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Abstract

In this paper, the concepts of fuzzy automata structure space, fuzzy automata
homotopy, fuzzy automata contractible spaces, fuzzy automata path
homotopy, fuzzy automata retraction, fuzzy automata deformation retraction,
fuzzy au- tomata path connected space and fuzzy automata homotopy
equivalent space are introduced and several interesting properties are
established.
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1 INTRODUCTION

The concept of fuzzy automata was introduced by Santos[12] and Wee[15] in
1960’s. The concept of fuzzy set was innovated by Zadeh[16]. The concept of fuzzy
topological space was introduced by Chang[l]. Malik, Mordeson and Sen[6]
introduced the concept of fuzzy finite state machine(which is almost identical to a
fuzzy automaton). Shukla and Srivastava[13] showed that it is possible to associate
a topology with an automaton and demonstrated that many properties of an
automaton can be characterized in terms of that topology. In application point of
view, fuzzy automata have been useful in numerous engineering applications such
as pattern recognition, clinical monitoring and also used to model fuzzy discrete
event systems( cf. [5, 9, 10, 11]). Classical homotopy theory and fundamental group
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were introduced and developed by Massey[8]. Cuvalcioglu and Citil[2] introduced
the concept of fuzzy homotopy theory.

In this paper, the concepts of fuzzy automata structure space, fuzzy automata
homotopy, fuzzy automata contractible spaces, fuzzy automata path homotopy,
fuzzy automata retraction, fuzzy automata deformation retraction, fuzzy automata
path connected space and fuzzy automata homotopy equivalent space are
introduced and several interesting properties are established.

2 PRELIMINARIES

Definition 2.1. [14] A fuzzy automaton is a triple M = (Q, X, J) where Q isa non-

empty set (of states of M ), X is a monoid(the input monoid of M ), whose identity
shall be denoted as e and ¢ is a fuzzy subsetof Q x X x Q,i.eamapd: Q x X x Q

— [0, 1] such that forall ¢, p € Qand x, y € X,
_(lifa=p
@ en={o 020

(2) o(g. xv. p) = Vreo{8(q, x, NS (7, y, )}

Notation 2.1. For an;el non-empty set of states Q, 1€ denotes the collection of all
functions from Q into 7, where 7 is the unit interval [0, 1].

Definition 2.2. [7] 1 € 9 s called a fuzzy subsystem of (Q, X, 0) if

Mq) ZAp) Ao, x, q), Vp, g € O, x € X

Proposition 2.1. [3] The function ¢ : 19 s 1€ defined as
cA)(q) =V{V{A(p) A §(p,x,q): x € X}: p € Q, forall1 € © and ¢

€90
is a Kuratowski saturated fuzzy closure operator on Q.
Proposition 2.2. [3] 1 € “isa fuzzy subsystem of (Q, X, o) if and only if ¢(1) =1
(i.e., if and only if 1 is closed with respect to the fuzzy topology induced by ¢ on Q).

Definition 2.3. [1] Let (X, 7) and (Y, S) be any two fuzzy topological spaces. Let 1
be a function from the fuzzy topological space (X, 7) to the fuzzy topological space
(Y, S). Let Abe a fuzzy set in (Y, S). The inverse image of A under fwritten
as f~1(1) is the fuzzy set in (X, T) defined by f~1(1)(x) = A(f (x)), for all x € X.
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Also the image of A in (X, T') under fwritten as /(1) is the fuzzy set in (Y, S) defined
by,

su —10.34(%), if f~1 is non — empty,foreachy € Y
0, otherwise

Definition 2.4. [4] Euclidean space R is the set of all real numbers together with the
topology determined by the Euclidean metric, d(x, y) = |x — y| forall x, y €R.

3 FUzZzZY AUTOMATA STRUCTURE SPACE AND FUZZY
AUTOMATA HOMOTOPY

In this section, the concepts of fuzzy automata structure space, fuzzy automata
homo- topy, fuzzy automata nullhomotopy, fuzzy automata homotopy equivalent
spaces and fuzzy automata contractible spaces are introduced and some interesting
properties are discussed.

Notation 3.1. Throughout this paper, 0, denotes Hog (9 =0forall g €Qand 1,
denotes ”10(‘1) =1forallg €0.

