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Abstract

In this paper we construct a new concept of fuzzy n-normed space and fuzzy
n-inner product space. First, we show that every n-normed space can be
constructed as a fuzzy n-normed space. Then we show that every n-normed
space is a fuzzy n-normed space and every fuzzy n-normed space can also be
reduced to a fuzzy (n-1)-normed space. Furthermore, for every n-inner

product space can be constructed a fuzzy n-inner product space. Finally we
show that every n-inner product space is a fuzzy n-inner product space and
every fuzzy n-inner product space is a fuzzy n-normed space.

Keywords: Fuzzy n-normed space, fuzzy (n-1)-normed space, fuzzy n-inner
product space

1. INTRODUCTION

Fuzzy set theory was first introduced by L. Zadeh on 1965. This theory continues to
evolve in various disciplines. In mathematics, especially mathematical analysis, fuzzy
concept has been developed in fuzzy n-normed space and fuzzy n-inner product.

Until now, it has been widely found outcomes related to fuzzy normed space and
fuzzy inner product space. It has been proven in [6] that every n-normed space is a
normed space and in [13] and [12] has also been demonstrated that the normed space
and fuzzy normed space is equivalent so that every n-normed space is certainly a
fuzzy normed space. On the other hand, in [15] it has also been demonstrated that the
2-normed spaces and fuzzy 2-normed spaces are also equivalent. However,
unexplored in general how are the relationship between n-normed space with fuzzy
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n-normed space and fuzzy n-normed space with fuzzy normed space. Moreover, [7]
has proved that every n-inner product space is an n-normed space. And [11] has also
proved that the inner product space and fuzzy inner product space are equivalent.
Moreover, it also has been proven in [15] that every 2-inner product space is a space
fuzzy 2-inner product. However, unexplored in general how are the relationship
between the n-inner product space and fuzzy n- inner product space and fuzzy
n-normed space.

In this paper, first we give a definition of fuzzy n-normed and fuzzy n-inner product
that are different from definition of fuzzy n-normed in [1] and fuzzy n-inner product
in [17] which is also different from the definition put forward by other authors. Then
some theorems are given to shows the relationship among n-normed space, fuzzy
n-normed space, fuzzy normed space, n-inner product and fuzzy n-inner product
space. For more details, one can see a chart in the Figure 1. (Blue arrows show the
new theorem in this paper)

[6]

NS DBl ons< nNS » (N—1)NS
I[12,13] I[ls] : 7]

FNS «—» F2NS «— FNS ------- » F(n—-1)NS
[3]“:“&51“‘r """"""" I\
IPS 21PS nIPS!
it 1[9,11] [16] l [15] L
* 1
FIPS —f5 T F2PS FnIPS

Notes: nNS: n-Norm Space; FnNS: Fuzzy n-Normed Space;

nIPS: n-Inner Product Space; FnIPS : Fuzzy n-Inner Product Space.

Figure 1. The relationship among n-normed space, fuzzy n-normed space, n-inner
product space and fuzzy n-inner product space

2. DISCUSSION

Let X be any nonempty set. Then a fuzzy set A in X is characterized by a
membership function 4, : X —[0,1]. Then A can be written as

A={(X, 1, (X))[xe X,0< 1, (X) <1}
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Definition of fuzzy point has been widely discussed by various authors, among others
are as follows [9-13 and 15]:

Definition 1 A Fuzzy point P, in X isafuzzy set whose membership function is

a if y=x

”Px(y)z{o if y=x

forall ye X, where O0<a<1. We denote fuzzy pointsas x, or (X,a).

Definition 2 Two fuzzy points X, and y, is said equal if x=y and a=p
where «, 5 € (0,1].

Definition 3 Let X, be a fuzzy point and A be a fuzzy set in X. Then X, is
said belongto A or x,eA if a<u, ().

Let X be a vector space over a field K and A bea fuzzysetin X. ThenA
is said to be a fuzzy subspace in X ifforall x,ye Xand AeK satisfy

D o (x+y)zmin{u, (X), 1, (Y)}
(i), (AX) = w1, (%)

Fuzzy normed space is defined in various ways. The definition based on an
instituinistic approach is different from the fuzzy point approach. The following are
given the definition of fuzzy normed space based on the fuzzy point approach as
discussed on [15], and definition of fuzzy normed used in this paper is as given by [1]
and [15].

