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Abstract

In this paper, we first find the Euler Beta, Laplace, Whittaker, Sumudu and Hankel
integral transforms of the S-Generalized Gauss hypergeometric function. Next, we
obtain the image of S-generalized Gauss hypergeometric function under the certain
fractional operators (Saigo, Erdélyi, Kober, Riemann-Liouville, Weyl fractional
integral operators and Riemann—Liouville fractional Derivative).
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1. Introduction and Definitions
The S-Generalized Gauss hypergeometric function:
F}a’ﬂ;r’“)(a, b; c; 2)

was introduced and investigated by Srivastava et al. [13, p.350,Eq.(1.12)]. It is repre-
sented in the following manner:

= Byt 4nc—b)2"

F@.Bt.0 biciz) =
P (a ¢; 2) nX:(:)(a)n B(b.c —Db) oy

(Izl <D (1D

(R(p) = 0; min {R(r), R(B), R(7), R(w)} > 0; R(c) > R(b) > 0)
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in terms of the classical Beta function B(A, ) and the S-generalized Beta function
Bg)"ﬂ;”“) (x, y), which was also defined by Srivastava et al. [13, p.350, Eq. (1.13)] as
follows:

1
B@.Bit. 1) ’ ::/ ol =L F : ;—L dt 1.2
gy = = TR (o B (1.2)

(R (p) = 0; min {R(x), R(y), R(w), R(B)} > 0; min {R(7), R(n)} > 0)

and (1), denotes the Pochhammer symbol defined (for A € C) by (see [15, p. 2 and pp.
4-6]; see also [14, p. 2]):
(A 1 =
TG +n) _{ , (n=0) (1.3)

= TG T 1A+ D bn— D, (eN = (12,3,

provided that the gamma quotient exists (see, for details, [17, p.16 et seq.] and [18,
p.22 et seq.]). For T = pu, the S-generalized Gauss hypergeometric function de-
fined by (1.1) reduces to the the following generalized Gauss hypergeometric function
Flg""ﬂ;f)(a, b; c; z)studied earlier by parmar[10, p.44]:

BY PO (b4 n,c—b) 2
Bb,c—b) n!

Flga,ﬂ;r)(a’ b:c:7) = Z(a)” (z] < 1) (1.4)
n=0

(R(p) = 0; min {R(x), R(B), R(7)} > 0; R(c) > R(b) > 0)

which, in the further special case when t=1,reduces to the following extension of the
generalized Gauss hypergeometric function (see, e.g. [9, p.4606,section 3];see also [8,

p-39)):

B;,a’ﬂ)(b +n,c—b)z7"
B(b,c—b) n!

F*P(a,bic;2) =Y (a) Izl <) (1.5
n=0
(R(p) = 0 : min {R(x), R(B)} > 0; R(c) > R(b) > 0)

upon setting « = B in (1.5), we arrive at the following extended Gauss hypergeometric
function (see [3, p.591, Egs.(2.1) and (2.2)]):

B,(b+n,c—>b)7"
Bb,c—b) n!

Fy(a,b;c;z) = Z(a)n (lzl < 1) (1.6)
n=0

(R(p) = 0; R(c) > R(D) > 0)
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2. Integral Transforms associated with S-Generalized
Gauss Hypergeometric Function

In this section, we have find the certain integral transform like that Euler, Laplace,
Whittaker, Sumudu and Hankel integral transforms of the S-Generalized Gauss hyper-
geometric functions F 1(,“”3 *T:1) which is defined by (1.1).

Theorem 2.1. If R(p) > 0, min {R(x), R(B), R(r), R(w)} > 0, R(c) > RO) >0
and R(¢) > 0, SR(m) > 0 are parameters. Then, the following Beta transform holds:
B {Flgaﬂw(z +m, b; ¢; x2); L, m} = B, m)FPmm e, bicix) (x| < 1)
2.1
where the beta transform of f(z) defined as (see [12])

1

B{f(2);£,m} = /ze_l(l — 2" f(2)dz (2.2)

0

Further, it is assumed that the involved Euler (beta) transforms F 15‘“9 T (.) exist.