Definition 3.1. Let M = (Q, X, 9) be a fuzzy automaton. For all 4 e1€ and q €0,

cww=\/ {\/{A(q)/w(q,x, p)}}

q €EQ \x€X

Is a fuzzy closure operator on Q. Let 7= {4 : ¢(1) = A} be the collection of fuzzy

subsystems which satisfies the following conditions:
(1) 09, 15€ 7,

@) IfAyer,theniAye€r,
(iii) If A, ez foreachi €J,then V4, € 7.

Then 7 is said to be the fuzzy automata structure generated by the fuzzy topology
associated with a fuzzy automaton and the ordered pair (Q,7) is said to be a fuzzy
automata structure space (in short, FASS). Moreover, members of 7 are said to be
fuzzy automata open subsystems and their complements are said to be fuzzy
automata closed subsystems.

Notation 3.2. Throughout this paper, fuzzy automata open subsystem, fuzzy
automata closed subsystem and fuzzy automata subsystem are denoted by FAOS,
FACS and FAS respectively.

Definition 3.2. Let M = (Q, X, J) be a fuzzy automaton and let (Q, =) be a fuzzy
automata structure space. Let p, ¢ €Q and u : Q — [0, 1]. Then the fuzzy automata
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Subsystem,

_(t forq=p
9:(p) = {0, otherwise

Definition 3.3. Let (O, 7 ) and (R, o) be any two fuzzy automata structure spaces. A

function /: (O, ) — (R, o) is said to be

(i) fuzzy automata continuous if ffl(/l) is a fuzzy automata open(resp. fuzzy
automata

closed) subsystem in (Q, 7 ) for every fuzzy automata open(resp. fuzzy automata

closed) subsystem 4 in (R, o).

(ii) fuzzy automata homeomorphism if /' is bijective and 1, f_1 are fuzzy automata

continuous functions.

Definition 3.4. Let (Q, 7 ) be a fuzzy automata structure space. LetP < Q and

let

xp: Q = {0,1} be a fuzzy automata function. Then the fuzzy automata characteristic

function yp of P is defined as,

_ (1, if q€eP
xp(P) = {O, otherwise
Definition 3.5. Let (Q, 7) be a fuzzy automata structure space. If Pc Q and yp
is the fuzzy automata characteristic function of P, then the collection 7, = {u, =

u N yxp:u € t}pis a fuzzy automata structure on P, called the fuzzy automata

subspace
structure and the pair (P, 7, ) is called a fuzzy automata structure subspace of (Q, 7).

Definition 3.6. Let (Q, T') be a structure space where Q is the non-empty set of
states of a fuzzy automaton A . The collection,

o(T)={xy :UET}

such that c¢(y;;) = xy is a fuzzy automata structure on Q introduced by 7. Then
(O, o(T)) is called the fuzzy automata structure space introduced by (Q, T).

Note 3.1. Let ¢ be an Euclidean topology on 7, where 7 = [0, 1] and (I, w(¢)) be a
fuzzy automata structure space introduced by the Euclidean space (Z, £).

Definition 3.7. Let (Q, t) and (R, o) be any two fuzzy automata structure spaces

and (7, o(¢)) be a fuzzy automata structure introduced by the Euclidean space (7, &).
Let £ g: (0, t) — (R, o) be any two fuzzy automata continuous functions. If there
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exists a fuzzy automata continuous function 4 : (Q, ) x (I, w(&)) — (R, o) such
that
H(gs 0) =1 (gs) and H(gs1) = g(g; ), for each fuzzy automata point g of Q, then f

is said to be fuzzy automata homotopic to g. Moreover, the function 4 is said to be
a fuzzy automata homotopy between f'and g, denoted as /'~ g.

Proposition 3.1. Let (Q, ) and (R, o) be any two fuzzy automata structure spaces.
Let U and ¥ be subsets of Q. Let A = 4w VvV 4w , where 4,, and /4, are the fuzzy

automata open subsystems in (Q, 7). Letf: (U, ty)— (R o)and h: (V, 7)) — (R,
o) be any two fuzzy automata continuous functions. If fiynyy = hyuny) then
g: (0, ) — (R, o) which is defined by,

_(f(q@), for q€U
9@ = {hm). for qev

is a fuzzy automata continuous function.