Definition 4 Let X be a vector space over a field K, and let |||, : A—[0,)

be a function that associates each point X, in A, a<(0,1] to nonnegative real

number ||, so that
(FN1) |x,], =0 ifonlyif x=0.

(FN2) [[Ax,[|, 9 21]x,]|, for all 2eK.
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(FN3)

%t Yol =l Yl
(FN4) If O<o<a<l then |x,|, <|}x,| and there exists O0<e, <@ <1 such

that lim

n—owo

called a fuzzy normed space.

X,

=[x (.. Then ||, is called a fuzzy norm on X and a pair (X,|l,) is
f o |l f f f

Definition 5 Let neN dan X be a vector space over R with dim(X)>n.
Define function |,...,: X x X x---x X >R with (%, Xy, X, ) 2 [ X, X500y X, | -

n times

Function |,...,-| is called n-norm on X if for everyx,X,,... X,,y,ze X satisfying
the conditions:

(NN1) [%,%,,....x,||=0 ifonlyif X,X,,...X, linearly dependent.
(NN2) %, %,,.... %, | invariant under permutation.

(NN3) [ %, Xy1eer X, | = @ [[|Xy, X5, X, || fOr any e R.

(NNA) ([ X0 X e X gy Y+ Z| [ X0s X eees X Y| F][Xes Xpreee X1 2|

Apair (X;|-....|) is called n-normed space.

From definition of n-norm and fuzzy norm on X above, based on the n-normed
construction on [6], the author constructs a new function to produce a new space that
called fuzzy n-normed as follows.

Definition6 Let ne N and X be a vector space over R. Define function

|| ..... ||f :AxAx---xA—)[0,00)

n times

where

® @
(X (OR] X

» NOREE

(n) 0 @ (n)
? Xa(")) = Hxa(l) ' Xa(Z) yreny Xa(")

f

with a® e(0,1]and x?, € A for i=1,2,..n. Function |...,{, is called Fuzzy

f
n-normed if satisfy the conditions :

(@) (2) (n)
(FN1) (XD, x2,,. XD,

=0 ifonlyif x®,x@ . x™ linearly dependent.
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1 2
(FN2) {2, %X |

invariant under permutation.

(FAN3) [, x% ..., ;) for vreR.

1 2
_l r | HX(()l) ! X((g) 1 X(TZ)

1 -1 -1 1
(FAN4) X8 xG v +2 | <X xG2, W, x0 2,

(FAN5) If 0< p <a® <1fori=12,..,n then

Hx(l) x x(M

W1 A,@ 1 A

< Hx(l) x(z) ey x/g”)

f

and there exist 0<a! <a® fori=12,..,n and meN such that

0 @2 (n)
b Xar(ﬂl) ) Xa’(“z) ey Xar(nn)

'

@) () (n
; —HX (1)7X @ X (M

Apair (X||,...,{,) is called Fuzzy n-Normed Space.

In [13], [12] and [10] it is proved that every normed space is fuzzy normed space.
Conversely is also true. In other side, in [15] it is also mentioned that 2-normed space
and fuzzy 2-normed space is equivalent. The following is given a theorem that
ensures that any every n-normed spaces is fuzzy n-normed space.

Theorem 7 Let ne N, X be a vector space over R and dim(X)>n. Suppose
(X; |-, is n-normed space. Define

O (2 (n)
HX @1 X @ e X m

1
_ —HX(l),X(Z),..., x™
o

where & =maxia®, a?, ...,a™ }. Then (X|,...|,) is fuzzy n-normed space.

Proof. Suppose x0©,,y,.z, €A, (0] for i=12,..,nand reR. Then

=0

1
(FnN1) Hx(l()n XD X =0 _HX(D, x@, ., x
o o o\ [ S

Hx(l) ’ x? . x(M

< x® x| x™ are linearly dependent.

=0

(FN2)  since  [x®,x®,...x™| is invariant under permutation, then
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X0 XD x;Tz,f is invariant under permutation.
1
(FNN3) Hxs()l),xgl) ..... X%, f:—Hx‘l),x(Z) ..... rx™
o

=S x5
1 02
Sl BB NRAR A

1 -1 1 -1 H
(FONA) X, X08,y, 4], =[x 02, (y+2), | with = =max{5,7)

S Y] and o-mata L Ga"
S e )

_[y® (n-1) (1) (n-1)
- Hxa( 19ty Xa n-( 1 y)ng + Xa(l) PRRRE] Xa(n—l) 1 Z}/Hf
where &, =max{a‘*)...,a ", frand 5, =max{a ,.l'¢" /A

