000000000000000000000000000000011100000000000011000001010101100010100).

If the received word
r = (1111000000000000000000000000000000000000011100000000000011000001010101100010100),

then the error pattern
e = (1011100000000000000000000000000000000000000000000000000000000000000000000000000),

which means a HHHCPP case. The decoding procedure is composed of the following steps:

1. Compute s = 010000000000000011000001010101100010100 and then w(s) = 10 > 7, go to step 2.

2. Compute s40 = 001001101100100011010110011111100111001 and w(s40) = 21 > 7, go to step 3.

3. Compute sd3 = s − hi for 0 ≤ i ≤ 39 and w(sd3).

sd3 = s − h0

= (010000000000000011000001010101100010100) − (111011000001011010111100111101110001100)

= (101011000001011001111101101000010011000).

w(sd3) = 18.

sd3 = s − h1

= (010000000000000011000001010101100010100) − (011101100000101101011110011110111000110)

= (001101100000101110011111001011011010010).

w(sd3) = 20.

· · ·

sd3 = s − h12

= (010000000000000011000001010101100010100) − (101110001100111011000001011010111100111)

= (111110001100111000000000001111011110011).

w(sd3) = 20.
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Figure 2: The flowchart of the proposed FSWDA
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· · ·

sd3 = s − h24

= (010000000000000011000001010101100010100) − (010111100111101110001100111011000001011)

= (000111100111101101001101101110100011111).

w(sd3) = 24.

· · ·

sd3 = s − h35

= (010000000000000011000001010101100010100) − (110000010110101111001111011100011001110)

= (100000010110101100001110001001111011010).

w(sd3) = 18

· · ·

sd3 = s − h39

= (010000000000000011000001010101100010100) − (000100101001001101100110001101101111011)

= (011010101001001110100111011000001101111).

w(sd3) = 21.

since every w(sd3) > 7, go to step 4.

4. Compute (sd4) = s40 − h0 for 0 ≤ i ≤ 6 and w(sd4).

sd4 = s40 − h0

= (001001101100100011010110011111100111001) − (101100000000000000000000000000000000000)

= (110010101101111001101010100010010110101).

s(sd4) = 21.

sd4 = s40 − h1

= (001001101100100011010110011111100111001) − (011101100000101101011110011110111000110)

= (010100001100001110001000000001011111111).

w(sd4) = 17.

· · ·

sd4 = s40 − h15

= (001001101100100011010110011111100111001) − (111101110001100111011000001011010111100)

= (110100011101000100001110010100110000101).

w(sd4) = 17.
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· · ·

sd4 = s40 − h25

= (001001101100100011010110011111100111001) − (101011110011110111000110011101100000101)

= (100010011111010100010000000010000111100).

w(sd4) = 15.

· · ·

sd4 = s40 − h39

= (001001101100100011010110011111100111001) − (000100101001001101100110001101101111011)

= (001101000101101110110000010010001000010).

w(sd4) = 15.

Since every s(sd4) > 6,go to step 5.

5. Compute sd5 = s − (hi + hj ) for 0 ≤ i < j ≤ 39 and w(sd5).

sd5 = s − (h0 + h1)

= (010000000000000011000001010101100010100) − ((111011000001011010111100111101110001100)

+ (011101100000101101011110011110111000110))

= (110110100001110000100011110110101011110).

w(sd5) = 21.

sd5 = s − (h0 + h2)

= (010000000000000011000001010101100010100) − ((001110110000010110101111001111011100011)

+ (001110110000010110101111001111011100011))

= (010000000000000011000001010101100010100).

w(sd5) = 10.

· · ·

sd5 = s − (h1 + h2)

= (010000000000000011000001010101100010100) − ((011101100000101101011110011110111000110)

+ (001110110000010110101111001111011100011))

= (000011010000111000110000000100000110001).

w(sd5) = 12.