Proof Let u« be a fuzzy automata open subsystem in (R, o). Let Av and Ay be
the fuzzy automata open subsystems in (Q, 7). Then, ALu V A is a fuzzy automata
open subsystem in (Q, 7). Now,

g (W) =g WA
= ¢ WA Guvin)
= (g A ) v @ YW i)
= v

Since fand 4 are fuzzy automata continuous functions,fl(p) and h_l(,u) are the

fuzzy automata open subsystems in (U, v ) and (V, 7 ) respectively. Thus g_l(,u)
is a fuzzy automata open subsystem in (Q, 7 ). Hence g is a fuzzy automata
continuous function.

Proposition 3.2. The homotopy relation = is an equivalence relation.

Proof  Let (Q, ) and (R, o) be any two fuzzy automata structure spaces and (Z,
(<))

be a fuzzy automata structure space introduced by the Euclidean space (/, £). Let

f g h: (0 t)— (R o) beany three fuzzy automata functions.

G Let G: (Q ) x (I, @(&)) — (R, o) be defined as G(g,, 1) = f (g5 ), where ¢ €0,
1],
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for each fuzzy automata point g5 of Q. Then by Proposition 3.1, G is a fuzzy
automata continuous function and G(g; 0) = G(gs, 1) =f(gs)- Thus f = f".

(i1) Letf= g, then it is to be proved that g =~ /. Since f'~ g there exists a fuzzy
automata continuous function G : (Q, t) x (I, w(¢)) — (R, o) such that G(gs 0) = f
(¢5) and G(gs 1) = g(g, ). Let H: (O, ) * (I w(&)) — (R, o) be defined by H((g
1) =

G(gs, 1 —¢) for all + € 1. By Proposition3.1, H is a fuzzy automata continuous
function. For each fuzzy automata point ¢; of Q, H(gs, 0) = G(gs 1) = g(gs ) and

H(g; 1) = G(gs 0) = f (g5 ). Therefore g = f.

(iii) Let /'~ g and g =A, it is to be proved that /' ~A. Since /' ~g and g= h there
exist fuzzy automata continuous functions, G : (Q, 7) x (I, w(¢)) — (R, o) and H :
(O 7) x (I w(¢)) — (R, 0) such that G(gs 0) =f(g, ), Glgs 1) = g(gs), Hgs 0) =
g(gs) and H(gs, 1) = h(g; ), for each fuzzy automata point g; of 9. ThenZ: (Q, t
) x (I, w(&)) — (R, o) is defined by,

_( G(gs2t), 0<5t<1/2
Z(qs,t) = {H(q(g,Zt —1), 1/2<t<1
forall t €1. By Proposition3.1, Z is a fuzzy automata continuous function. Hence
f= h. Therefore =~ is an equivalence relation.

Notation 3.3. The equivalence class of the fuzzy automata function '/’ under
the equivalence relation '~' is denoted by [ 1" ].

Definition 3.8. Let (Q, t) and (R, o) be any two fuzzy automata structure spaces
and letf, g : (Q, ) — (R, o) be any two fuzzy automata continuous functions and
let /=~ g. If g is a constant function then f is called a fuzzy automata null-
homotopic function.

Definition 3.9. Let (O, =) and (R, o) be any two fuzzy automata structure spaces.
Let/: (0 ) — (R o) and g : (R, 0) — (O, t) be fuzzy automata continuous
functions such that

fog=idRandgof =~ id ,, where id, and id ; are the identity functions

of (O, 7) and (R, o) respectively. Then (O, z ) and (R, o) are said to be fuzzy
automata homotopic equivalent spaces and 1 is called a fuzzy automata homotopy
equivalence.

Definition 3.10. Let (Q, ) and (R, o) be any two fuzzy automata structure spaces.
A fuzzy automata function f: (Q, 7) — (R, o) is said to be a constant function if for
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each fuzzy automata point g in Q, f (g5 ) = r;, where r; is a fixed fuzzy automata
point in R.

Definition 3.11. A fuzzy automata structure space (Q, 7) is said to be fuzzy
automata contractible space if the identity function id, : (O, 7) — (O, 1) is fuzzy
automata homotopic to a constant function 2 : (Q, ) — (O, 7).

Definition 3.12. Let (Q, 7 ) and (R, o) be any two fuzzy automata structure spaces.
Letf g: (O t)— (R, o) be any two fuzzy automata continuous functions and f =~
g.

If g is a constant function then £ is said to be a fuzzy automata null-homotopic
function.

Proposition 3.3. A fuzzy automata structure space (Q, 7 ) is fuzzy automata
contractible iff for any arbitrary fuzzy automata structure space (R, o) every fuzzy
automata function f: (Q, ©) — (R, o) is fuzzy automata null-homotopic.

