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Abstract
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2. Different categories of Radon measure manifolds
2.1 Compact Radon measure manifold

2.2 Lindelof Radon measure manifold

2.3 Countably compact Radon measure manifold
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3. Proposed method to generate a new class of Quotient Radon measure manifolds
- An Analytical Approach

3.1 Locally path connected Radon measure manifold

3.2 Internally path connected Radon measure manifold

3.3 Maximally path connected Radon measure manifold

4. Proposed method to construct different categories of Quotient Radon measure
manifolds

4.1 Compact Quotient Radon measure manifold

4.2 Lindelof Quotient Radon measure manifold

4.3 Countably compact Quotient Radon measure manifold

4.4 Semi-compact Quotient Radon measure manifold

4.5 Semi-Lindelof Quotient Radon measure manifold

4.6 Semi-countably compact Quotient Radon measure manifold

5. Micro analysis on Compact Quotient Radon measure Manifold

6. Proposed method to construct Network Radon measure Manifold

1. Preliminaries

1.1. Introduction

In 2014, a new concept of Measure Manifold (M, t, £, i) [18] was introduced by S.
C. P. Halakatti to study different intrinsic properties of Measure Manifolds. By mod-
eling a Hausdorff second countable topological space (M, t) onto a measure space
(R", 7,2, ) [18],[19],[20] with the help of measurable homeomorphism and measure
- invariant function ¢ [19], S. C. P. Halakatti has introduced the concept of Measure
Manifold (M, t, ¥, n) in terms of measure charts and measure atlases along with equiv-
alence relations, viz. A; ~ A iff A; U Ay € A¥(M) induces differentiable struc-
ture on (M, 7, X, u) and A; ~ Ay iff u(A;) = n(A,), induces measure structure on
(M, t, %, . Inpaper [23],[24], on the complete measure manifold (M, t, ¥, u), three
different relations like local path connectedness, internal path connectedness and maxi-
mal path connectedness on the three measurable domains (U;, ¢;), [(U;, ¢;) U (U;, ¢ i)l
and (A; U A; U Ay) respectively were introduced by S. C. P. Halakatti and was proved
that they were equivalence relations.

In this paper, based on methodologies 1V, V, VI and VII introduced and developed
by S. C. P. Halakatti [28] and in the process of development of the theory of measure
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manifold, continues to analyze these three equivalence relations on metrizable Radon
measure manifold (M, t, ¥, up) and observes that these three equivalence relations in-
duce a partition in the corresponding measurable domains (U;, ¢;), [(U;, ¢;,)U (U, ¢ i)l
and (A; U A; U Ar). And we have studied this process of development and analyzed
these results and contribute some more results and examples towards the development
of the theory of measure manifold. Since these three measurable domains are Radon
measurable, one can study different patterns of these domains in terms of compact, Lin-
delof, countably compact, semi-compact, semi-Lindelof and semi-countably compact.
Such a study induces different categories of Quotient Radon measure manifolds. S. C.
P. Halakatti has proposed a method to generate Quotient Radon measure manifold and
construct different categories of Quotient Radon measure manifolds under measurable
homeomorphism and Radon measure structure - invariant map by analytical method.
Also using two measurable group structures (G, o) and (G, o) on Quotient Radon mea-
sure manifold, one can introduce the concept of Network Radon measure manifold along
with its categories.

1.2. Some basic concepts

The following basic definitions are necessary for the results in this paper.

Definition 1.2.1 Measure chart [18] A measurable chart (U, t,y, X/v), ¢) is called a
measure chart, if u,;; on (U, T,u, X/v), ¢) satisfies the following conditions:

(i) ¢ is homeomorphism,

(i) ¢ is measurable function
ie¢™' (V) =U = (U, tju.Zyv), V € (R", 71, %)) and (U, 1,0, Zyv) S
M, 7, %),

(iii) ¢ is measure invariant.
Then, the structure (U, T,u, Z/u, 1 /U), ¢) is called as a measure chart.

Definition 1.2.2 Measure atlas [18] By an R"-measure atlas of class C k (k = 1) on
measure manifold (M, T, X, 1), we mean a countable collection (A, 7,4, /4, 1 .4) of
n-dimensional measure charts

(Wi, tyu;s Zyups yu;)s ‘pi/u,») foralli € I on (M, 7, X, ) satisfying the following
conditions:

(@) YierWU;, Tt u;, Ty, M/Ul-) = (M, 1, 2, ). That is, the countable union of all
measure charts in (A, 7,4, X/ 4, ,u/A) cover (M, 1, %, Up) .

(a2) For any pair of measure charts (U;, T,u;, X/ u;, /,L/Ui), ¢i/U,-) and

Uy, T/U;, E/Uj, ,u/Uj), ¢j/u,~) in (A, T/A, 2/A, M/A),thetransitionmaps ¢io¢j71 and
¢j °¢i_1 are:

(1) differentiable maps of class ck k=1
ie, 007 1 ¢;UiNUj) — ¢;U;NU;j) S (R", 71, T1, uy) and ¢ 0§ -
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o;UiNU;j) — qu(U,- NU;) C (R", t1, X1, ) are differentiable maps of class
ckk=1).

(2) measurable, i.e., the transition maps ¢; oqb;l and ¢ jo¢;” I"are measurable functions
if,
a) any Borel subset K C ¢;(U; N U,) is measurable in (R", 71, X1, 1), then
(¢; o qufl)_l(K) €p;UiNU)) is also measurable,

b) ¢jo¢i_1 is measurableif S C ¢ ;(U;NU;) is measurable in (R", 71, X1, uy),
then (¢; o qbl._l)_l(S) € ¢;(U; N Uj) is also measurable.
(a3) Any twoatlases (A1, T/4,, T4, y4,)5(A2, T 4y Xy Ays 1) 4,) aTECOM-
patible on
(M, T, X, n) satisfying the two equivalence relations:

) A~ Ay, iff A; U Ay € AX(M),
i) Ay ~ Ap, iff n(Ar) = n(Az).

Definition 1.2.3 Measure Manifold [18]
A measure space (M, t, X, u) together with a differentiable structure of class Ckanda
measure structure induced by u is called a Measure Manifold of class ck.

The concepts of measurable homeomorphism and measure-invariant transformation
which were introduced by S. C. P. Halakatti in [7] are necessary to construct different
categories of Radon measure Manifolds in this paper.

Definition 1.2.4 Measurable homeomorphism [19]
Let (M1, t1, Z1, ny) and (M», T2, X2, 145) be two measure manifolds. Then the function
F : My — M, is called measurable homeomorphism if,

(i) F is bijective and bi continuous

(i) Fand F ~1 are measurable.

Definition 1.2.5 Measure invariant function/Pull back Measure [19]

Let (M1, t1, £1, i) and (M, T2, X2, 4,) be measure manifolds and F : M| — M)
be measurable homeomorphism. Then F is said to be measure-invariant function if for
all measure charts (U, ¢) € M, we have, MI(F_I(U)) = W, (U) where F_I(U) e M.