· · ·
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sd5 = s − (h1 + h39)

= (010000000000000011000001010101100010100) − ((011101100000101101011110011110111000110)

+ (000100101001001101100110001101101111011))

= (001001001001100011111001000110110101001).

w(sd5) = 18.

· · ·

sd5 = s − (h38 + h39)

= (010000000000000011000001010101100010100) − ((110110000010110101111001111011100011001)

+ (000100101001001101100110001101101111011)

= (100010101011111011011110100011101110110).

w(sd5) = 24.

since every w(sd5) > 5, go to step 6.

6. Compute sd6 = s40 − (hi + hj ) for 0 ≤ i < j ≤ 39 and w(sd6).

sd6 = s40 − (h0 + h1)

= (001001101100100011010110011111100111001) − ((111011000001011010111100111101110001100)

+ (011101100000101101011110011110111000110)

= (101111001101010100110100111100101110010).

w(sd6) = 22.

sd6 = s40 − (h0 + h2)

= (001001101100100011010110011111100111001) − ((111011000001011010111100111101110001100)

+ (001110110000010110101111001111011100011))

= (111100011101101111000101101101001010110).

w(sd6) = 23.

· · ·

sd6 = s40 − (h1 + h2)

= (001001101100100011010110011111100111001) − ((011101100000101101011110011110111000110)

+ (001110110000010110101111001111011100011))

= (011010111100011000100111001110000011100).

w(sd6) = 19.

sd6 = s40 − (h1 + h2)

= (001001101100100011010110011111100111001) − ((011101100000101101011110011110111000110)

+ (001110110000010110101111001111011100011))

= (011010111100011000100111001110000011100).

w(sd6) = 19.
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· · ·

sd6 = s40 − (h1 + h39)

= (001001101100100011010110011111100111001) − ((011101100000101101011110011110111000110)

+ (000100101001001101100110001101101111011))

= (010000100101000011101110001100110000100).

w(sd6) = 15.

· · ·

sd6 = s40 − (h38 + h39)

= (001001101100100011010110011111100111001) − ((011101100000101101011110011110111000110)

+ (000100101001001101100110001101101111011))

= (010000100101000011101110001100110000101).

w(sd6) = 15.

Since every w(sd6) > 5, go to step 7.

7. Compute sd7 = s − (hk−1 + hi + hj ) for 0 ≤ i < j ≤ 38 and w(sd7).

sd7 = s − (h39 + h0 + h1)

= (010000000000000011000001010101100010100) − ((111011000001011010111100111101110001100)

+ (011101100000101101011110011110111000110) + (000100101001001101100110001101101111011))

= (110010001000111001000101111011000100101).

w(sd7) = 18.

sd7 = s − (h39 + h0 + h2)

= (010000000000000011000001010101100010100) − ((111011000001011010111100111101110001100)

+ (001110110000010110101111001111011100011) + (000100101001001101100110001101101111011))

= (100001011000000010110100101010100000000).

w(sd7) = 12

· · ·

sd7 = s − (h39 + h5 + h10)

= (010000000000000011000001010101100010100) − ((011001110110000010110101111001111011100)

+ (111000110011101100000101101011110011110) + (000100101001001101100110001101101111011))

= (110101101100100000010111001010000101101).

w(sd7) = 18.

· · ·
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sd7 = s − (h39 + h37 + h38)

= (010000000000000011000001010101100010100) − ((000100101001001101100110001101101111011)

+ (101100000101101011110011110111000110011) + (110110000010110111111001111011100011001))

= (001110101110010000101101010100101000101).

w(sd7) = 18.

Since every w(sd7) > 4, go to step 8.

8. Compute (sd8) = s40 − (hk−1 + hi + hj ) for 0 ≤ i < j ≤ k − 2

sd8 = s − (h39 + h0 + h1)

= (001001101100100011010110011111100111001) − ((000100101001001101100110001101101111011)

+ (111011000001011010111100111101110001100) + (011101100000101111011110011110111000110))

= (101011100100011001010010110001000001000).

w(sd8) = 15.

sd8 = s − (h39 + h5 + h10)

= (001001101100100011010110011111100111001) − ((000100101001001101100110001101101111011)

+ (011001110110000010110101111001111011100) + (111000110011101100000101101011110011110))

= (101100000000000000000000000000000000000).