Proof Assume that for any arbitrary fuzzy automata structure space (R, o) the
function f: (Q, t) — (R, o) is fuzzy automata null-homotopic. Then the identity
function id,, : (O, 7) — (O, 7) is fuzzy automata null-homotopic and hence (Q, 7)

is fuzzy automata contractible. Now, assume that (Q, 7z ) is a fuzzy automata
contractible space. Then there exists a constant function % : (Q, 7) — (Q, =) defined
by h(gs) = q5 and a fuzzy automata homotopy F : (O, t) x (I, w(&)) — (O, 1)
such that

F (g5 0)=id Q(%‘ );
F(qs 1) =h(qy)= qs

If there is a fuzzy automata function f: (Q, ) — (R, o), then H: (Q, ) * (I, (%))

—

(R, o) defined by H(gs, s) = f(F (g5 s)) Where s € I has the following properties:
H(g, 0) =1 (F (g5 0)) = f(id o(g5)) =1 (g5) = (F(@))s ;
H(gs 1) =f(F (951)) = fth (3,)) = f( q5)

Hence H is a fuzzy automata homotopy from f'to a constant map with value f(g").
Thus, f'is fuzzy automata null-homotopic.

Proposition 3.4. Let (O, 7), (R, o) and (S, p) be any three fuzzy automata structure
spaces. Letf g: (0, t) — (R, o) be fuzzy automata continuous functions such that
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f=g If

h: (R, o) — (S, p) is a fuzzy automata continuous function, then hof hog: (0, 7
) — (S, p) are fuzzy automata continuous and 4o f=~ ho g.

Proof Let (I, w(¢&)) be a fuzzy automata structure space introduced by the Euclidean
space (Z, &). Since A, fand g are fuzzy automata continuous functions, 2o fand ho g
are fuzzy automata continuous. Since f =~ g by definition of fuzzy automata
homotopy there is a fuzzy automata continuous function G : (Q, 7 )*x(I, w(¢)) — (R,
o) such that G(gs 0) =1 (g5 ), G(gs 1) = g(gs ), for each fuzzy automata point g, of
0.

Now, H: (O, t) x (I, w(&)) — (S, p) is given by H(gs, t) = h(G(gs, t)) where ¢
€ 1. Since h and g are fuzzy automata continuous functions, H = h o g is a fuzzy
automata

continuous function. Moreover, H satisfies the following conditions.

H(gs 0) = h(Ggs 0)) = h(f (g5)) = (he f)(g5);

H(gs 1) = h(G(gs 1)) = h(g(gs)) = (h° g)(gs)-
Hence hof~ hog.

Proposition 3.5. Let (Q, 7), (R, o) and (S, p) be any three fuzzy automata structure
spaces. Suppose that £, 1, : (O, 7) — (R, o) are fuzzy automata homotopic functions

and that g;, g, : (R, o) — (Q, t) are fuzzy automata homotopic functions, then g,
fl ~ &2 f2

Proof Let H: (Q, ) x (I, (&) — (R, o) be a fuzzy automata homotopy from f; to
frand let G : (R, o) x (I, @(&) — (S, p) be a fuzzy automata homotopy from g; to
g Now let us define a function ' : (Q, ) X (, w(¢)) — (S, p) by F (g5 s) =
G(H(gs ). 5).

Since F'is a composition of two fuzzy automata continuous functions G and H, F'is
also a fuzzy automata continuous function. It is seen that

F (g5 0) = G(H(gs 0), 0) = g2(f2(q5))

F(qs 1) = G(H(gs 1), 1) = g1(fi(q5))

Hence F is a fuzzy automata homotopy from g, , f; to g, , f>. Therefore g;
Si~

82, fo

Definition 3.13. Let (Q, 7 ) and (R, o) be any two fuzzy automata structure spaces.
Let f; : (O, 7) — (R o) be fuzzy a automata continuous function. If there exists a
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fuzzy automata continuous function /2 : (R, o) — (Q, t ) which satisfies the
following conditions

()1, fo ~ idgand(ii) £, , fi~ 1d ,, Whereid , and id ; are the identity functions
of O and R respectively, then the function f; is called a fuzzy automata homotopy

equivalence and the fuzzy automata structure spaces (Q, z ) and (R, o) are called
fuzzy automata homotopic equivalent spaces.