Radon measure conditions on Borel subset of (R", 71, X1, u ry) [21], [22], [25]

Letgp : (M, 7,2, ug) — (R", 11, X4, M g,) be a measurable homeomorphism and
Radon measure-invariant transformation [7], [10]. If U; C (M, t, Z, g) then ¢ (U;) C
(R", 11, 21, M g,) is a measurable subset of a Radon measure space (R", 11, 21, MR-

(i) A Radon measure u p for a measurable subset p(U) € B € (R", 11, X1, 1 r,) (Where
B is a collection of Borel subsets of (R", 1, X1, r,)) 18 a positive Borel measure u :
B — [0, oo] which is finite on Borel compact subsets ¢(K;) € B € (R", 71, ¥, MR,
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and is inner regular in the sense that for every measurable compact subset ¢ (K;) € ¢ (U),
we have

ugr(@U)) = sup{ug(@(K;)) : Vi € I, ¢(K;) € ¢(U); Vo(K;) € p(K)},  (1.2.1)
where ¢ (K) C ¢ (U) is the collection of Borel compact subsets ¢ (K;) € (R", t1, X1, HR,)-

(ii) Also wg is outer regular on a family ¢ (O) of measurable/Borel open subsets if, for
every measurable compact subset ¢ (U) we have,

nr@WU)) = inf{ug(p(0)) : Vi € I; $(0;) 2 ¢(U); V¢ (0;) € p(O)}.  (1.2.2)

Now the measurable compact subset ¢(U) is Radon measurable in (R", t1, X1, u Ry)-
Therefore, ¢(U) is a Radon measure subset of (R", 71, X1, ug,).

The concepts of Radon measure chart, Radon measure atlas and Radon measure
Manifold were introduced in [10] by S. C. P. Halakatti are used in this paper.

Radon measure conditions on measurable chart [25],[26]

(i) A Radon measure up for a measurable chart (U, ¢) € B, (where B is a collection
of measure charts of (M, t, X, up) is a positive Borel measure u : B — [0, o]
which is finite on Borel compact subsets K; € B (M, t, X, i g) and is inner regular
in the sense that for every measurable chart (U;, ¢;), we have

ur(Ui) = sup{ug(K;) : Vi € I K; < (Ui, ¢;); VK; € K},
where K is the collection of Borel compact subsets

KiCc U, ¢;)) e (M, t,%, ug), (1.2.3)

(i) Also g is outer regular on a family AKX (M) of measurable atlases A; if, for every
measurable chart (U;, ¢;) € Ak(M ) we have,

prU) = influg(A) Vi e I; A 2 (Ui, ¢); A € AK(M)).  (1.2.4)

Definition 1.2.6 Radon measure chart [22],[26]
A measurable chart (U;, T,y;, X/y;), ¢;) of (M, T, X) equipped with a Radon measure
IR, satisfying the Radon measure conditions 1.2.3 and 1.2.4 is called a Radon measure

chart denoted by ((U;, T/UH BU;» KRy, ) B)-

Since U?il(Ui, T/Ui 2/U;» ,u/Ui) = (M, t, ¥, u), we can measure measurable mani-
fold (M, t, ¥) by Radon measure.

Radon measure conditions on measurable atlas [26]
A measurable atlas A; is Radon measurable if it satisfies the following Radon measure
conditions:
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(1) LetF = {U;=;(U;, ¢;)} be afamily of all Radon measure charts of (M, 7, Z, it p).
A Radon measure pp of a measurable atlas A; is a positive Borel measure u :
B — [0, oo] which is finite on measurable compact charts (U;, ¢;) and is inner
regular in the sense that for every measurable atlas .A;, we have

wr(A) =sup{ugU;) : Vi € I, U; C A;; VU; € F}, (1.2.5)

(i1) Also up is outer regular on a family O of measurable charts if, for every measurable
atlas A; € AK(M) we have,

pur(A) =inf{ug(0) : 02 A;, O € MJ. (1.2.6)

Definition 1.2.7 Radon measure atlas [26]

By an R"-Radon measure atlas of class ck (k > 1) on a measurable manifold (M, t, X),
we mean a countable collection (A, T/4, /4, 1 / 4) of n-dimensional Radon measure
charts

(Ui, tyu;, Xy u;s MR/Ui)’ d)i/ui) foralli € I on (M, 7, Z, up) satisfying the following
conditions:

(al) Uier (Ui’ T/U;» E/Ui’ MR/Ui) = (Ma T, X, I’LR)

That is, the countable union of all Radon measure charts in

(A, T4, Zya, iy 4) cover (M, T, X, jug).

(a2) For any pair of Radon measure charts ((U;, T,u;, ¥, u;, MRy, ) ¢i/Ui) and

(Uj, v, Zyujs ,uRl/Uj), (pj/Uj) in (A, t/4, 2/4, ;.4), the transition maps ¢; o ¢]Tl

and ¢; o qﬁi_l are:

(1) differentiable maps of class C k k=1

ic.d0¢; 1 d;WU;NU) — ¢;(UiNU)) S (R", 71, 31, Kr,) and¢;op; " :
¢;UiNU;) — ¢;U;NU;) < (R", 11, 21, MRI) are differentiable maps of
class C* (k=1).

(2) Radon measurable:
Transition maps ¢; o ¢>]T] and ¢; o qbl._l are Radon measurable functions if,

a) any Borel subset K € ¢, (U;NU;) is Radon measurable in (R", 71, X, pLRl),
then (¢; o ¢]Tl)_1 (K) € ¢,;(UiNU;) is also Radon measurable.

b) ¢jo qSi_l is Radon measurable if § € ¢;(U; N U;) is Radon measurable
in (R", 71, £1, jug ), then (¢ o ¢ H7'(S) € ¢;(U; N Uj) is also Radon
measurable.

(a3) Any two measure atlases (A1, T/4,, 24, )4,)5(A2, T/ay ZjAzs 1) 4,)
are compatible on (M, 7, ¥, ug) satisfying the two equivalence relations:
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) A~ A, iff A; U Ay € AX(M),
i) Ap ~ Ay, iff up(Ar) = ng(A).

Radon measure structure on measure manifold [15]

For any two Radon measure atlases Ay, A, € AKMyc M, T, =, 1 )» we say that A,
~ A, is an equivalence relation on (M, t, X, u ) if and only if 1, (A1) = p,(A2).
This equivalence relation induces a Radon measure-structure on (M, T, X, i1 ,).

Definition 1.2.8 Radon Measure Manifold [22]
A Radon measure space (M, 7, X, ng) with the above differentiable structure of class

C* and a Radon measure structure induced by g forms a Radon measure manifold of
class C¥.

In the following the path connectedness property is studied on Radon measure man-
ifold.

Definition 1.2.9 [4]

A path in a topological space (X, 7) is a continuous function f : I —> X. The path f is
also called a path from f(0) to f(1). The points f(0) and f (1) are called the endpoints
of f, and f is said to join the initial point f(0) and the terminal point f(1). Then path
f(x) = f(1 —x) for each x € [ is called the reverse path of f.

To develop the analysis on Radon measure manifold (M, 7, ¥, ug), S. C. P. Halakatti
has used local, internal and maximal path connectedness relations on (M, 7, X, ug)
which was introduced first in [11], [12].