1
< =[x, x@
n

_y® @ (n)
_prl,xpz,...,x )

Further, suppose H. ={r|0<r<a®}fori=12,.,n. Since H, is bounded, then

there is a sequence (&f’)di H, for i=12,..n that converges. Construct

M 0
: b al +a . ,
sequence (o) where of) =="1-—— fori=12,..,n. Then sequence (%)

m
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converges to a® for i=12,..,n If 5m:_Er{rllax}{ar(;)} and 5:_€rHax}{a("}, then
led,..., n led,..., n

m

sequence (&,) convergesto & such that

1

lim [x%,, x@ .., x® | = lim Hx(l),x‘z),...,x(”)
m—w || %m O an” [l f m—w 5m
ZEHX(D K@
1)
_fn(1) y (2) O
_Hxa(l,) X Sy Xy Hf( O

In [6], it is described that every n-normed space is norm space. The following
is given a theorem which states that fuzzy n-normed space is fuzzy normed space.

Theorem8 Let (X,].....{,) beafuzzy n-normed space for all n>2. Define

ol =[5 a2

(m
Hxsal

f

where a®,,...a%), are linearly independent vectors. Then (X.|||,) is fuzzy

normed space.

Proof. (FN1) If x,=0 then obviously x|, =0. If |[x,|, =0 then

&) (n-1)
ng, a ), a

(0D

- (n
=[x a%,

_ i (n)
f_0. Since Hxﬁ,aa(n)

=0, then x,,a’?, linearly

dependent. But, since a), linearly independent, then x, =ta'}) for some teR.

oM (M

- ®© A0
since|x,,a%,....a

("D

f =0, then

M 4@ ol —
[ta®,,a%,,....a%3 =0
M 4@ ol —
|t|Haa(n),aa(l),...,aa(n,l) . =0.

In other side, since a%,,..,a") are linearly independent vectors. Then

(0D

(n) @ (n-1)
a%,a%,...a

f >0 so must necessarily |t|=0 or t=0. Consequently,
x, =tal?, =0a?), =0.

(FN2) [ A%, :H/Ixé.,a;l()l),...,a(“’l)

o(" D)

Q)
f +H/1x5, am

f
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=4 % alt s ar |

) Hx;

()
()

42 (% a2 an

=14 %]

l)+ Hx

m
f +Hx§ +Y, a0,

(FN3) oy, |, =[x +y,.a - ali

<o did AL ]y L2t H +hs % #”M yle
=[xse Al AL ?*H a g A e
:”X5”f +Hy7Hf

(FN4) If 0<o<0<1 then use (FNN4),

()] (n-1)
< HX a (1) 1y aa(nfl) f

f < HX a(r(?)

O a0 )
[%5.a%, . 253 and [x;,a,

i

So that

(")
%%,

L P S A e <[l el =l

(n)
s e,

Further, there exist 0<a® <a® fori=12,.,n and meN sousing (FnN5),

lim|x, ,a¥ ,..,a"? _Hx a® . aly cand lim (x ,am _Hx am
o || 760 1 Ao o || e (D) hakd Xs. oo || »Ol P
So that
Iime =lim||x, ,a®,..,a% 2 +|lx, ,a®
m—o S f m—ow % ar(nl ( ! S al(ﬂ) f
= lim |x, a(l({), a(Tnlg +lim|lx, a‘Tﬂ)
m—>w m— f
_ ® (n-1) )
= %525, a0 +“X5,aa(n) f
=[x, - O

In [6], it be proved that every n-normed space is (n-1) normed space. The
following, we will proof a theorem which states that every fuzzy n-normed space is
fuzzy (n-1) normed space.
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Theorem9 Let (X,],....{|,) be fuzzy n-normed space for all n>2. Define

Hx(l) x@  y(D

a1 Ng@ e Ay

@ (2) (n-1) A (i)
Xa(l) y Xa(z) yrrey Xa(H) y aﬁ(i) Hf }

:max{
f o iefl,..n}

where a%,...a%), are linearly independent vectors. Then (X,|.,...|;)is fuzzy

ﬁ(l) yreny ﬁ(n)
(n-1)-normed space.

Proof.

