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Abstract

In this paper a fixed point theorem for generalized quasi-contractions of D*-
metric spaces have been proved and also some of its consequences are given.
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I. INTRODUCTION

Generally fixed point theorems were established for self-maps of metric spaces.
Certain fixed point theorems were proved for self-maps of metrizable topological
spaces also since such spaces, for all practical purposes, can be considered as metric
spaces.

Recently in 1992 B. C. Dhage [1] has initiated a study of general metric spaces called
D-metric spaces. Later several researchers have made a significant contribution to the
fixed point theorems of D-metric spaces in [2], [3], [4], [5] and [6].As a probable
modification of D-metric spaces, very recently, Shaban Sedghi, Nabi Shobe and
Haiyun Zhou [7] have introducedThe notion of quasi-contractions on D*-metric
spaces has been generalized by Brian Fisher [8]. Analogously we define generalized
quasi-contractions among the selfmaps of D*-metric spaces.

Il. PRELIMINARIES

2.1 Definition: Let X be a non-empty set. A function D*: X* —[0, ) is said to be
a generalized metric or D*-metric on X, if it satisfies the following conditions:
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Q) D*(x,y,z) >0 forall x,y,ze X
(i) D*(x,y,z)=0 ifandonly if x=y =z
@)  D*(XYy,z2)=D*(o(x,Yy,2)) forall x,y,ze X,
where o(x,y,z) is a permutation of the set{x, y, z}
(iv) D*(X,y,2) <D*(x,y,w)+D*(w,z,2) forall x,y,z,we X.

The pair (X, D*), where D* is a generalized metric on X is called a D*-metric space
or a generalized metric space.

2.2 Definition: A D*-metric space (X, D*) is said to be complete, if every Cauchy
sequence in it converges in it.

2.3 Definition: A selfmap f of a D*-metric space (X, D*) is called a
quasi-contraction, if there is a number q with 0<q <1 such that

D*(x, fy, fy) <q max{ D*(x,y,y),D*(x, fx, &), D*(y, fy, fy),
D*(x, fy, fy),D*(y, fx, ) |
forall x,y e X

2.4 Definition: A selfmap f of a D*-metric space (X, D*) is called a generalized
quasi-contraction, if for some fixed positive integers k and I, there is a number q
with 0<q <1 such that

D*(f*x, f'y, f'y)<q.max{ D*(f'x, f°y, f°y),D*(f'x ", f'x),
D*(fsy,fs'y,fs'y):Osr,r'sk, 0<s,s'<l }

I11. MAIN RESULT

3.1 Theorem: Suppose f is a generalized quasi-contraction on a complete D*-metric
spaces (X, D*) and let f be continuous. Then f has a unique fixed point.

Proof: By increasing the value of q if necessary, we may assume that % <q<1and

the inequality in the generalized quasi-contraction will still hold. But we will then

have that a4 >1. Assume that k > 1

1-q
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Let x be an arbitrary point in X, we claim that the sequence
{f"x:n=1,23,...} is bounded.
If possible assume that the sequence {f”x 'n=123, ... } is unbounded.
Then the sequence {D*( £ % f'x):in=1,23 ... } is unbounded.
Let K :i.max{D*(fix, f'x, f'x):ogi gk}. Since

1-q
{D*( f x, f'x, f'x):n =123, ... } is unbounded, there exists an integer n

such that D*(f”x, f'x, f'x)>K and let n, be smallest such n and since

9 51 n,>k=1.Thus

1-q
D*(f%x, ', 'x)>K =ﬁ.max{D*(fix, ', f'x):0<i <k}
That is,

(3.L.1) D*(%x, f'x, f'x)>ﬁ.max{D*(f‘x, f'x, f'x):0<i<k]

Now it follows that

(1-q)D*(F%x, f'x, %) > q.max{D*(F'x, f'x, f'x):0<i <k|
>q.max{ D*(f'x, f'x, f'x)-D*(fx, f'x, f'x):

0<i<k;0<r<n, }

>q.max{ D*(f'x, f'x, f’x)—D*(f”°x, f'x, f'x):

0<i<k;0<r<n, |}

= g.max { D*(fix, frx, f“x):Osisk; 0<r<n, }
—q.D*(f”Ox,f'x,f'x)

And hence
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(3.1.2)
D*(f"x, f'x, f'x)>q.max{ D*(f‘x, frx, frx):Osigk; 0<r<n, }

We shall now prove that
(3.1.3)
D*(f%x, f'x, f'x)>q.max{ D*(f'x, f'x, f'x):0<i,r<n, }
If not,
(3.1.4)
D*(f%x, 'x, f'x)<q.max{ D*(f'x, f'x, f'x):k<i,r<n, }