Since w(sd8) = 3 ≤ 4, and i > 0.

The corrected information vector will be m = (r0 + r1 + · · · + r39) + (sd8, 0).

m = (1111000000000000000000000000000000000000) + (101100000000000000000000000000000000000)

= (0100000000000000000000000000000000000000).

Go to stop.

5. Conclusion

A fast syndrome weight decoding algorithm (FSWDA) is developed to correct binary
systematic (79, 40, 15) and (97, 49, 15) quadratic residue (QR) code upto seven errors.
Our proposed scheme neither compute complicated algebraic computation nor stores
large lookup table in the memory. The main concept behind our proposed FSWDA is
based on the property of cyclic code and the weight of syndrome difference. By using
Theorem 2.3, Theorem 2.4, Theorem 2.5 and the weight of sdϕ , the error cases can be
fastly identified and corrected. The proposed FSWDA can be extended to decode other
QR codes.



Decoding of the Seven-Error-Correcting Binary Quadratic Residue Codes 5099

References

[1] H.P. Lee, and H.C. Chang, Decoding of the Triple-Error-Correcting Binary
Quadratic Residue Codes. Automatic Control and Information Sciences 2.1 (2014):
7–12, doi:10.12691/acis-2-1-2.

[2] Pless, Vera (1998), Introduction to the Theory of Error-Correcting Codes (3rd ed.),
Wiley Interscience, ISBN 0-471-19047-0

[3] R.T.Chien, “Cyclic decoding procedure for the Bose-Chaudhuri-Hocquenghem
codes,” IEEE Trans. Inform. Theory, 10(4). 357–363. Oct. 1964,
doi>10.1109/TIT.1964.1053699.

[4] S. B. Wicker, “Error Control Systems for Digital Communication and Storage,”
Prentice Hall, 1995.

[5] T.C. Lin, H.C. Chang, H.P. Lee, and T.K. Truong, “On the decoding of the
(24, 12, 8) Golay code,” Inform. Sci., 180(23). 472 9–4736. Dec. 2010, DOI:
10.1016/j.ins.2010.08.015.

[6] T.C. Lin, H.P. Lee, H.C. Chang, and T.K. Truong, “A cyclic weight algorithm of
decoding the (47, 24, 11) quadratic residue code,” Inform. Sci., 197. 215–222. Aug.
2012, DOI: 10.1016/j.ins.2012.02.020.

[7] T.C. Lin, H.P. Lee, H.C. Chang, T.K. Truong, and S.I. Chu, “High speed decoding of
the binary (47, 24, 11) quadratic residue code,” Inform. Sci., 180(20). 4060–4068.
Oct. 2010, doi>10.1016/j.ins.2010.06.022.

[8] Y. Chang, T. K. Truong, I. S. Reed, H. Y. Cheng, and C. D. Lee, “Algebraic De-
coding of (71, 36, 11), (79, 40, 15), and (97, 49, 15) Quadratic Residue Codes,”
IEEE Trans. on Comm., vol. 51, no. 9, pp. 1463–1473, September (2003), DOI:
10.1109/TCOMM.2003.816994.

[9] Y.H. Chen, C.H. Chien, C.H. Huang, T.K.Truong, and M.H. Jing, “Efficient decod-
ing of systematic (23, 12, 7) and (41, 21, 9) quadratic residue codes,” J. Inform.
Sci. and Eng., 26(5). 1831–1843. Sept. 2010.

[10] Yani Zhang, Xiaomin Bao, Zhihua Yuan, Xusheng Wu. “Decoding of the
Five-Error-Correcting Binary Quadratic Residue Codes.” American Journal of
Mathematical and Computer Modelling. Vol. 2, No. 1, 2017, https://doi:
10.11648/j.ajmcm.20170201.12.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