@) If x9,x2

a(l) 1 a(z) 1y

x() are linearly dependent, then xs({),xﬁl,,...,xi?;_%,ag(’i) for

i=1..,n are linearly dependent too so that ij’n,xf(l),...,xi”(fg,agg) Hf =0 for

i ® @ (n-1)
i=1..,n. As a result, Hxam,xa(z),...,xa(n,l)

O::O. Conversely, if

© _ O @ (1) 4()
f_0, then Hxa<1>’xa<2>'""Xawn'a

0 @3 (n-1)
Hxau) ] Xa(z) yreny Xa(n—l) ﬁ(i)

Hf:o for i=1..,n.

Then x%,,x%,..x03,af), for i=1..,n are linearly dependent. Since

D 5(0)

a‘ﬁl(’l),...,agzl) are linearly independent vectors, then we must have
X%, x4 ... x%3) linearly dependent.

(2) Since Hxs()l),xifi),...,xg;?),ag(’i)u is invariant under permutations, then
f

(-1 ||*

Hx(l) X X is invariant under permutations too.

o 2 ||
3) X% XD G o:=ier}"ll%}{‘x%,sz),...,rxi?;lg,a;?i) Hf}
_ Er{nax}{| r1[X2, X2 x5, a0 }
A et s x 8
1K X, 25 F forall reR
@) %0, xD x5y, +2, T = Iergaa{ X0 XD X2, Y +2,,,800, Hf}
< 0 (X X2 X080 X x02 2,080
= max [ X2 X2yl |+ max [ X2 X022,

(n-2)

_Iv® @ * @) (2 (n-2) ~
- Hxa(l) ' Xa(z) 1y Xa(n—z) ' yguf + Xa(l) 1 Xa(z) 10y Xa(n—z) 1 Za)Hf
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(5) If 0<p <a® <lfori=12,..,n-1 then

1 2 1 2 -1
HX(()U)X( ) ¢ 2!)X(n H(f T IQaX { X() X( )(B‘) B ((;rG))va(l) Hf }
< W y@ D g H
- Ier{qa)f]}{ X ’sz Pr-1 aﬂ('

_ly@ (@ (- ||
_prl’xpz’ ’Xpn—l f

and there exist 0<a <a® for i=12,..,n-1and 0<pBY <pBY for i=12,..,n

and meN such that

im %, X ., 73 = lim max { R G B} }
m—o0 m f m—o igfl,...,n} m m B f
O (@) (n-1) A (i)
Ier{Tl]a)§1} r!‘]lj;ljo X (1)’X (2) X (ﬂ-l)’aﬁ(l)H }
()] (2) (n-1) (i)
= max {[x® ,x@ .. x"D g
el n}{ R RAE) (D) ﬂ”” }

- ||1°

—y@® @) (n
HX (1)1X @100 X (D) o

f

Corollary 10 Every fuzzy n-normed space is a fuzzy (n—r)-normed space for
r=1..,n=1. In particular, every fuzzy n-normed space is a fuzzy normed space.

Proof. This is a direct result of Theorem 9. O
Corollary 11  Every n-normed space is a fuzzy normed space.
Proof. Apply Theorem 7 dan 8. O

Whereas the relationship between the normed space and the fuzzy normed space
and vice versa has been discussed in [5] and [6].

Theorem 12 Let (X,||) be a normed space. Define |x,| =%[x| forall x,eX

where € (0,1]. Then (X,|||,) isa fuzzy normed space.
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Theorem 13 Let (X,||,) be fuzzy normed space. Define |x|=|x]|, =[|(x.D)|,

forall xeX. Then (X,||) isanorm space.

Corollary 14 Every fuzzy n-normed space is a norm space.
Proof. Apply Corollary 10 dan Theorem 13. O

The following is given the definition of n-inner product that is different from the
definition in [7] and [2].

Definition 15 Let neN and n>2 , X be a vector space over R and

dim(X)>n. Function <| > : X x X x---x X = R s called n-inner product on

n+1times
Xif for every X,X,,...,X,,¥,Z€ X satisfy the conditions :
(NIP1) (%, % |%,,...,%,) =0 and
X, % [ Xy, %y =0 ifonlyif  x,X,,..,X linearly dependent.

(

(
(NIP2) (X, Y| X,y X, ) = (Vi X [ Xy, X, ) -

(NIP3) (X, Y|X,,...,%,) invariant under permutation X,,...,X.