Now applying the inequality in the definition of the generalized quasi-contraction
repeatedly to the inequality (3.1.4), we get

D*(fx, f7x, %) =D*( 4 1%, f'f'x)
< g.max{ D*( fariky, £y, f‘“‘l“"x),
D*( f r1+i—kX, frl'+i—kX, fr1'+i—kx)’

D*( f sl+r—lx’ f sl‘+r—IX' f sl'+r—lx) :

= qmax{ D*( f r1+ika, f sl+r—lx’ f SIHLIX),
D*( frri-ky friky f r1'+i—kx)1
D*( f 51+r—lx’ f SlIH_IX, f 51'+r_|x):

O<r+i-k<ny,k-I<s +r-1<n,,

o<r'+i-k<n,k-I<s'+r-I<n, }
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:q.max{D*( fPx, f'x, ftx), D*( fPx, fPx, f p'x),

D*( fix, £, f"x):k <p, p',t,t'SnO},

omitting the terms of the form D*( f'x, fx, f'x) with 0<i <k, because of
inequality (3.1.2).
Thus

D*(f%x, f'x, f'x)<q.max{ D*(f'x, f'x, f'x):k<ir<n, }

< g”.max D*(fix,f“x,1”x):k<i,r<n0 !

<q".max{ D*(f'x, f'x, f'x):k<i,r<n, }
for m=1,2,3,... and on letting m — oo, it follows that

D*( fox, f'x, f'x) =0, which is a contradiction. Therefore the inequality

(4.2.4) holds. However, we now have
D*(f%x, £, f'x)=D*(f*f™*x, f'x, f'x)
and on using inequality in the definition of the generalized quasi-contraction,
we have
D*(f”°x, f'x, f'x)gq.max{ D*(f””O"‘x, f X, fsx),

D*( f r+n0—kX1 f r'+n0—kX1 f r'+n0—kx)’

D*(fsx,fs'x,fs'x):OSr,r'sk;OSS,s'sl }
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=q.max{ D*(fPx, f*x f*x),
D*(f Px, fPx, f p'x),

D*(fsx, fx, fs'x):no—kg p,p'<n;0<s,s'<l }
(since, 0<r <kimplies ny,—k<r+n,—-k<n,)
Therefore

D*(f”f’x, f'x, f'x)Sq.max{ D*( fPx, £°x, £x),
D*( fPx, fPx, f ”'x), D*( fox, £, fs'x):

no—k<p,p'<n;0<s,s'<l |}

<qg.max{ D*(f'x f*x, f*x):0<r,s<n, }
And this is impossible because of the inequality (3.1.3). Hence we get that the
sequence { f"x:n=1,2,3,... | is bounded for any x e X . This implies that
{D*( fx, £°x, £°x):r=0,5>0 } is bounded. Therefore
M :Sup{D*(frx, fox, fsx):r,s:O, 1,23... }<oo. Since, <1, q" —0
as n — oo, so that for every & >0, there is a natural number N such that

q" <ﬁ forall n> N . In particular, q".M <&. Let Ny =N.max{k,1}. If

m> Ny, >Ny, D*(f"x, £ f"x)<q™ M <q"M <¢.
Thus {f"x: n=123... } is a Cauchy sequence in the complete D*-metric

. . lim .
space (X, D*) and hence has a limit, say, u. That is, u = f'%.As fis
n— o

. L lim lim
continuous, this implies that fu = f( f”xj: f"™x=u,andso u
n— oo n— o0

is a fixed point of f.
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To prove the uniqueness of u, let u'e X be such that fu'=u". From
inequality in the generalized quasi-contraction, we get

D*(u,u’u’)= D*(f"u, flu', f u')
<q.max{ D*(fu,f°u’ fu’),
D*(fru, fru, fr'u), D*(fsu', fou', fu )

0<r,r'<k;0<s,s'<l }
=q.D*(u,u’,u’)

and since 0<q<1, we get that D*(u,u’,u’)=0 which implies that u=u".
Thus the fixed point of f is unique in X.

3.2 CONSEQUENCES OF THEOREM 3.1

We present some consequences of Theorem 3.1 in this section.

In the case one of k and | isequal to 1, and f is a generalized quasi-
contraction, the condition of continuity of f can be relaxed in Theorem 3.1.
We see the same in the following:

3.2.1 Theorem: Suppose f is aselfmap of a complete D*-metric space
(X, D*) such that the inequality
(3.2.2)
D*(f*x, fy, fy) <q.max{ D*(f"x f°y, fy),D*(f'x, f"x, f'x),
D*(fy, £y, f¥y):0<rr'<k; s=0,1 }
holds for all x,y e X, where 0<q<1 and for some fixed integer k > 0. Then
f has a unique fixed point.

