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Abstract

In this present work, we obtain certain coefficients of the subclasses of univalent
functions and estimates the relevant connection to the famous classical Fekete-
Szego inequality of functions belonging to the class.
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1. INTRODUCTION
Chebyshev polynomials are used in many parts of numerical analysis and more
generally in applications of mathematics, for more examples see Doha[2] and
Mason[5]. The Chebyshev polynomials 7,(x))and U, (x) of degree n of the first and
second kinds, respectively, appropriate to the range [-1,1] of x, may be conveniently
defined in terms of a transformation from x to & as
T (x) = cosn®,
U (x)= sin(n+1)
sin@

where x=cos6.

In 1933, Fekete-Szego[4] proved that

3-4u if u<0
2 —2u .
|a, — pa; |< 1+2exp(1—j if 0<su<l

4u-3 if u=1
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holds for the functions f €S and the result is sharp. The problem of finding the sharp
bounds for the non-linear functional |a, —ua; | of any compact family of functions is

popularly known as the Fekete-Szego problem.
Let A denote the family of analytic functions in the open unit disk
U={zeC:z|<1} is of the form,

f(z)=z+ianz", (1.1)

We denote by S the subclass of A consisting of all functions in A which are also
univalentin U. A function f €A issaidto beintheclass S of starlike functions in
U, if it satisfies the following inequality:

%{%%?}>0,(26U)

A function f €A is said to be in the class C of convex functions in U, if it

satisfies the following inequality:
m%+ﬁ¥§}>a (z eU).
/(2

With a view to recalling the principal of subordination between analytic
functions, let the functions f(z) and g(z) be analytic in U. Then we say that the

function f(z) is subordinate to g(z), if there exits a Schwarz function w(z),
analytic in U with
o(0)=0 and |w(z)|<1 (zel).
such that f(z) = g(®(z)),z €U. We denote this subordination by
f<g or f(z)=<g(2).
In particular, if the function g is univalent in U, the above subordination is equivalent
to

f(0)=g(0) and f(U)cgU).

Definition 1 The function f €A isintheclass S, te (%,l] if

22 _ 1
f(2)- f(~2) <H(z,1): Ry (zeV). (1.2)

Definition 2 The function f €A isintheclass C,, te (%,1] if

2(zf"(2)) <H(z,t)= ;2 (zel).
(f(2)- f(=2)) 1-2tz+z
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We note that if t =cosa, a e(—/3,73), then
1

1-2tz+2°

- i n(n+1)a 2 (zeU).
=1

sina

H(z,t) =

Thus
H(z,t)=1+2cosoz +(Bcos’a—sin’a)z’ +... (zeU).
Following[6], we write
H(z,t)=1+U,()z+U,(t)z> +... (zeU,te(-1,1)),
Where
U = sin(narccost) (n
Ji-

are the Chebyshev polynomials of the second kind. Also, it is known that
U,(=2U,,)=U,, (),

eN)

and
U,(t)=2t,U,(t) =4t —1,U,(t) =8 —4t,... (1.3)
The Chebychev polynomials 7,(¢), ¢t €[—1,1], of the first kind have the generating
function of the form
= " 1-#z
Z(;T 0" =1 —— (<),
However, the Chebychev polynomials of the first kind 7,(¢) and of the second kind
U, (t) are well connected by the following relationships
% =nU, (1),
@ =U,0-tU,,,
2T,(1) =U,(0)-U,, ().
Motivated by the recent works of Dziok et al.,[3] and Altinkaya et al.,[1], We estimates

the initial coefficients of univalent functions by using the Chebyshev polynomial
expansions.

2. MAIN RESULTS
Theorem 1 If f €S, then

la, |<t @2.1)
and
| a, |St+2t2—%. (2.2)
Proof. Let feS..From (1.2), we have
27(2) +U()o(2) +U, ()@ (2) + ..., (2.3)

@12
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for some analytic function @ such that @(0)=0 and |w(z)|<1 forall zeU. It is

well known that if,
|eaXz2) [F| e,z + ¢,z +¢,2° +...[< 1,z €U, then
|c, [<1,forallj eN
and
|c, — pc] |<max {1;| |}, foralluz eR.
By using (2.4) in (2.3) we get,
2@ 1+U,(t)c,z +[U,(t)c, +U,(t)c 12° +...
f(2)=f(=2)
From (2.6), we can easily deduce that
2a, =U,(t)c

2a, =U,(t)c,+U,(t)c;
Using (1.3) in (2.7),
la, [<t
and

| a, |St+2t2—l.
2

Theorem 2 If f €S, then

t; if welw, )
5 4% —1 .
| a; — pay [<4t 2 -ty if peE, ]
where
_ 4 —(1+21) _4r-(1-21)
! 2¢? S 2¢* ’
Proof. From (2.7)
2 Ul(t) Uz(t) U1(t) 2
a, — = c, + - c’l.
| ay — pa; | > 2 U (1) H > !

In view of (2.5), we conclude that

| @ — pay < UlT(t)max{lJUz(t) —/JU‘(t)|}

U, (@) 2
4t2_1—w
2t '

Using (2.1) and (2.2) in (2.8)

|a, — ua; |[< t max {1,

2.4)

2.5)

(2.6)

2.7)

(2.8)



Fekete-Szego inequality for subclasses of analytic functions bounded...

Since ¢>0, we have

2 2
P () B ()

4t —1
—ut| <1
2t H
2t
Sy S US .
Theorem3 If feC,, then
t
|a2|35
and
2
o<l 1
3 3 6

2¢*

4957

2.9)

(2.10)

Proof. From the definitions of the classes S| and C,, it is well known that the

Alexander relation, the function f €C, ifandonlyif zf’ €S, . Thusreplacing a, by

na, in(2.1) and (2.2) we obtain the above results.

Theorem 4 If f €C,_ then

t .
3 if pelu, ]
t
ay — pa; < 3

4t2—1_ 3t

2t ,u4

XAV

where
_ 2[4¢% — (1+21)] _ 2[4¢* — (1-21)]
3 342 SR 32 ’

Proof. From (2.9) and (2.10)

_ 2=U1_(t) Uz(t)_ Ul(t) 2
|a; — was | 6 cz"'(Ul(t) 3u 3 jcw

In view of (2.5), we conclude that
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LU U0, U@
| a, — pa; |< . max{l, U.() 3u 2 |} (2.11)

!

Using (2.9) and (2.10) in (2.11)

-1 3
2w My

t
|a, — ua’ |< Emax{l,

Since >0, we have

4 -1 3t
—u=— <1
2w M
2 2
@2[4z —(1+2t)]SﬂS2[4t —(1-20)]
312 312
S My S S .
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