(

(

(NIPA) (%, %, [ Xy ey Xy ) = (Xp0 %o | X4, Xy X, ) -
(NIPS) (arx, X, | Xy ey Xy ) = (X, X | X0 X, ) fOF V€ R
(NIP6) (Y +2, %, | Xyeees X ) =Y, X0 | Xy oo X )+ (2, X | Xproer X, ).

Apair (X,{|+...,-)) iscalled n-inner product space.

Definition 16 Let X be a vector space over K =C atau K =R. Define function
(), :AxA—>K  with <xa,yﬂ>f =(x,y)(4) for every x,y,eA where
A=min{a, f}, and a,fe(01]. For every x,y,z €A  A=min{a, S 7}

and a, 3,7 €(0,1]. Function (--) is called fuzzy inner product if it satisfies the

conditions:
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(FIP1) (x,x)(1)=0 and (x,x)(4)=0if only if x=0.

(
(FIP2) (x,y)(A)=(y,X)(A).
(FIP3) (rx, y)(A) =r(x y)(A) for VreK.
(FIP4) <x+y,z>(/”t):<x,z>(/1)+<y,z>(/”t).
(FIPS) If 0<o<a<1 then (x,x)(a)<(x x)(c),and there exist 0 <, <a so that
(%) (@) = (% X) (@),
A pair (X,(-),) is called fuzzy inner product space.

From definition of n-inner product and fuzzy inner product on X above, can be
constructed a new function called fuzzy n-inner product as follows.

Definition 17 Let neNandn>2, X be a vector space over R and
dim(X) >n. Define function

<-,-|-,...,-> : Ax Ax_---x A—)[O,oo)
n+1times
with
<XS<)1> X0 1x2) . XD, >f - <x(l’ XO [ x@ L xm > (1)
where l:_r(?in}{a(”}, a® e(0,1] and (x©) , € A fori=1,2,..n.  Function
1€(d,..., n a
< | > is called fuzzy n-inner product if it satisfies the conditions :

(FnIP1) <x(1),x(1’ | x@ ..., x‘”’>(/1) >0 for vx®,x@ ..., x™ e P(X) and

(x® X0 X, x")(2)=0 if only if x®x@ . x® are linearly

dependent.
(FnIP2) (x®,y|x@,..,x™)(2) =(y,x? [x®,..,x") (1) where 2= min {a®, £}.

e(,...n}
(FnIP3)  (x®,y[x®,.,x")(1)  invariant  under  permutation  where
_ nin £,
A= ier(rl],.l..,nn}{a B}

(FnIP4) (x®,x® | x® . x"}(2) = (x? xP | x® x .., xV)(2).
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(FnIP5) <rx(l’,x(1) |x®,..., x‘”)>(/1) = r<x(l), xDx@ ... x‘”)>(/1) for Vr eR.

(FnIP6) <x(1)+z,y|x(z),...,x(”)>(/1)=<x(1’,y|x(z’,...,x(")>(/1)+<z,y|x‘z),...,x‘")>(ﬁ).
where 4= min}{a(i),ﬂ,jf}.

ie(L,...,n

(FnIP7) If O0<o < p<1 then
<x(1),x(1’ | x(z’,...,x‘”)>(p) < <x(1),x(1) | X(Z),...,X(”)>(a)
and there exist 0< p,, < p so that
lim <x<1), xDx®,..., x‘”)>(pm) - <x(1>, XD x®, .., x‘”>>(p).

A pair (X,(-, | )f) is called fuzzy n-inner product space.

In [11] it is proved that every inner product space is fuzzy inner product space.
Conversely is also true. The following is provided theorem that ensure that every
n-inner product space is fuzzy n-inner product space.

Theorem 18 Let (X,(--|-...,-)) bean-inner product space. Define

<xal()l) X0 |x(f(l),...,xs(’l)>f :<x(l),x(1’ |x‘2),...,x(”)>(/1) :%<x(l),x(l) | x(z),...,x‘”)>.
Then (X;(--]+...,-),) isa fuzzy n-inner product space.

Proof. (FnIP1) <x‘1), x| x?..., x(”)>(ﬂ,) = %<x(1), x| x?,..., x(”)> >0.

1
<x(1),x(l’ | x‘z),...,x(“’>(/1):O<:>z<x(1),x‘1) | X(Z),...,X(”)>:0

e (x®xOx?,. x")=0

< xOx® oxm linearly dependent.

1
FniP2) (x®,y|x@, .., x™)Y(1)==(x¥, y|x®,..., x™
(FnIP2) (x®,y| Y=<y )
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=%<y,x‘” | x(z),...,x‘”)>

= <y, x| x9 .. x(”)>(/1).