Definition 1.2.10 Local path connectedness on Radon Measure Manifold [24]

A Radon measure manifold (M, 7, X, ug) is locally path connected if 3 a measurable
C*™ path y; : [0, 1] —> (U;, ¢;) such that

vi(0) = p; € (U;, ¢;) and

vi(1) = p; € (Ui, ¢;), for which ugx(U;) > 0.

In other words, every p; islocally path connected toevery p;in (U;, ¢;) € (M, T, X, ug)
such that local path connected measurable C™ paths y; form a non-empty set, say,

G={riva - va €W ¢) CM, 1, %, 1g).

Note 1.2.11 Let A1 = {pi, qi € [pl € (Ui, ¢;): y; € [y]: piislocally path connected
tog; by y; € G} where up(A1) > 0. If wgr(A1) = Othen A; represents the dark region
Of (Ul9 ¢l) S (M7 T, 27 lu/R)

Definition 1.2.12 Internal path connectedness on Radon Measure Manifold [24]

A Radon measure manifold (M, 7, £, pg) is internally path connected if 3 a measurable
C® path y; : [0, 1] — [(Ui, ¢;) U (U}, $,)] € A; € A¥(M) such that

vi(0) = p; € (U, ¢;), for which pp(U;) > 0 and

yi(1) = pj € (Uj, ¢;), for which ug(U;) > 0.

In other words, every p; € (Ui, ¢;) is internally path connected to every p; € (Uj, ¢ )
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of (M, t, %, ug) such that internal path connected measurable C* paths y; form a
non-empty set, say, G = {y 1, ¥2, ..., ¥,} € [(Ui, ¢)) UU;, ;)1 C (M, T, X, ug).

Note 1.2.13 Let A, = {p;, q; € [p] € [(U;, ¢;) U (U}, ¢j)]: dy,; € [y]: p;isinternally
path connected to g; by y; € G} where ug(A2) > 0. If tgr(A2) = 0 then A; represents
the dark region of [(U;, ¢;) U (U;, ¢l € (M, t, %, ug).

Definition 1.2.14 Maximal path connectedness on Radon Measure Manifold [24]
A Radon measure manifold (M, 7, ¥, ug) is maximally path connected if 3 a measurable
C*® path y; : [0, 1] —> (A; UA; U Ap) € AF(M) such that

yi(0) = p; € (Ui, ¢;) € A;, for which ug(U;) > 0, ug(A;) > 0 and

1
Vi (5) = pj € (Uj, ¢;) € Aj, for which up(U;) > 0, ug(A;) > 0 and

yi(D) = pr € (Uk, ¢y) € Ak, for which ug(Ui) > 0, ug(Ax) > 0.

In other words, every p; € (U;, ¢;) € A; is maximally path connected to every
pj € (Uj,¢;) € Aj for (A; U Aj) € Ak(M),MR(A,' UA;) > 0and every p; €
(Uj,¢;) € A; is maximally path connected to every px € (U, ¢) € Ay for (A; U
A € AK(M), pnr(A; UAp) > 0o0f (M, 1, X, ug) such that maximal path connected
measurable C™ paths y; form a non-empty set, say, G = {y'{, ¥2, ..., ¥,} € (A UA; U
A) C (M, T, 2, ug).

Then (M, =, X, jtg) is maximally path connected for which p g (A; UA; UAr) > 0.

Note 1.2.15 Let A3 = {p;, q; € [p]l € (A UA; U Ay): 3y, € [y]: p; is maximally
path connected to g; by y; € G} where ug(Az) > 0. If wgr(A3) = 0 then A3 represents
the dark region of (A; UA; U Ay) € (M, 7, 2, ug).

Let us introduce different measurable subsets of measure space (R", 7, X, ug) [6],
[19]:

Definition 1.2.16 Compact Radon measure subset of (R", 71, X, u ry) [71,[20], [25]
A measurable subset ¢(U) € (R", 1, X1, 1 r,) 1s said to be measurable compact if
every Borel open cover, say, {U;c;¢(U;)} for ¢(U) € (R", 11, Xy, Mg,) such that
d(U) C {Uicr¢(U;)}, has a finite Borel sub cover, say, {U?=1¢(Uij)} for ¢p(U) i.e.,
oU) C {U?zlqﬁ(U,-j)} for j € J,J C I, then ¢(U) is a measurable compact subset
of (R", 71,21, u r,) and is Radon measurable if it satisfies the Radon measure con-
ditions (1.2.1) and (1.2.2). Then ¢(U) is called a Compact Radon measure subset of
(R", T1, 21, Lg,)-

Definition 1.2.17 Lindelof Radon measure subset of (R", 71, X, g ) [71, [20], [25]
A measurable subset ¢(U) € (R", 11,21, 1 r,) 1s said to be measurable Lindelof if
every Borel open cover, say, {U;c;¢(U;)} for ¢(U) C (R", 11, 2y, Mg,) such that
¢(U) < {Uicr¢(U;)}, has a countable Borel sub cover, say, {U?‘;@(U,-j)} for ¢(U)
ie., p(U) C {U‘J’.‘;1¢(U,-j)} for j € J, J C I, then ¢(U) is measurable Lindelof subset
of (R", 71,21, 0 r,) and is Radon measurable if it satisfies the Radon measure con-
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ditions (1.2.1) and (1.2.2). Then ¢(U) is called a Lindelof Radon measure subset of
(Rna T1, 217 /’LRl)'

Definition 1.2.18 Countably compact Radon measure subset of (R", 7|, X, u R,)
[71, [20], [25], [28]

A measurable subset ¢ (U) € (R", 11, 21, Rr,) 18 said to be measurable countably com-
pact if every countable Borel open cover, say, {U;c;¢(U;)} forp(U) C (R", 71, 21, MR,)
such that p(U) C {U;c;¢(U;)}, has a finite Borel sub cover, say, {U’}Zlqb(U,-j)} for p(U)
ie., ¢(U)) C {U?:1¢(Uij)} for j € J, J C I, then ¢(U) is a measurable countably
compact subset of (R", 71, 1, r,) and is Radon measurable if it satisfies the Radon
measure conditions (1.2.1) and (1.2.2). Then ¢(U) is called a countably compact
Radon measure subset of (R", 71, X1, MR-

Similarly, different patterns of the measurable subsets like measurable semi-compact
subsets, measurable semi-Lindelof subsets and measurable semi-countably compact sub-
sets are defined as follows:

Definition 1.2.19 Semi-open measurable subset of (R", 71, X1, r,) [13], [30]
A measurable subset ¢ (U) € (R", 71, X1, Wg,) is semi-open if p(U) C cl(int(¢(U)))
such that u(¢(U)) < u(cl(int(¢(U))).

Definition 1.2.20 Semi-compact Radon measure subset of (R", 71, X, u r) [12],
[14], [30]

A measurable subset ¢(U) € (R", 11, X1, 4 Rr,) 18 said to be measurable semi-compact
if every Borel semi-open cover, say, {U;c;¢(U;)} for ¢(U) of (R", 11, X1, Mg, such
that ¢(U) C {U;c1¢(U;)}, has a finite Borel semi-open sub cover, say, {U’}=1¢(U,-j)}
for p(U) i.e., p(U)) C {U’}Zlqb(U,-j)} for j € J,J C I, then ¢(U) is a measurable
semi-compact subset of (R", 71, X1,

i g,) and is Radon measurable if it satisfies the Radon measure conditions (1.2.1) and
(1.2.2). Then ¢ (U) is called a semi-compact Radon measure subset of (R", 71, X1, g, ).