Proposition 3.6. Let (Q, =) and (R, o) be any two fuzzy automata structure spaces.

Every fuzzy automata function that is fuzzy automata homotopic to a fuzzy
automata homotopy equivalence is a fuzzy automata homotopy equivalence.

Proof letf; : (O, ) — (R, o) be a fuzzy automata homotopy equivalence and let

g:(0, 1) — (R, o) be fuzzy automata homotopic to f;. Then by definition of fuzzy

automata homotopy equivalence there exists a fuzzy automata continuous function
1o
(R, 0) — (O, t)suchthatf, , f; ~ idyandf; , f, ~ idg respectively. Since f;, g :

(O, t) — (R, o) are fuzzy automata homotopic and by Proposition3.5 it is seen
thatﬁoﬁzﬁogz IdQ
fl o f2 ~(do f2 ~ IdR

Therefore g is a fuzzy automata homotopy equivalence.

Definition 3.14. Let (Q, ) and (R, o) be any two fuzzy automata structure spaces.
If the bijective function /: (Q, ) — (R, o) and its inverse function are fuzzy
automata

continuous functions, then the function f is said to be a fuzzy automata
homeomorphism. Moreover, (R, o) are said to be fuzzy automata homeomorphic
spaces.

Proposition 3.7. Every fuzzy automata homeomorphic spaces are fuzzy automata
homotopy equivalent spaces.

Proof Let (Q, ) and (R, o) be any two fuzzy automata structure spaces. Since
fi:
(O 1) —> (R o)and f, : (R, o) — (O, 7) are fuzzy automata homeomorphisms, f; .
f2 =
id; and f; , fi = idy, where id, and id; are the identity functions of Q and R

respectively. Hence by Proposition3.2 (Q, = ) and (R, o) are fuzzy automata
homotopy equivalent spaces.
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4 FUZZY AUTOMATA PATH CONNECTED SPACES

In this section, the concepts of fuzzy automata path connected spaces, fuzzy
automata retractions, fuzzy automata deformation retractions, fuzzy automata path
homotopy and fuzzy automata fundamental groups are introduced and several
interesting properties are discussed.

Definition 4.1. Let (/, w(¢)) be a fuzzy automata structure space introduced by the
Euclidean space (Z, £) and (Q, 7 ) be any fuzzy automata structure space. Let ¢; and
p, be any two fuzzy automata points of Q. A fuzzy automata path 9 in (Q, z) from
gs 1o

p, is afuzzy automata continuous function 9 : (1, w(&)) — (O, ©) such that $(0) = g,
and 9(1) = p,. Then the fuzzy automata points $(0) and $(1) are called the origin and
endpoints of 4.

Definition 4.2. Let (Q, ) be a fuzzy automata structure space. Let g; and p, be any

fuzzy automata points of Q. A fuzzy automata structure space (Q, 7) is said to be a
fuzzy automata path connected space if there exists a fuzzy automata path in (Q, 7)
with origin ¢; and endpoint p,.

Definition 4.3. Let (Q, 7 ) be a fuzzy automata structure space and let 1 EIQ. Let P
< Q. A fuzzy automata subsystem A is called a fuzzy automata retract of Q if
there exists a fuzzy automata continuous function = : (Q, ©) — (P, z/p ) such that
r~ (g5 ) = qs for each fuzzy automata point ¢; of P . Then the fuzzy automata
function 7~ is said to be a fuzzy automata retraction.

Definition 4.4. Let (/, w(&)) be a fuzzy automata structure space introduced by the
Euclidean space (Z, &). Let (O, 7) be a fuzzy automata structure space and P € Q. A

fuzzy automata subsystem A is called a fuzzy automata deformation retract of Q if
there exists a fuzzy automata retraction »~ : (Q, t) — (P, 7»p ) and a fuzzy automata
homotopy

H:(Q 1) > (L o)) — (O 7)such that H(g; 0) = g5, H(gs 1) =7 (g5), for

each fuzzy automata point g5 of Q and H(p; s) = ps , for each fuzzy automata point
ps Of P, s €1. Then the fuzzy automata function A is said to be a fuzzy automata
deformation retraction.
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Definition 4.5. Let (Q, 7) be any fuzzy automata structure space. Let 3 and 0 be
fuzzy automata paths in (Q, 7) from g, to g, and from g, to g,/. The product of  and

0 is the fuzzy automata path 80 in (Q, 7) from g, to g,/ defined by,

9((25)g), 0<s<1/2

90 = {9((25 1), 1/2<s<1

forallse I.
Definition 4.6. Let 4 be the fuzzy automata path in (Q, r) from g, to q,,. Tuhe inverse

of 4 is the fuzzy automata path in (Q, 7) from q,, 10 g5 defined by 9_1(3) =31 — )
forall s €1.