Proof. To prove the result (2.1), by taking the Beta transform (2.2) of (1.1), we obtain
1
A= /Z“u — )" FPTI (0 4+ m, by ¢ x2)dz
0

Next, we express S-Generalized Gauss Hypergeometric Function F Ig""ﬂ T4 in the series
form with the help of (1.1) and then changing the order of integration and summation
(which is permissible under the conditions stated), we get

1

/ZZ+n—l(1 _ Z)m_ldz

0

00 (o, B57,10)
B, (b+n,c—>b)x"
A:n;(um)" B(b.c—b) n

Finally, with the help of Beta function and (1.1), we get the desired result (2.1) after a
little simplification. u

Theorem 2.2. If y > 0, R(s) > 0, min {R(a), R(PB), R(r), R(w)} > 0, R(c) >

Rb) > 0, R(p) > 0 and |X < 1| are parameters. Then, the following Laplace
s
transform holds:

. e .
e[ FE G b ey | ) = S (b e Y) @)
S S
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where the Laplace transform of f(z) defined as (see [12])
LLf(@D]1s) = fe_”f(z)dz (R(s) > 0) (2.4)
0

Proof. In order to prove the assertion (2.3), by taking the Laplace transform (2.4) of
(1.1), we obtain

o0
Q= /e_”zl_lFlg""ﬁ;”“)(a, b; c; yz)dz
0

Next, we express S-Generalized Gauss Hypergeometric Function F ,5“’/3 T4 in the series
form with the help of (1.1) and then changing the order of integration and summation
(which is permissible under the conditions stated), we get

o0

00 (a,B57,10)
B b+n,c—>b)y"
Q=> (a)—~ ( )X:/eﬂ%”””dz
=0

B(b,c—b) n!
0

Finally, with the help of Gamma function and (1.1), we get the desired result (2.3) after
a little simplification. [ |

Theorem 2.3. If |lw/v| < 1, R(p) > 0, R(v) > 0, min {R(x), R(B), R(t), R(KW)} >
0, R(c) > RbD) > 0 and R(p) > 0 are parameters. Then, the following Whittaker
transform holds:

W,f’m [Flga’ﬁ;f’“)(a, b;c;wz): v]

1 1
ATGtm+pLG=mtp) | @Ogtmtpy=miiy,

= 28p1 -
VP rd — g+ v
(3 P) cl—k+p:
(2.5)
where Whittaker transform of f(z) is defined as (see, [6])
o0
WL, 1@ vl = [l w00 f @z 2.6)
0

Proof. In order to prove the assertion (2.5), by taking the Whittaker transform (2.6) of
(1.1), we obtain

o0
A= fz"_le_”Z/ZWk,m(vz)Fé“’ﬂ”’“)(a, b; ¢; wz)dz
0
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Next, we express S-Generalized Gauss Hypergeometric Function F I(,“’ﬂ "T1) in the series
form with the help of (1.1) and then changing the order of integration and summation
(which is permissible under the conditions stated), we get

o0

/ Z'O+n_1€_vz/2Wk,m (UZ)dZ
0

00 (a,B;7,1)
B b ,c—b)w"
A=Y (@),2 btnc-buw
= B(b,c—b) n!

Now, with the help of result [7, p. 56, Eq. (2.41)], we obtain

A=LY @, By "M b4 nc—b) ()" TG +m+n+pLG—m+n+tp)
o B(b,c — D) n! T3 —k+n+p)

After a little simplification, we get the desired result (2.3). |

Theorem 2.4. Suppose that |uy| < 1, min {R(x), R(B), R(r), R(w)} > 0, R(c) >
R(b) > 0and R(p) > 0 are parameters. Then, the following Sumudu transform holds:

G} [Flga,ﬂ;r,ﬂ)(a, b; c; y2); u] = IFIga,ﬂ;r " (a, b, 1; c; uy) 2.7

where the Sumudu Transform of f(z) defined as (see, [20])

o0

S[f(z);ul = /e_zf(uz)dz [u € (=71, 72); T1, T2 > 0] (2.8)
0

Proof. In order to prove the assertion (2.7), by taking the Sumudu transform (2.8) of
(1.1), we obtain

o0
B = /e_ZFé""ﬁ;T’“)(a,b; c;uyz)dz
0

Next, we express S-Generalized Gauss Hypergeometric Function F I(,""ﬁ T4 in the series
form with the help of (1.1) and then changing the order of integration and summation
(which is permissible under the conditions stated), we get

(o, B57,0)