Definition 1.2.21 Semi-Lindelof Radon measure subset of (R", 71, X1, u ry) [24]

A measurable subset p(U) € (R", 11, Z1, u r,) 18 said to be measurable semi-Lindelof if
every Borel semi-open cover, say, {U;c;¢(U;)} for ¢(U) of (R", t1, Z1, M g,) such that
o(U) € {Uicr¢(U;)}, has a countable Borel semi-open sub cover, say, {Uj?ozlqﬁ(U,-j)}
for p(U) 1.e., p(U)) C {U?L(Z)(U,-j)} for j € J,J C I, then ¢(U) is a measurable
semi-Lindelof subset of (R", 1, X1, u r,) and is Radon measurable if it satisfies the
Radon measure conditions (1.2.1) and (1.2.2). Then ¢(U) is called a Semi-Lindelof
Radon measure subset of (R", 71, X1, MR-

Definition 1.2.22 Semi-countably compact Radon measure subset of (R", 7, X1,
i) 71

A measurable subset ¢(U) € (R", t1, X1, 4 R,) 18 said to be measurable semi-compact
if every countable Borel semi-open cover, say, {U;c;¢(U;)} for ¢(U) of (R", T, X, ug)
suchthatp(U) C {U;c;¢(U;)}, has afinite Borel semi-open sub cover, say, {U’}=1¢(U,-].)}
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for¢(U)ie., ¢p(U) C {U?zlqb(Uij)} for j € J,J C I,then ¢(U) is a measurable semi-
countably compact subset of (R", 71, X1, r,) and is Radon measurable if it satisfies the
Radon measure conditions (1.2.1) and (1.2.2). Then ¢ (U) is called a semi-countably
compact Radon measure subset of (R", 71, X1, R)-

The advantage of the study of Radon measure manifolds is that, for every differ-
ent patterns of measurable subsets ¢(U) C (R", 11, X1, 1 r,) there exist correspond-
ing different patterns of measurable charts (U;, ¢;) € (M, t, X, up) under measur-
able homeomorphism and Radon measure structure-invariant map ¢ : (M, 7, X, ug)
— (R", 11,21, r,)- The purpose of the discussion is to construct different cate-
gories of Radon measure manifolds, Quotient Radon measure manifolds and Network
Radon measure manifolds.

2. Different categories of Radon measure manifolds

In the previous paper, S. C. P. Halakatti has used the measurable homeomorphism and
measure-invariant function to introduce three different patterns of measurable charts [8]
on(M, t, ¥, up) to generate corresponding compact Radon measure manifold, Lindelof
Radon measure manifolds and countably compact Radon measure manifolds [26]. On
the similar line the other patterns of measurable charts on (M, 7, £, ;ug) are introduced
in this paper to generate few more categories of Radon measure manifolds namely semi-
compact Radon measure manifolds, semi-Lindelof Radon measure manifolds and semi-
countably compact Radon measure manifolds which remain invariant under measurable
homeomorphism and Radon measure structure - invariant map.

In the previous paper [26], it has been shown that extended Heine Borel property,
extended countably compact property and extended Lindelof property, say, P holds
M, — a.e., on Radon measure manifold (M, 7, X, ug).

In this paper the first author has shown that the above three properties remain invari-
ant under measurable homeomorphism and Radon measure-structure-invariant maps as
follows:

2.1. Compact Radon measure Manifold

Here the Radon measure - structure is induced on measure manifold and Radon mea-
sure structure - invariance has been developed to generate different categories of Radon
measure manifolds as follows:

Definition 2.1.1 Radon measure structure on measure manifold

For any two Radon measure atlases A;, A, € AX(M) c (M, 7, =, «)» we say that A,
~ A, is an equivalence relation on (M, , X, u1,) if and only if (A1) = p,(A2).
This equivalence relation induces a Radon measure-structure on (M, T, X, i1,).

Definition 2.1.2 Radon measure structure - invariant map
Suppose (M1, 1, X1, ,uRl) and (M», 13, 2>, /LRZ) are Radon measure manifolds. Let
F: My, 1, 2, ,uRl) —> (M3, 13, 29, ,uRz) be a measurable homeomorphism then,
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F is Radon measure structure-invariant if and only if 4; ~ A4, with the condition
i, (AD = 11, (A2) & F(Ap) ~ F(Ay) with the condition 12, (F (A1) = t,., (F(A2).

Based on the above concepts, the following different categories of Radon measure
manifolds are introduced and developed by S. C. P. Halakatti.

Definition 2.1.3 Compact Radon measure chart

We say (U;, ¢;) is measurable compact, if for every Borel open cover, say, {U;c;S;} of
(U;, ¢,) if 3 a finite Borel sub cover, say, {U’}IIS,-j} for j € J,J C I, suchthat (U;, ¢;)
- {U?=1 Sij} where S; are Borel subsets of (U;, ¢;) and (U;, ¢;) is Radon measurable if it
satisfies the Radon measure conditions (1.2.3) and (1.2.4). Then (U;, ¢;) is a compact
Radon measure chart of (M, t, X, ug).

Definition 2.1.4 Compact Radon measure atlas

By a compact Radon measure atlas A € A (M) of class C k (k > 1) on a Radon mea-
sure manifold, we mean a collection of n-dimensional compact Radon measure charts
(Ui, ¢;) satisfying the following conditions:

(a1) Uie; (Ui, ;) C AX(M) C (M, 7, %, pg).

(a2) For any pair of Quotient Radon measure charts (U;, ¢;) and (U;, ¢ i) there exists
transition maps d)iogb;l 19 (UinU;) —> ¢;(UiNU;) andgbjogz&i_1 (9 (UiNUj) —
oF (Ui N Uj) are differentiable and Radon measurable.

(a3) Any two measure atlases are compatible on (M, t, X, up) satisfying two equiva-
lence relations:

(1) A ~ Ay iff (A4; U Ay) € AK(M).
(i) Ay~ A iff pp(Ar) = ng(A).

(a4) For every Borel cover {U;c;(U;, ¢;)} for Aie., A C {Uje;(U;, ¢;)} if there ex-
ists a Borel sub cover, say, {U7=1(Ui i ¢;)}, then A is a compact measure atlas of
(M, t,X%, ug). If Ais Radon measurable then A is a compact Radon measure atlas
of (M, t, %, ug).

Definition 2.1.5 Compact Radon measure Manifold
If every Borel cover {U;c;(A;)} of AX (M) has a finite Borel sub cover {U’}zlA,- j} of
AK(M) then A*(M) is a compact measure manifold. If AK(M) is covered by compact
Radon measure atlases {U;c;.A;} such that Ak (M) C {U;erA;} and if there exists fi-
nite Borel sub cover {U_; A;;} for A“(M) ie. AY(M) € {U]_ A;}, then AS(M) C
(M, t, X, ug) is a compact Radon measure manifold.

Note2.1.6 Let A = {(U;, ¢;): Vi e I : (U;,p;) C A; C (M, t, X, ) are measurable
compact chart} where pp(A) > 0. If uzr(A) = 0 then A represents the dark region of
AN(M) € (M, T, 2, pg).