~Definition 4.7. Let (I, »(&)) and (I, w(0)) be any two fuzzy automata structure
spaces introduced by the Euclidean spaces (7, &) and (Z, ) respectively. Let (O, 7)
be a fuzzy automata structure space. Two fuzzy automata paths $ and 4 in (Q, 7)
from g5 to g, are said to be a fuzzy automata path homotopy(in short, $ ~=

0) if there exists

a fuzzy automata continuous function # : (1, w({)) x (I, w(¢)) — (Q, t) such that,
H(O, s,) = g, and H(1, s,) =q,, for all s, €(I, w(¢))and H(ss 0) = 9(s4) and
H(sp 1) = 0(sy ) for all s, € (1, (0)).

Proposition 4.1. Let (Q, 7) be a fuzzy automata structure space. Let 3, 3, 6, 6,

be the fuzzy automata paths in (Q, v) respectively. If 9, = 9, 6, = 6,
and 9,0, is defined, then $,6, is defined and $,6, ~= 9,6,.
Proof Let (7, w(&)) and (I, w({)) be any two fuzzy automata structure spaces in-
troduced by the Euclidean spaces (7, &) and (Z, {) respectively. It is clear that $,0;
is well-defined. Let H, J : (I, ®(0) * (I, (&) — (O, t) be the fuzzy automata
path
homotopies from J, to 9; and from 6, to 0, respectively. Then there exists a fuzzy
automata path homotopy, E : (I, @()) * (I, @(¢)) — (O, t) from 36, to $,6, is given
by,

. ( H(2s,s5), 0<s<1/2

E(s.s5) = {](25 —1,s)), 1/2<s<1

for eachss € (I, w(§)),s €
I. By Proposition3.1, E is a fuzzy automata continuous

function. Hence, $,6;, ~= 9,6,.

Proposition 4.2. Let (O, 7 ) be a fuzzy automata structure space. Let §, $, be any
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two fuzzy automata paths in (O, 7). If 9, ~=9,, then 95 ' = 97 .

Proof Let (I, w(¢)) and (I, w()) be any two fuzzy automata structure spaces
introduced by the Euclidean spaces (Z, &) and (7, ) respectively. Let H : (I, w({)) %
(I, w(&)) — (O, ) be a fuzzy automata path homotopy from 9, to 9;. A fuzzy

automata path homotopy

J: (U o@) *x U @) — (0 t) from I " tod1" is given by, J(s,s5) = H(1 —
s, s4) for each s§ € (I, w(§)). Hence 95 * = 91 .

Notation 4.1. ((9)) denotes the set of all fuzzy automata paths homotopic to 4, that
is, the equivalence class of 9.

Definition 4.8. The product and inverse of the equivalence classes of the fuzzy
automata

paths 9 and 6 are defined by ((9)) o ((6)) = ((96)) and ((9)) " = ((971))
Definition 4.9. Let e : (I, w({)) — (O, ) be a fuzzy automata path in (Q, 7 ),
defined by e(s, ) = ¢, for each fuzzy automata points s, and g; of / and Q

respectively. The set of all fuzzy automata homotopic equivalence classes of paths
with origin and end point g; is called a fuzzy automata fundamental group of Q at g;

, if the following conditions are satisfied,
1. If ((9)) has origin and end g, , then ((€)) o ((9)) = ((9)) o ((€)) = ((I)).
2. If ((9)) has origin and end g, , then ((9)) o (971 = ((I9™1)) o ((9)) = ((e)).
3. If (96)« is defined, then (((I)) o ((E)N)o ((K)) = ((I)) o({(B)) )o ({K))).

Notation 4.2. The fuzzy automata fundamental group of Q at g is denoted by

(0, q5).

Definition 4.10. Let 7,(Q,¢,) and zy(R, p,) be any two fuzzy automata fundamental
groups. A fuzzy automata function g : m(Q, ¢5) — m(R, p,) is said to be a

fuzzy automata homomorphism if g({(€)) o ((9))) = g({(B))) o g({(I))) for all
{(ON(D)) €m(Q, q5). The fuzzy automata homomorphism is said to be a fuzzy
automata isomorphism if it is bijective.