00 o0
~ B, (b+n,c—D>b) (uy)” o
E= Z(a)n e *7"dz
i B(b,c — b) nl

0

Finally, with the help of Gamma function and (1.1), we get the desired result (2.7) after
a little simplification. u
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Theorem 2.5. Suppose that R(p) > 0, min {R (), R(B), R(r), R(w)} > 0, R(c) >
PR(b) > 0 are parameters. Then, the following Hankel transform holds:

Fx [F[(,""ﬁ;f’“)(a, b;c;ut) : v}

16u
T4 1—b;1,7): A*
B 2I'(B) F011.2:1.2 k ( 2
=2 — 1,1:3,1;3,1
V4
(2.9)
where
A=—a D (<2 (2. a0 a-ctrp w61
= —da, 9 — 1 A ) oy~ ; 9 9 —C ) 9 9
22)'\2°2 H
B* = (0, 1); (e, 1)
and Hankel transform defined of f(¢) defined as (see, [5])
o0
SeLF() : v] = f (1, (kt) f (1) (2.10)
0

Proof. In order to prove the assertion (2.9), by taking the Hankel transform (2.10) of
(1.1), we obtain

o0
Y :/t]v(kt)Flgo"ﬂ?”“)(a,b; c; ut)dt
0

Next, with the help of result [16, p.18, Eq.(2.6.5)], we get
kt

(0.¢]
T :/Fl(,""ﬁ;r’“)(a,b; c; ut)tH(}”g (3

2
) bt |
(2’ ),(_2’ )

Further, with the help of result given by Bansal and Jain [2, p. 118, Eq.(2.1)], we get the
desired result (2.9) after a little simplification. |

Remark 2.6. If we take 7 = p in Theorems 2.1 to 2.3 its reduces to the corresponding
results due to Choi [4]. It may be remarked that the known result of Theorems 2.1 to 2.3
when 7 = u = 1 immediately reduce to the corresponding results due to Agarwal [1].
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3. Fractional Calculus of the S-Generalized Gauss
Hypergeometric Function

In this section, we establish image formulas for the S-Generalized Gauss Hypergeometric
Function under the Saigo fractional integral operators and also point out their special
cases which are believed to be new.

Theorem 3.1. If x > 0, A, v, n € C be parameters such that, R(p) > 1,R(p—v+1n) >
1 and R(p + A + 1) > 1. Then, the following Saigo fractional integral formula holds:

A, _ .
<Io; Typ lFé""ﬁ”’“) (a, b; c; t)) (x)

)

—p— ,ba - sy O3
_ TN vk pape | 7TV
Lo —wCp+a+mn = P2

X 3.1
c,p—Vv,p+ A+

where Saigo hypergeometric fractional integral operators of f(¢) is defined as (see, [7])

—A—V p
(I&;”Uv(z)) (x) = XF()\) /(x — ;)A—12F1 ()» +v,—m Al — j—c> f(dt (3.2)
0

(x>0 and A,v,neC)

Proof. In order to prove the assertion (3.1), by taking the Saigo fractional integral (3.2)
of (1.1), we obtain

x

A—V

X A—1 W ! o—1 (a,B;t,10) .o

TGy /(X —0)" 2 F (k+v, —n A1 — ;)t F), (a, b; c; t)dt
0

Ay =

Next, we express S-Generalized Gauss Hypergeometric Function F 1(,“”3 *TM) () in the se-
ries form with the help of (1.1) and then changing the order of integration and summation
(which is permissible under the conditions stated), we get

o0 B[()“vﬂ?ﬁ//«)(b +r,c—b) x—k—v
A=) (a) :
s B(b,c—b)r! I"(A)
X

t
X /tr+p—1(x — t)k_lel ()L +v,—n A1 — —) dt

X

Now, with the help of result [11], we obtain

N :i(a) B;a,ﬂ;r,ﬂ)(b—i—r,c—b) Fr+p)l(p+r+n—v) rpv-]
g " B(b, ¢ — b)r! To+r—v)T(p+r+Ar+n)
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Finally, with the help of (1.1), we get the desired result (3.1) after a little simplification.
|

Theorem 3.2. If x > 0, A, v, n € C be parameters such that, R(p) > 1, R(p +v) > 1
and R(A+v+ p+n) > 1. Then, the following Saigo fractional integral formula holds:

J;"’o"ént—pplga,ﬂ,r,u) abici—-))x) = v+ p)C(n+p) o
! T(P)L (O +v+n+p)

a,b,v+p,n+p; 1

(a,B;1,10)
F
28p.2 X

(3.3)

c,p,v+A+n+p;

where Saigo hypergeometric fractional integral operators of f(¢) is defined as (see, [7])