Theorem 2.1.7 Let (M1, 1, X1, ug,) and (M2, 72, 2o, g,) be Radon measure man-
ifolds and F : (M1, t1, X1, ug,) —> (M2, T2, 2, ug,) be measurable homeomor-
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phism and Radon measure structure-invariant map. If extended Heine Borel property
holds wug, — a.e., on (My, 71, X1, ug,) then the property also holds pug, — a.e., on

(MZ, T2, Eza N“R2)'

Proof. Let (M1, T1, X1, g,) and (M3, T2, Xp, (Lg,) be Radon measure manifolds and
F o (M, t1, X1, ug,) —> (M2, T2, X2, ug,) be measurable homeomorphism and
Radon measure structure-invariant map. We show that if extended Heine Borel prop-
erty, say, Py holds ug — a.e., on (My, 71, X1, ug,) then Py also holds ug, — a.e.,
on (M, T2, X2, jLg,). Suppose A, Ay € Ak(M) C (My, 71, X1, Lg,) be two Radon
measure atlases of (M1, 1, X1, ug,)-

Let P; holds g, —a.e., on Ay, Ay on (M1, T1, X1, ug,) : A1 ~ Ay iff g (Ar) =
g, (A2) according to definition 2.1.1.
Now since F : (M1, t1, X1, ug,) —> (M2, T2, X2, Ug,) 1s measurable homeomor-
phism and Radon measure structure-invariant map, according to definition 2.1.2, for
every Ay, Ay C (My, T1, Z1, ig,)s Mg, (A1) > 0, ug (A2) > 03 F(Ay), F(A2) C
(M, T2, 32, tg,), g, (F(A1) > 0, ug,(F(A2)) > 0: A; ~ Ay if and only if F(A;)
~ F(A) then g (A1) = g, (A2) if and only if g, (F (A1) = pg,(F(A2)).
Therefore, extended Heine Borel property holds g, — a.e., on (Ma, 12, X2, ug,). B

Corollary 2.1.8 Let My, ..., M, be Radon measure manifolds and F; : M| —
My, ..., F, : M,_1 — M, be measurable homeomorphisms and Radon measure
structure-invariant maps. Then, if extended Heine Borel property holds ug, — a.e.,
on M then it also holds g — a.e., on M, under the composition of Fi, ..., Fy.

Remark 2.1.9 Using the above results, one can generate a new category of compact
Radon measure manifold (IT, (G, o)) where IT = {M| x M, x ... x M,,} which s closed
under the group action (G, o) = {Fy, F>, ..., F,;} of C* measurable homeomorphisms
and Radon measure structure-invariant maps.

2.2. Lindelof Radon measure Manifold

Definition 2.2.1 Lindelof Radon measure chart

We say (U, ¢;) is measurable Lindelof, if for every Borel open cover, say, {U;c;S;} of
(U;, ¢;) if 3 a countable Borel sub cover, say, {U?OZIS,-j} for j € J, J C I, such that
Ui, ¢;) < {U;’-’;l Sij} where S; are Borel subsets of (U;, ¢;) and is Radon measurable if it
satisfies the Radon measure conditions (1.2.3) and (1.2.4). Then (U;, ¢;) is a Lindelof
Radon measure chart of (M, t, X, wg).

Definition 2.2.2 Lindelof Radon measure atlas

By a Lindelof Radon measure atlas of class C k , (k > 1) on a Radon measure manifold,
we mean a collection of n-dimensional Lindelof Radon measure charts (U;, ¢;) satisfy-
ing the following conditions:

(a1) Uier (U, ¢;) C AX(M) C (M, T, 2, jug),

(a2) For any pair of Lindelof Radon measure charts (U;, ¢;) and (U}, ¢ ;) there exists

transitionmaps@oqufl L ¢;(UiNU;j) — ¢;(U;NUj)and ¢ ;007 ' : ¢;(UiNU;) —>
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¢ F (Ui NUj) are differentiable and Radon measurable.
(a3) Any two measure atlases are compatible on (M, 7, X, i p) satisfying two equiva-
lence relations:

(1) A ~ Ay iff (A4; U Ay) € AK(M).
(i) Ay~ A iff pp(Ar) = ng(A).

(ag) For every cover {Ujc;(U;, ¢;)} for A ie., A C {Ujc;(U;, ¢;)} if there exists a
countable Borel sub cover, say, {U?’;I(U,-j, ¢;)}, then A is a Lindelof measure atlas of
(M, t, 2, ugp). If Ais Radon measurable then A4 is a Lindelof Radon measure atlas of
(M, 7, %, ).

Definition 2.2.3 Lindelof Radon measure Manifold
If every Borel cover {U; <7 (A;)} of Ak (M) has a countable Borel sub cover {U?‘;IA,- j} of

AK(M) then A¥(M) is a Lindelof measure manifold. If A¥(M) is covered by Lindelof
Radon measure atlases {U;jc;A;} such that A*(M) € {U j=1Ai;} and if there exists

countable Borel sub cover {U?ilA,-j} for AK(M) i.e. AX(M)C M C {U?‘;lAij}, then
AX (M) is a Lindelof Radon measure manifold.

Note 2.2.4 Let A = {(U;, ¢;) : Vi € I(U;, ¢;) C A; C (M, 1, X, up) are measurable
Lindelof charts} where pp(A) > 0. If up(A) = O then A represents the dark region
of AK(M) € (M, 1, 2, up).

Theorem 2.2.5 Let (M1, 1, X1, ug,) and (M2, 72, X2, g,) be Radon measure man-
ifolds and F : (M1, t1, X1, ug,) —> (M2, 12, X2, ug,) be measurable homeomor-
phism and Radon measure structure-invariant map. If extended Lindelof property holds
U, —a.e.,on (M, 1y,

%1, ig,) then the property also holds ug, — a.e., on (Ma, T2, X2, (Lg,).

Proof. Let (M1, 1, X1, ug,) and (M3, T2, X2, (tg,) be Radon measure manifolds and
F @ (My, 1, X1, tg,) —> (M2, T2, 22, iug,) be measurable homeomorphism and
Radon measure structure-invariant map. We show that, if extended Lindelof prop-
erty, say, P, holds g, — a.e., on (My, 71, X1, jug,) then P, also holds ug, — a.e.,
on (M3, T2, X3, jig,). Suppose Aj, Ay € Ak(M) C (My, 1, X1, ug,) be two Radon
measure atlases of (M1, 1, X1, UR,)-

Let P, holds ug, —a.e., on Ay, Ay on (My, T, Xy, pg,) - Ar ~ Az iff ug, (Ar) =
g, (A2) according to definition 2.1.1.

Now since F : (My, T1, X1, ig,) —> (M2, T2, X2, [Lg,) 1s measurable homeomor-
phism and Radon measure structure-invariant map, forevery Ay, A, C (M, t1, 1, 4 Ry
pg, (A1) > 0, ug (A2) > 03 F(Ay), F(A2) C (M2, T2, X, jig,), g, (F (A1) > 0,
mg,(F(A2)) > 0: A; ~ Ay if and only if F(Aj) ~ F(Ay) then g, (A1) = ug, (A2)
if and only if wg, (F(A1)) = pg,(F(A2). Therefore, extended Lindelof property holds
Ug, —a.e.,on (M, T2, X2, Ug,). [ |
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Corollary 2.2.6 Let My, ..., M, be Radon measure manifolds and F; : M| —>
My,...,F, : M,_1 — M, be measurable homeomorphisms and Radon measure
structure-invariant functions. Then, if extended Lindelof property holds g, — a.e., on
M, then it also holds g — a.e., on M, under the composition of Fi, ..., Fy.