Proof: Let x be an arbitrary point of X. Then as in the proof of

Theorem 3.1, the sequence {D*( f7x, % 'x):in=1,23 ... } is a Cauchy

sequence in the complete D*-metric space (X, D*), and hence has a limit
ue X .For n>k, we now have
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D*(f"x, fu, fu) =D*(f*f"*x fu, fu)
<q.max{ D*(f7"x, fou, fou), D*( X, £ FT),
D*(u, fu, fu):0<r,r'<k;s=0,1 }
<q.max{ D*(fPx, fou, fu),D*(f"x fPx, fPx),
D*(u, fu, fu):n—-k<p,p'<n;s=01 }

and on letting n — oo, we get that

D*(u, fu, fu)<g.max{ D*(u, f°u, f*u),D*(u,u,u),D*(u, fu, fu):
0<r,r'<k;s=01}

=qg.max{ D*(u, fu, fu),D*(u, fu, fu) }

=q.D*(u, fu, fu)

This implies that D*(u, fu, fu)=0, since 0<q<1 and hence fu=u,
showing that u is fixed point of f.

To prove the uniqueness of fixed point of f, suppose that fu=u and fv=v
for some u,v e X . Then we have
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D*(u,v,v)=D*(f"u, fv, fv)=D*(*f"*u, fv, fv)
<q.max{ D*(f""u, fov, £5v), D*( £, £, £ ),
D*(v, fv, fv):0<r,r'<k;s=0,1 }
=q.max{ D*(f’u, f*v, f°v),D*(fPu, f?u,f’u),

D*(v, fv, fv):n—k<p,p'<n;s=01 }
On letting n — oo, we get

D*(u,v,v)<g.max{ D*(u,v,v),D*(u,u,u),D*(v,v,v) }

=D*(u,v,v)
This implies that D*(u,v,v) =0, since 0<q <1, and hence u=v. Thus f
has a unique fixed point.

3.2.3 Corollary: Suppose f is a selfmap of a complete D*-metric space (X,
D*) such that the inequality

D*(fx, fy, fy)<a.max{ D*(x,y,y),D*(x, fx, fx),D*(y, fy, fy),
D*(x, fy, fy),D*(y, fx, fx) }

holds for all x,y e X , where 0<q<1. Then f has a unique fixed point.

(3.2.4)

Proof: Taking k =1 in the Theorem 4.3.1, we get the corollary.

3.2.5 Remark: For generalized quasi-contraction on complete D*-metric
space with integers k and | both greater than or equal to 2, the
condition of continuity of f is necessary to have a fixed point.

The following is an example justifying the above remark.
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3.25 Example: Let X =[0,1] and D*: X* — [0, o) defined by

D*(x,y,z)=max{|x—y|,]y—z|.]z—x]} for x,y,ze X . Then (X, D*) is a D*-
metric space. Define f : X — X by

To show that fis a generalized quasi-contraction. Consider

D*(f5x, f'y, f'y)=D*(f* x, "y, £ fy)

D*( (1), £ (1), £ (1)) if x=0=y

(ke e gk 00y

D* il,l,lj if x=0,y=0

2t 22
x 1 1 ,
D* ?,F,Fj |f X;tO,y=0

D*(X y y,] if x0,y=0
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1 .
F—F if Xx=0=y
%_Z_y' if x=0,y#0
Zik—F |f X¢0,y=O
zik_z_y" if x#0,y=0
Also
1 .
F—F |f X:O:y
1 y .
— = if x=0,y=0
* k-1 1-1 1-1 2k_2 2|_l y
D (f X, 7y, f y):
X 1 .
P if x#0,y=0
%—zl—y_l if x#0,y=0
And hence
1 1
PIEaT=Y if x=0=y
%_Z_y' if x=0,y=0
D*( fix, 'y, f "1y) =2.
X
ZT—F |f X¢0,y:0
2—Xk—l|‘ if x0,y=0
That is,

D*(f %, £y, f'y)=2.D*(f*x, 'y, f'y) forall x,ye X , which
implies that

D*(f*x, f'y, f'y)s%.D*(fk‘lx, f'y, fy) forall x,ye X

Thus f is a contraction on the D*-metric space (X, D*) and hence a
generalized quasi-contraction. But f has no fixed point in X.
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