(FnIP3) Applying (nIP3), that is (x(l’, y|x(2’,...,x(”)> is invariant under permutation

X x™ . Then (x®,y[x@,....x™) (1 _1 x® vy x®, ... x™) invariant under
y P y

.....

1
FniP4) (x®,x® | x®@, .. x™) (1) ==(x®,x®|x@, ... x"
(FnIP4) ( | ) ()= | )

:%< (2)y (P (¥ ,.(.?’”.k>

:<x(2)x (x K .(.3”5(,)},
1
FnIP5) (rx® x® | x@ ... x™Y(2)=={rx®, x®|x®@ .. x™
(FnIP5) ( | ) ()= | )

=%r<>61,) x(Px (g O
=r%<)€1,) x(Px (2 O

=r( ) xPx 2% A () forml

(FnIP6) <x(l) +2,y|x9,..., x(”)>(ﬁ) =%<x(l) +2,y|x?, ..., x(“)>

:%(<x“)y  CxM ) lzy x| (ﬁ’,‘.>).,(

=%<X(1,)y|x (,?..),x”>¥%<z,ylx ’m’(i)\>
:<x(1,)y| x (2)x" >(/1)+<z,y|x X >(/1)(.
where A= r(rllinn}{a(‘) 5.7},

@d,..,

(FnIP7) If 0<o<p<1 then sl. We get
()

1
o,
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1 1
—<X(l),X(1) | X(Z),..., X(ﬂ)> < —<X(1), X(l) | X(z),..., X(n)>
p p

<X(1), x® | X(Z),..., X(n)>(p) < <X(1), x® | X(z),..., X(n)>(6)

and there exists 0< p,, < p with p_ convergesto p. So that

m—o0

Iim<x(1) x® | x® ... x‘”’>(p )=lim i<x(l) x| x®, ... x(”’>
’ yerey m m—>00pm ' yeeny

1
=—<X(l),X(1) | X(Z),..., X(n)>
o,

:<x(1),x(l) | X(Z),...,X(n)>(p). O

In [11] it is proved that every fuzzy inner product space is fuzzy normed space.
However, conversely is not true. For example, one can see in [9]. In other side, in [15]
it proved that fuzzy 2-inner product space is fuzzy 2-normed space, but for general
case has not yet provided. The following is given a theorem which ensures that every
fuzzy n-inner product space is a fuzzy n-normed space.

Theorem 19 Let (X,(+:|+...,),) be a fuzzy n-inner product space for n=>1.
Define

XD, = (6 X 1 )
with  o®e(0,1]and X, €A for i=12,..n then (X;|....|,) is a fuzzy

n-normed space.

MO

Proof .(FNN1) HXS()D XD X8

B o ) 2) (n) —
. —O<:><Xa(1) 'Xa(l) | XO,(Z)""'Xa‘”) >f =0

< x® x@ L x™ linearly dependent.

1 2
(FnN2) Hxi&) XD X

o™ || ¢

invariant under permutation.

(FNN3) er‘l()l,,x(z) x)

» NOREEIRAWO)

1
_ex® @ @ m \2
f_<rxaw,rxam|xa(z),...,xa(n>>f
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1
_ (6] ()] (2 (n) 2
—(I‘(X (1),rX (1>|X<2>’ X(n)>f)
%

o O (2) (n)
(r<rx (1>’X 1>|X(2)’ X(n)>f)

1
1 1) 2 2
:(r <X(()1):X( @) |x((3), X(Tr)u>f)

1
() ()] ( (n) \2
1O, X X, X))

for all reR.

J

(V)] (n)
|r|HX (1),X @10 X (™

2
@ (1) - @ (n-1)
(FnN4) (Hx e X o 1),yﬂ+zny) _(”yﬂ+zy,x W X nn

® (n-1)
yﬂ 1yﬂ+z}/ |Xa(1)""’xa(n—1)>f

&) (- & (-
Yo+ 2, Y, [ X yseees X >f +<yﬁ +2,,Z, [ X yreees X >f

_ @ (n-1) (0] (n-1)
_<yﬁ’yﬁ+zy|x(1)’ X(n1)>f+<zva,5+Z |X(1)1 X<n1>>f
— @ (n-1) @ (n-1) @ (n-1)
= (¥ Y X XS 4 (2,09, X XGD) (Y02, 1X8 0 XG0,
) (n-1)