Proposition 4.3. Let (Q, t) be a fuzzy automata path connected space. Let g;;, g, be

any two fuzzy automata points of Q. Then there exists a fuzzy automata group
isomorphism of (0, ¢, ) onto 7,(0,q,,).

Proof Let ¥ be a fuzzy automata path from q, to g5 in (Q, 7). Let 9,: (O, ¢; ) -
m(0.q,,) be defined by

LB = (N ((O)) o ((9)) = ((97'689)) for each ((0)) € m(Q, g;). Now
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for all ((6)), (()) €x,(0, g5),

GUOMILUIN) = (IN T o ((B)) o ((I)) o ((IN) Lo (1)) o ((I))
= ((9)) " o ((89 97 'K)) o ((9)) (By definition 4.8)
= ((90) ! o ((Bek)) o ((I9))
= () o ((8)) o (k) o ((I))
= 34(0)) o ((K)))

Therefore 9, is a fuzzy automata homomorphism. As 9, has an inverse namely

(19#)_1 = (9_1)#, it is seen that 9, is a fuzzy automata isomorphism.
Note 4.1. If g : (O, ) — (R, o) is a fuzzy automata continuous function and if 9, 6
are the fuzzy automata paths in (Q, ) with 3(1) = 6(0), then g(36) = (g9).(g0).

Definition 4.11. Let (Q, v ) and (R, o) be any two fuzzy automata path connected
spaces and g : (O, ) — (R, o) be a fuzzy automata continuous function. Then the
function,

g - m(0, q,) — m(R, g(q,)) is called the fuzzy automata homomorphism induced
by g if
9. (9N = (g9 forall ((9) € m,(Q, q;,).

Proposition 4.4. Let (Q, 7)), (R, o) and (S, p) be any three fuzzy automata path
connected spaces. Let g : (O, ©) — (R, o) be a fuzzy automata continuous function
and g, be a

a fuzzy automata point of Q. Then g induces a automata homomorphism, g. : m;(Q,
qu) —

mi(R, 9(qp))-
Proof Foreach ((f)),  ((9))em(Q.q,),

g0 o () = g.(((69)))
= ((g(69)))
= (((g0)- (gD))
= (((g))) o (gD
= g{ON) ° g.((IN)

Thus g. is a fuzzy automata homomorphism.

Proposition 4.5. Let (Q, 7), (R, o) and (S, p) be any three fuzzy automata path



4690 K.Saranya and B.Amudhambigai

connected spaces. Let g5 be a fuzzy automata point of Q. If f: (O, ) — (R, 0)
and
g (R o) — (S, p) are fuzzy automata continuous functions, then (g o ). = g. ° f..

Proof  Foreach ((9)) € m,(Q, q5) ,
CEYIRUCIHEX(CES LN
= (g(f@N)
= g.((f )
= g.(£.({OM)
= (.o UM

Hence (g © f). = g. ° f..

Proposition 4.6. Let j be a fuzzy automata homeomorphism between the fuzzy
automata path connected spaces (Q, z) and (R, o). Thenj,: = (0, q,) — m(R, j(q,))
is a fuzzy automata isomorphism.

Proof Let (Q, 7) and (R, o) be any two fuzzy automata structure spaces. Let id, : (Q,
t) — (0, 7) and idn'l(Q,qL):ﬂl(Q'q;t) - m,(Q,q;) be any two identity functions.
For each (%)) € 1 (Q, q,), (idg), (9 = (idg?)) = (D)) = id, (g,q1) (OID.

Thus, (idg), = idy, (o). Since there is a fuzzy automata homeomorphism j from
(O, ) to (R o), is a bijective function. Now, (™). e j. = (7' o)), = (idy). =
idy, (q,qy) and similarly, j, o G™H, = idy, (rj(ql)- Since ()=, itis seen
that j, is bijective. Therefore by Proposition 3.4 , j induces a fuzzy automata
homomorphism j, with an inverse (j,)~. Hence j, is a fuzzy automata isomorphism
from z,(Q, q,,) to my(R, j(q,.))-