Remark 2.2.7 Using the above results, one can generate a new category of Lindelof
Radon measure manifold (IT, (G, o)) where IT = {M| x M> x ... x M,;} which is closed
under the group action (G, o) = {Fy, F», ..., F,;} of C* measurable homeomorphisms
and Radon measure structure-invariant maps.

2.3. Countably compact Radon measure manifold

Definition 2.3.1 Countably compact Radon measure chart

We say (U;, ¢;) measurable is countably compact, if for every countable Borel open
cover, say, {U;c1S;} of (Uj, ¢;) if 3 a finite Borel sub cover, say, {U;L]Sij} for j € J,
J C I, such that (U;, ¢;) € {U?ZlSij} where S; are Borel subsets of (U;, ¢;) and is
Radon measurable if it satisfies the Radon measure conditions (1.2.3) and (1.2.4).
Then (U, ¢;) is a countably compact Radon measure chart of (M, 7, Z, ip).

Definition 2.3.2 Countably compact Radon measure atlas

By a countably compact Radon measure atlas of class C k. (k > 1) on a Radon measure
manifold, we mean a collection of n-dimensional countably compact Radon measure
charts (U;, ¢;) satisfying the following conditions:

(a1) Uier (Us, ¢;) C A"(M) C (M, 7. 2, ),

(a2) For any pair of (U;, ¢;) and (U;, ¢;) there exists transition maps ¢; o ¢;1 :
¢;UiNUj) — ¢;(UiNUj) and ¢ o ¢i_1 ¢ UiNUj) — ¢,;(U; NUj) are
differentiable and Radon measurable.

(a3) Any two measure atlases are compatible on (M, t, X, i p) satisfying two equiva-
lence relations:

(1) A ~ Ay iff (A4; U Ayp) € AK(M).

(i) Ay ~ Ay iff ug (A1) = pg(Az).

(a4) For every countable cover, say, {Uje;(U;, ¢;)} for A ie., A C {Uje;(U;, ¢;)} if
there exists a finite Borel sub cover, say, {U’}:1 (Uij, ¢;)}, then A is a countably compact
measure atlas of (M, 7, ¥, ). If Ais Radon measurable then A is a countably compact
Radon measure atlas of (M, 7, , up).

Definition 2.3.3 Countably compact Radon measure Manifold

If every countable measurable cover {U;¢;(A;)} of AX (M) has a finite Borel sub cover,
say, {U_;A;; } of AR(M) for j € J,J C I, then A¥(M) is a countably compact measure
manifold. If A (M) is covered by countably compact Radon measure atlases {U;¢;.A;}
such that A* (M) C{Uj=1A; j} and if there exists finite Borel sub cover say {U?:y‘ti J.}
for A*(M) ie. AN(M) S M S {UI_ | A;}for j € J,J C I, then (M,7, %, pug)isa
countably compact Radon measure manifold.
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Note 2.34 Let A = {(U;, ¢;,):Vi € I, (Uj, ;) C A C (M, 7, X, ug) are measurable
countably compact charts} where iz (A) > 0. If ;1 p(A) = O then A represents the dark
region of AX(M) C (M, t, =, up).

Theorem 2.3.5 Let (M1, t1, X1, ug,) and (M, T2, X2, jug,) be Radon measure mani-
foldsand F' : (M1, T1, 1, ug,) —> (M2, T2, X2, it g,) be measurable homeomorphism
and Radon measure structure-invariant function. If extended countably compact prop-
erty holds ug, —a.e., on (My, 71, X1, ug,) then the property also holds pg, — a.e on
(M3, T2, X2, (Lg,)-

Proof. Let (M1, 71, X1, [,LRI) and (M, 13, 2>, ,uRz) be Radon measure manifolds and
F : (M, 1, X1, ug,) —> (M, T2, X2, ug,) be measurable homeomorphism and
Radon measure structure-invariant map. We show that if extended countably com-
pact property, say, P3 holds ug — a.e., on (M1, Ty, X1, ug,) then P3 also holds
KR, — a.e., on (M, T2, X2, Ug,). Suppose A, Ay € Ak(M) C (My, T1, X1, 1g,) be
two Radon measure atlases of (M1, 71, X1, itg,). Let Py holds g, —a.e., on A, Aron
(M1, T1, 21, ug,) - A1~ Axiff g (A1) = g, (A2) according to definition 2.1.1. Now
since F : (My, Ty, X1, ug,) —> (M2, T2, Xp, (Lg,) IS measurable homeomorphism
and Radon measure structure-invariant map, for every A, Ay € (M, 71, X1, 1 Ry
pg, (A1) > 0, ug, (A2) > 03 F(A)), F(Ay) C (M2, T2, X2, Uug,), g, (F(AD) > 0,
tg,(F(A2)) > 0: Aj ~ A if and only if F(A;) ~ F(A) then g (A1) = g, (A2)
if and only if pug, (F(A1)) = ug,(F(A2)). Therefore, extended countably compact
property holds ug, —a.e., on (M, T2, 32, Ug,). [ |

Corollary 2.3.6 Let My, ..., M, be Radon measure manifolds and F; : M| —>
My,....,F, : M,,_1 — M, be measurable homeomorphisms and Radon measure
structure-invariant functions. Then, if extended countably compact property holds
U, — a.e., on M then it also holds ur — a.e., on M, under the composition of
Fi,..., F,.

Remark 2.3.7 Using the above results, one can generate a new category of countably
compact Radon measure manifold (I1, (G, o)) where IT = {M; x My x ... x M,}
which is closed under the group action (G, o) = {Fy, F», ..., F,} of C* measurable
homeomorphisms and Radon measure-invariant maps.

Definition 2.3.8 Measurable semi-open chart: Let (M, 7, X, i) be a measure mani-
fold. A measurable chart (U;, ¢;) € (M, T, X, p) 1s said to be semi-open if

i, ¢;) € clint (Ui, ¢;))

= w(Ui, ¢;) < p(cl(int((Ui, ¢;)))
2.4. Semi-compact Quotient Radon measure Manifold

Definition 2.4.1 Semi-compact Radon measure chart
We say (U;, ¢;) is measurable semi-compact, if for every Borel semi-open cover, say,
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{UierSi} of (U;, ¢;) if 3 a finite Borel semi-open sub cover, say, {U?=1Sij} for j € J,
J C I, such that (U;, ¢;) < {U’}-=l Si;} where S; are Borel semi-open subsets of (U;, ¢;)
and is Radon measurable if it satisfies the Radon measure conditions (1.2.3) and (1.2.4).
Then (U, ¢;) is a semi-compact Radon measure chart of (M, t, X, tpg).