+<zy,zy|x - x(n1)>f
— () (n-1) () (n-1) () (n-1)
_<yﬂ1y/;’|xa,(l)’ X(n1)>f+2<yﬂ1zy|Xa(1)a---vxa(n—1>>f+<Zylzylxau)’ X(n1)>f

1) -1

1 -1
<[y, X% XG0 X x0

1 -1
C 2]y, X X

HZ x@ x(” -1)

WORE (D)
2
f )

1 1
X X302, )

f

1 -1
+Hz x(()l) .. x(Tn B

— @ (n-1)
_(Hyﬂlx W1 Xy

1 -1
= (HX(()l) T X(r(]n 13 )

so that
()] (n l) ()] (n-1) ()] n l)
(2 2y 2], )2 2
(FANS) If 0<p <a® <1fori=12,..,n then

Hx(l) x@ x(M

W1 A2 A

1

_(x®  y® | 4@ (m \2
¢ —<Xa<1>’ e |X (2>|---’Xa(n>>f
1

<X(1) X(l) |x‘2), x/(;‘)>2

f
— |[y@® (2 (n)
HX X . Xpn

.
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and there exist 0<a! <a® fori=12,..,n and meN so that

x® @

(n)
WORENOEE X

(n)

1 1
. Ilm <X(()1) X( )1) | X((Z) X(TZ) >f
%
1 1) 2
(Ilm <X(()1)1X( ) |X((g) X(Tz)>fj
1
O O ) (n) \2
<X(1)1X 1)|X(2)’ X(n)>f

=[x, & A -

Corollary 20 Every n-inner product space is fuzzy n-normed space.

Proof. Apply Theorem 18 and 19.

REFERENCES

[1]
[2]

[3]

[4]

[5]

[6]

[7]

8]

[9]

Bill Jacob., 1989, Linear Algebra, W.H. Freeman and Company, New York.

Erwin, K., 1978, Introductory Functional Analysis with Applications, John
Wiley and Sons. Inc.

Gunawan.H., and Mashadi., 2001, "On finite-dimensional 2-normed spaces,
Soochow J. Math, 27, pp. 321 - 329.

Gunawan, H., and Mashadi., 2001, “On n-normed spaces,” Int. J. Math. Math.
Sci., 27,pp. 631 - 639.

Gunawan, H., 2002, “Inner Products On n-Inner Product Spaces,” Soochow
Journal Of Mathematics., 28, pp. 389 - 398.

Gunawan, H., 2002, “On n-inner products, n-norms and the Cauchy-Schwarz
inequality,” Sci. Math. Jpn., 55, pp. 53 - 60.

Kider, J. R., and Sabre, R.1., 2010, “Fuzzy Hilbert Spaces,” Eng. Tech. J. 28, pp.
1816 - 1823.

Kider, J. R, 2011, “On Fuzzy Normed Spaces,” J. Engineering and Technology,
29, pp. 1790-1795.

Kider, J. R., 2011, “Completion of fuzzy normed space,” Eng. Tech. J. 29, pp.
2004 - 2012.

[10] Kider, J. R., 2004, “Fuzzy Locally Convex,” Algebra, Ph.D. Thesis. Technology

University, Baghdad.



4812 Mashadi and Abdul Hadi
[11] Kider, J. R, 2012, “New Fuzzy Normed Spaces,” J. Baghdad Sci., 9, pp. 559 -
564.

[12] Mashadi., and Sri Gemawati., 2015, “Some Alternative Concepts for Fuzzy
Normed Space and Fuzzy 2-Normed Space,” JP Journal of Mathematical
Sciences, 14, pp. 1 - 19.

[13] Misiak, A., 1989, ’n-inner product spaces,” Math. Nachr., 140, PP.299 — 3109.

[14] Narayanan., and Vijayabalaji, S., 2005,”Fuzzy n-normed linear space,” Int. J.
Math. Math. Sci., 24, PP.3963 — 3977.

[15] Parijat Sinha, On Fuzzy 2-Inner Product Spaces , International Journal of Fuzzy
Mathematics and Systems, 3 (2013), 243 - 250.

[16] S. Vijayabalaji and Natesan Thillaigovindan, Fuzzy n-Inner Product Space,
Korean Mathematical Society, 43 (2007), 447 — 459.

[17] Zadeh,L.A., 1965, “Fuzzy Set,” Information and Control, 8, pp.338 - 353.