1 o0
(LR f (@) (x) = mfx t —x)" R ()» +v,—m Al — ;) f(t)dt
(3.4)

(x>0 and A,v,neC)

Proof. In order to prove the assertion (3.3), by taking the Saigo fractional integral (3.4)
of (1.1), we obtain

[1]

_ f (l x)k 1t Ay F ()\. —+ n Al )t ! F( B a,b dt
JR— — U’— ; ; _ — A 5 ; ;_

Next, we express S-Generalized Gauss Hypergeometric Function F ;“’ﬂ T4 in the series
form with the help of (1.1) and then changing the order of integration and summation
(which is permissible under the conditions stated), we get

. _i( ) B;,a’ﬂ;r’ﬂ)(b—l—r,c—b) 1
ST YT T B e~ byt T

o0 X
Xt/ (t—-XV’*f“%*_””zFl(u-%v,—n;u;l—-;>dt
X

Now, with the help of result [11], we obtain

(]

:i(a) B}()a,ﬁ;r,ﬂ)(b—l—r,c—b) Fw+r+p)l(m+r+p) U
! — " B(b.c—byr! TC+pTG+v+n+r+p)

Finally, with the help of (1.1), we get the desired result (3.3) after a little simplification.
[
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Corollary 3.3. If we put v = 0 in (3.1), then Saigo hypergeometric fractional integral
operator reduces to Erdélyi fractional integral operator of S-Generalized Gauss Hyper-
geometric Function

a,b,p+n;
X
c,p+ A+
3.5

xp—lr(p +n) lF(a,ﬁ;r,u)
T(p+r+n) P!

A, _ .
(Eg2er Fbo @, b e ) () =
where Erdélyi fractional integral operator of f(¢) is defined as (see, [19])

x A
'(A)

(Eb1r®) @ = /Ox(x—tﬂ—ltﬂf(r)dr (RG) >0, R > 0)

(3.6)

provided that the conditions are easily obtainable from the existing conditions of (3.1)
are satisfied.

Corollary 3.4. If we put v = 0 in (3.3), then Saigo hypergeometric fractional integral
operator reduces to Kober fractional integral operator of S-Generalized Gauss Hyperge-
ometric Function

| 1
<KQ§J_0F§L&t“)<aJHC;;))(x)

a,b,n+p;
I'(n+p) P BT

—_9te) - 37
CO+n+p P G-D

cA+n+p;

where Kober fractional integral operator of f(¢) is defined as (see, [19])

(K21 f(0) (x) = % / oo(t — ) (0de (RO >0, K1) >0
(3.8)

provided that the conditions are easily obtainable from the existing conditions of (3.3)
are satisfied.

Corollary 3.5. If we put v = —AX in (3.1), then Saigo hypergeometric fractional inte-
gral operator reduces to Riemann-liouville fractional integral operator of S-Generalized
Gauss Hypergeometric Function

_ a,b, p;
xP 1T (p) plepitn P

X
Cip+n 7

c,p+A+mn;
(3.9)

(Ré,xt"‘lFIS""ﬁ;W) (a, b; c; t)) (x) =
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where Riemann Liouville Fractional integral Operator of f(¢) is defined as (see, [19])

1 X
(Ré,xf(t)) (x) = mfo (x =) L f@)de (R(L) > 0) (3.10)

Corollary 3.6. If we put v = —X in (3.3), then Saigo hypergeometric fractional inte-
gral operator reduces to Weyl type fractional integral operator of S-Generalized Gauss
Hypergeometric Function

b, p—A;
. 1 T(o— A ' a, b, _—
W)?\oot_pF(Ot,,B,r,M) a,b;c; — (x) = Mx)\—plF(al,ﬂ,r,u) 1
s p t F(,O) p, c p' X
(3.11)

where Weyl Fractional integral Operator of f(¢) is defined as (see, [19])

1 o0
(W f @) (x) = m[ t—x)* L rndr (R > 0) (3.12)

Corollary 3.7. If we replace A by —A in (3.9), then Riemann-Liouville Fractional
Integral Operator reduces to Riemann-Liouville fractional derivative operator of S-
Generalized Gauss Hypergeometric Function

o a,b, p;
xP~1T (p) JACCRAD) P

X
¢, p—Ar+mn;

(3.13)
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