Definition 2.4.2 Semi-compact Radon measure atlas

By a semi-compact Radon measure atlas of class C k. (k > 1) on a Radon measure
manifold, we mean a collection of n-dimensional semi-compact Radon measure charts
(Ui, ¢;) satisfying the following conditions:

(a1) Urer (U, ;) C A*(M) C (M. 7, Z, pg),

(a2) For any pair of (U;, ¢;) and (U;, ¢j) there exists transition maps ¢; o ¢J71 :
¢;(UNU) — ¢;(UiNU;)and ¢; 0 ¢p;' : ¢;(Ui NU;) —> ¢,;(U; NU,) are
differentiable and Radon measurable.

(a3) Any two measure atlases are compatible on (M, t, X, i p) satisfying two equiva-
lence relations:

(1) A; ~ Ay iff (4, U Ay) € AX(M).
(i) Ay~ A iff pp(Ar) = ng(A).

(a4) For every Borel semi-open cover, say, {U;c;(U;, ¢;)} for Ai.e., A C{Ujcs (Ui, ¢;)}
if there exists a finite Borel semi-open sub cover, say, {U?:1(Ui i ¢;)}, then A is a
semi-compact measure atlas of (M, 7, X, ug). If A is Radon measurable then A is a
semi-compact Radon measure atlas of (M, t, X, up).

Definition 2.4.3 Semi-compact Radon measure Manifold
If every Borel semi-open cover {U;c;(A;)} of Ak(M) has a finite Borel semi-open
sub cover {U;@ZIA,-].} of AK(M) then AK(M) is a semi-compact measure manifold. If

AX (M) is covered by semi-compact Radon measure atlases {U;<;.A;} such that AX (M) C
{Uj=1.A;,} and if there exists finite Borel semi-open sub cover {U?zlAi ;1 for AX(M) ie.

Ak(M) CMC {U?ZIA,-j },then (M, 7, ¥, ng) is a semi-compact Radon measure man-
ifold.

Note 2.4.4 Let A = {(U;, ¢;): Vi el (Ui, ¢;) C A C(M, 7, X, up) are measurable
semi-compact charts} where up(A) > 0. If up(A) = O then A represents the dark
region ofAk(M) CM,t, %, ug).

Theorem 2.4.5 Let (M1, 1, X1, ug,) and (M2, T2, X2, jug,) be Radon measure mani-
foldsand F : (M1, T1, X1, ug,) —> (M2, T2, 22, iug,) be measurable homeomorphism
and Radon measure structure-invariant function. If extended semi-compactness prop-
erty holds g, —a.e., on (M1, t1, X1, ug,) then the property also holds g, —a.e., on

(MZ’ 72, 22’ /’LRz)'

Proof. Let (M1, 1, X1, ug,) and (M3, T2, X2, (g,) be Radon measure manifolds and
F . (My,t1, 21, ug,) —> (M2, T2, X2, ug,) be measurable homeomorphism and
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Radon measure structure-invariant map. We show that if extended semi-compactness
property, say, P4 holds ug — a.e., on (M1, T, X1, jug,) then P4 also holds pg, —
a.e., on (M, T2, X2, jug,). Suppose A, Ay € Ak(M) C (My, T1, X1, ig,) be two
Radon measure atlases of (M, Ty, X1, ug,). Let Py holds g, — a.e., on Ai, A> on
(M1, T1, 21, pug,) - A1t~ Axiff g (A1) = g, (Az) according to definition 2.1.1. Now
since F : (My, t1, X1, ug,) —> (M2, T2, Xp, (Lg,) IS measurable homeomorphism
and Radon measure structure-invariant map, for every A, Ay C (M, 71, X1, 1 Ry
pg, (A1) > 0, ug, (A2) > 03 F(A)), F(Ay) C (M2, T2, X2, Uug,), g, (F(AD) > 0,
wg,(F(A2)) > 0: Aj ~ A if and only if F(A;) ~ F(A) then g (A1) = g, (A2)
if and only if ug, (F(A1)) = ug,(F(A2)). Therefore, extended semi-compactness
property holds ug, —a.e., on (M, 2, 32, Ug,). [ |

Corollary 2.4.6 Let M,..., M, be Radon measure manifolds and F; : M| —>
M, ..., F, : M,_1 — M, be measurable homeomorphisms and Radon measure
structure-invariant functions. Then, if extended semi-compactness property holds .z, —
a.e., on M then it also holds Ug, — a.e.,on My under the composition of Fi, ..., Fj,.

Remark 2.4.7 Using the above results, one can generate a new category of semi-
compact Radon measure manifold (I, (G, o)) where I1 = {M| x M, x ... x M}
which is closed under the group action (G, o) = {Fy, F>, ..., F,} of C® measurable
homeomorphisms and Radon measure structure-invariant maps.

2.5. Semi-Lindelof Radon measure Manifold

Definition 2.5.1 Semi-Lindelof Radon measure chart

We say (U;, ¢;) is measurable Semi-Lindelof, if for every Borel semi-open cover, say,
{UierSi} of (U;, ¢;) if 3 a countable Borel semi-open sub cover, say, {U?"IIS,‘J.} for
j € J,J Cl,suchthat (U, ¢;) € {U?O:IS,-j} where S; are semi-open Borel subsets of
(U;, ¢;) and is Radon measurable if it satisfies the Radon measure conditions (1.2.3)
and (1.2.4). Then (U;, ¢;) is a semi-Lindelof Radon measure chart of (M, 7, X, ip).

Definition 2.5.2 Semi-Lindelof Radon measure atlas

By a semi-Lindelof Radon measure atlas of class C k, (k = 1) on a Radon measure
manifold, we mean a collection of n-dimensional semi-Lindelof Radon measure charts
(Ui, ¢;) satisfying the following conditions:

(a1) Uier (U, ¢;) C AX(M) C (M, T, 2, jug),

(a2) For any pair of semi-Lindelof Radon measure charts (U;, ¢;) and (U;, ¢ ;) there
exists transition maps ¢; o ¢Jf1 ;Ui NU;) — ¢;(UiNUj) and ¢; o ¢l._1 :
¢;(UiNU;j) — ¢;(U; N Uj) are differentiable and Radon measurable.

(a3) Any two measure atlases are compatible on (M, 7, X, ;tg) satisfying two equiva-
lence relations:

(1) A ~ Ay iff (4; U Ay) € AK(M).
(i) A ~ Az iff ug(Ar) = ug(Az).
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(a4) For every Borel semi-open cover {U;c;(U;, ¢;)} for A ie., A C {Uic;(U;, ¢;)} if
there exists a countable Borel semi-open sub cover, say, {U?’;I(U,- i ®;)}, then Ais a
Lindelof measure atlas of (M, t, X, ug). If A is Radon measurable then A is a semi-
Lindelof Radon measure atlas of (M, 7, X, up).

Definition 2.5.3 Semi-Lindelof Radon measure Manifold

If every Borel semi-open cover, say, {U;c;(A;)} of (M, T, ¥, ug) has a countable Borel
semi-open sub cover {U?‘;lAij} of (M, t,X, ug)then (M, 7, ¥, ug) is a semi-Lindelof
measure manifold. If (M, 7, £, ) is covered by semi-Lindelof Radon measure atlases
{Uier A;} such that (M, 7, X, ug) < {UjZI.A,-j} and if there exists countable Borel
semi-open sub cover, say, {U?ilAij} for (M, 7,2, ug) ie. M C {szlA,-j}, then
(M, t, 2, ug) is a semi-Lindelof Radon measure manifold.