Proposition 4.7. Let P € Q and ¢g; be a fuzzy automata point of P . If

Jsp 1S the fuzzy automata deformation retract of Q, then 7y (P, ¢; ) is

fuzzy automata isomorphic to 7;(Q, g5 ).
Proof Let (Q, 7), (P, 7r ) be any fuzzy automata structure spaces. Let (7, (&) be a
fuzzy automata structure space introduced by the Euclidean space (7, &). Since Ap is
the fuzzy automata deformation retract of Q, there exists a fuzzy automata
retraction,
(0, 1) — (P, rp) and a fuzzy automata homotopy G : (Q, 7) x (I, @(&) — (O,
7)
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such that G(gs 0) = g5, G(gs 1) = r(gs), for each fuzzy automata point g;
of O and G(p; s) = p; , for each fuzzy automata point p; of P, s €1. If $is a fuzzy
automata path in (Q, 7) with origin and end q,,, then G($(s), 1) is a fuzzy automata
path in (P, z» ) with origin and end q,, , for all s € 1. Let us define f: =, (0, g5) —

m (P, q5)

by £ (((9))) = ((G(I(5), 1))), for all s €1. Now for ((9)), ((8)) € m1(Q, g5),
SO o ((O))) = ({(90)))

(G(96(s),1)))

(W), D). (GO(s), D)),

= f((IN) o £((O)))

Therefore, fis a fuzzy automata homomorphism. Since the fuzzy automata path
G(3(s), 1) is equivalent to G(9(s), 0) = 9, we have fis a one-to-one function . If
((k)) is in (P, g5 ), then ((x)) is also in 7,(O, g;s). Thus it is clear that fis an onto
function.

Hence (P, g, ) is fuzzy automata isomorphic to 7;(Q, ¢ ).

Proposition 4.8. Let (O, ) be a fuzzy automata contractible space, then (Q, z) is a
fuzzy automata path connected space.

Proof Let (O, 7 ) be a fuzzy automata contractible space. Then by hypothesis, the
identity function id,, : (Q, ) — (Q, 7) is fuzzy automata homotopic to a constant
function /4 :

(O, 1) — (O, r)withvalue gs. LetH :(Q, 7) x ([, (&) — (O, t) be
a fuzzy automata homotopy from the identity function id,, to the constant function 4
with value ¢; , where (I, (%)) is the fuzzy automata structure space introduced by the
Euclidean space (7, ). Let p, be a fuzzy automata point of Q. It suffices to prove that
there exists a fuzzy automata path with origin p, and end ¢, . It is seen that the fuzzy
automata homotopy function A maps the fuzzy automata structure space (Q, ) to (O,
7 ) itself but the fuzzy automata structure space (I, w(¢)) introduced by (7, &) to the
fuzzy automata point ¢ .
Now consider a fuzzy automata function /: (7, w(&)) — (O, ) x (I, w()) by

f(s) = (p, s) and it is seen that f'is a fuzzy automata continuous function. Then

n = H ° fis a fuzzy automata path in (Q, ) such that,

n(0) = H(f(0)) = H(p, 0) = p,
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n(1) = H(f (1)) = Hp, 1) = g5
Hence 7 is a fuzzy automata path with origin p, and end ¢; , proving that (Q, 7 ) is a
fuzzy automata path connected space.

Proposition 4.9. Let (O, 7 ) be a fuzzy automata structure space and let / :
(O, t) — (O, ) be a constant function. Then the following are equivalent:

(i) (Q, ) is a fuzzy automata contractible space.

(i) An arbitrary fuzzy automata function 1': (R, o) — (O, ) where (R, o) is a
fuzzy automata structure space is fuzzy automata homotopic to a constant
function 4.

Proof (i) = (i1). Let (Q, 7 ) be a fuzzy automata contractible space. Then by
hypothesis, the identity function id 0 : (O, ¢ ) — (Q, t ) is fuzzy automata
homotopic to a constant function say % : (Q, ) — (Q, t) with value g5 . Now let 1"
(R, 6) — (Q, t) be any fuzzy automata function. Then by Proposition 3.5, it is seen
that id,, > f'is fuzzy automata homotopic to

hof.Butidyef=fandhef: (R, 0) — (O, t) is the constant function. Hence (i) =
(éf) holds.

(it) = (i). To prove the converse, let (R, o) = (O, 7 ) and let the fuzzy automata
function f: (R, o) — (Q, ) be the identity function. Then by the hypothesis given,
it is seen that id, : (Q, 7 ) — (O, ) is fuzzy automata homotopic to a constant

function 4. Thus (Q, ) is a fuzzy automata contractible space. Hence (ii) = (i)
holds.
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