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Abstract 

 
In this present work, we obtain certain coefficients of the subclasses of univalent 
functions and estimates the relevant connection to the famous classical Fekete-
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1. INTRODUCTION 

Chebyshev polynomials are used in many parts of numerical analysis and more 
generally in applications of mathematics, for more examples see Doha[2] and 
Mason[5]. The Chebyshev polynomials )(xTn ) and )(xUn  of degree n of the first and 
second kinds, respectively, appropriate to the range [-1,1] of x, may be conveniently 
defined in terms of a transformation from x to   as  

 ,=)( cosnxTn  

 
sin

nsinxUn
1)(=)(   

 where cosx = . 
 
In 1933, Fekete-Szegö[4] proved that  
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holds for the functions Sf  and the result is sharp. The problem of finding the sharp 
bounds for the non-linear functional || 2

23 aa   of any compact family of functions is 
popularly known as the Fekete-Szegö problem.  

Let A  denote the family of analytic functions in the open unit disk 
1}|<:|{= zz CU   is of the form,  

 ,=)(
2=

n
n

n
zazzf 



  (1.1) 

  We denote by S  the subclass of A  consisting of all functions in A  which are also 
univalent in U . A function Af  is said to be in the class *S  of starlike functions in 
U , if it satisfies the following inequality:  
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A function Af  is said to be in the class C  of convex functions in U , if it 

satisfies the following inequality:  
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 With a view to recalling the principal of subordination between analytic 

functions, let the functions )(zf  and )(zg  be analytic in U . Then we say that the 
function )(zf  is esubordinat  to )(zg , if there exits a Schwarz function )(z , 
analytic in U  with  

 ).(1|<)(|0=(0) Uzzand   
such that .)),((=)( Uzzgzf   We denote this subordination by  

 ).()( zgzforgf   
 In particular, if the function g is univalent in U , the above subordination is equivalent 
to  

 ).()((0)=(0) UU gfandgf   
  

Definition 1 The function Af  is in the class *
sS , ,1]

2
1(t  if 
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 Definition 2 The function Af  is in the class sC , ,1]
2
1(t  if 
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 We note that if cost = , /3)/3,(   , then  

 
).(1)(1=

21
1=),(

1=

2

U









zz
sin
nsin

ztz
tzH

n

n 


 

 Thus  
 ).()(321=),( 222 U zzsincoszcostzH   

 Following[6], we write  
 1,1)),(,()()(1=),( 2

21  tzztUztUtzH U  
 Where  
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 are the Chebyshev polynomials of the second kind. Also, it is known that  
 ),()(2=)( 21 tUttUtU nnn    

 and  
 ,48=)(1,4=)(,2=)( 3
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 The Chebychev polynomials )(tTn , 1,1],[t  of the first kind have the generating 
function of the form  

 ).(
21
1=)( 2

0=
U







z
ztz

tzztT n
n

n

 

 However, the Chebychev polynomials of the first kind )(tTn  and of the second kind 
)(tUn  are well connected by the following relationships  
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Motivated by the recent works of Dziok et al.,[3] and Altinkaya et al.,[1], We estimates 
the initial coefficients of univalent functions by using the Chebyshev polynomial 
expansions.  

 

2. MAIN RESULTS 

Theorem 1 If *
sf S ,then 

 ta || 2  (2.1) 
 and  
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 Proof.   Let *
sf S . From (1.2), we have  
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 for some analytic function   such that 0=(0)  and 1|<)(| z  for all Uz . It is 
well known that if,  

 thenzzczczcz ,1,|<|=|)(| 3
3

2
21 U   (2.4) 
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 and  
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 By using (2.4) in (2.3) we get,  

 


 22
122111 ])()([)(1=

)()(
)(2 zctUctUzctU

zfzf
zfz  (2.6) 

 From (2.6), we can easily deduce that  
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 Using (1.3) in (2.7),  
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Theorem 2 If *
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Proof.  From (2.7)  
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 In view of (2.5), we conclude that  
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 Using (2.1) and (2.2) in (2.8) 
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 Since 0>t , we have  
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Theorem 3   If sf C ,then 
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Proof. From the definitions of the classes *
sS  and sC , it is well known that the 

Alexander relation, the function sf C  if and only if *
sfz S . Thus replacing na  by 

nna  in (2.1) and (2.2) we obtain the above results.  
  

Theorem 4 If sf C ,then 
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Proof.  From (2.9) and (2.10)  
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In view of (2.5), we conclude that  
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Using (2.9) and (2.10) in (2.11)  
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Since 0>t , we have  
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