Note 2.5.4 Let A = {(U;, ¢;) : (Ui, ¢;) C A; C (M, 1, X, ug) are measurable semi-
Lindelof charts} where wz(A) > 0. If ur(A) = 0 then A represents the dark region
of AX(M) S (M. 7. %, ug).

Theorem 2.5.5 Let (M1, 71, X1, Kg,) and (M2, T2, 2, Ug,) be Radon measure mani-
foldsand F : (M, T1, 1, ug,) —> (M2, T2, X2, [t g,) be measurable homeomorphism
and Radon measure structure-invariant function. If extended semi-Lindelof property
holds ug, — a.e., on (My, 71, X1, ug,) then the property also holds g, — a.e., on
(M3, T2, X, [LR,)-

Proof. Let (M1, T1, X1, g,) and (M3, T2, X, (Lg,) be Radon measure manifolds and
F o (M, 1, X1, ug,) —> (M2, T2, X2, ug,) be measurable homeomorphism and
Radon measure structure-invariant map. We show that if extended semi-Lindelof prop-
erty, say, Ps holds up —a.e., on (My, T1, X1, jug,) then Ps also holds ug, —a.e., on
(M3, T2, 2, (Lg,). Suppose A, Ay € Ak(M) C (My, Ty, Xy, 1Lg,) be two Radon mea-
sure atlases of (M1, T1, X1, ug,). Let Psholds ug, —a.e.,on Ay, Ayon (M1, Ty, X1, ug,)
o A ~ Ap iff ug (A1) = pg,(A2) according to definition 2.1.1. Now since F :
(My, T1, X1, ug,) —> (M2, T2, 2, iug,) 18 measurable homeomorphism and Radon
measure structure-invariant map, for every A, Ay C (M1, 11, X1, 1 Ry)s MR, (A >0,
ir, (A2) > 03 F(AD, F(A2) C (Mo, T2, Ta, iigy)s iy (F(AD) > 0, g, (F(A2)) >
0: A; ~ A if and only if F(A;) ~ F(A,) then g, (A1) = /LRI(.Az) if and only
if wg,(F(A1)) = ug,(F(A2)). Therefore, extended semi-Lindelof property holds
KR, —a.e.,on (M, T2, X2, Up,). [ |

Corollary 2.5.6 Let M, ..., M, be Radon measure manifolds and F; : M| —>
M;, ... F, : M,_1 — M, be measurable homeomorphisms and Radon measure
structure-invariant functions. Then, if extended semi-Lindelof property holds iz, —a.e.,
on M then it also holds g — a.e., on M, under the composition of Fi,..., F,.

Remark 2.5.7 Using the above results, one can generate a new category of semi-
Lindelof Radon measure manifold (I1, (G, o)) where IT = {M; x My x ... x M,}
which is closed under the group action (G, o) = {F}, F», ..., F,} of C* measurable
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homeomorphisms and Radon measure structure-invariant maps.

2.6. Semi-countably compact Radon measure manifold

Definition 2.6.1 Semi-countably compact Radon measure chart

We say (U;, ¢;) is measurable semi-countably compact, if for every countable Borel
semi-open cover, say, {U;c7S;} of (U;, ¢;) if 3 a finite Borel semi-open sub cover, say,
{U'}ZlSij} for j € J, J C I, such that (U;, ¢;) C {U’}ZlS,-j} where S; are Borel sub-
sets of (U;, ¢;) and is Radon measurable if it satisfies the Radon measure conditions
(1.2.3) and (1.2.4). Then (U;, ¢;) is a semi-countably compact Radon measure chart of
(M7 T, 2’ MR)

Definition 2.6.2 Semi-countably compact Radon measure atlas

By a semi-countably compact Radon measure atlas of class Ck, (k > 1) on a Radon mea-
sure manifold, we mean a collection of n-dimensional semi-countably compact Radon
measure charts (U;, ¢;) satisfying the following conditions:

(a1) Uie; (Ui, ¢;) C AX(M) C (M, 7, %, pg).

(a2) For any pair of semi-countably compact Radon measure charts (U;, ¢;) and (U;, ¢ j)
there exists transition maps ¢; o ¢;1 19 UiNUj) — ¢;(UiNUj)and ¢ o ¢i_1 :
;Ui NU;) —> ¢;(U; N Uj) are differentiable and Radon measurable.

(a3) Any two measure atlases are compatible on (M, 7, X, ug) satisfying two equiva-
lence relations:

(1) A ~ Ay iff (4, U Ay) € AK(M).

(i) Ay ~ Ay iff ug(A1) = ug(Az).

(a4) Forevery countable Borel semi-open cover {U;c; (U;, ¢;)} for Ai.e., A {U;c (Ui, ¢;)}
if there exists a finite Borel semi-open sub cover, say, {U’}: (Ui i ®;)}, then Ais a semi-
countably compact measure atlas of (M, 7, X, ug). If A is Radon measurable then .4

is a semi-countably compact Radon measure atlas of (M, t, X, ug).

Definition 2.6.3 Semi-countably compact Radon measure Manifold

If every countable Borel semi-open cover {U;c;(A;)} of (M, 1, X, ug) has a finite
Borel semi-open sub cover {U’}-zlA,-j} of (M, t, %, ug) then (M, t, ¥, up) is a semi-
countably compact measure manifold. If (M, t, ¥, uy) is covered by semi-countably
compact Radon measure atlases {U;<;.A;} such that (M, 7, X, ug) C {szlAij} and if
there exists finite Borel semi-open sub cover {U;f:lA,-j} for (M, 7,2, ug)ie. M C
{U_’}: 1A i }, then (M, 7, X, g) is a semi-countably compact Radon measure manifold.

Note 2.6.4 Let A = {(U;, ¢;) : (Ui, ¢;) C A; C (M, 1, X, ug) are measurable semi-
countably compact chart} where (1 p(A) > 0. If ur(A) = O then A represents the dark
region of (M, 1, X, ug).

Theorem 2.6.5 Let (M, 1, X1, ug,) and (M2, T2, ¥, g,) be Radon measure man-
ifolds and F : (My, t1, 21, ug,) —> (M2, T2, X2, Lg,) be measurable homeomor-
phism and Radon measure structure-invariant function. If extended semi-countable
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compactness property holds pug, — a.e., on (M1, t1, X1, ig,) then the property also
holds g, —a.e., on (Ma, T2, X, (LR,).

Proof. Let (M1, 1, X1, ug,) and (M3, T2, X3, (g,) be Radon measure manifolds and
F . (My, Ty, 21, ug,) —> (M2, T2, X2, jug,) be measurable homeomorphism and
Radon measure structure-invariant map. We show that if extended semi-countable com-
pactness property, say, P holds ug, — a.e., on (M1, 1, X1, ug,) then Pg also holds
Jig, — a.e., on (Ma, T2, o, jug,). Suppose Aj, Ay € AX(M) € (My, 71, 1, pug,) be
two Radon measure atlases of (M1, 71, X1, ug,).

Let Pg holds jug, —a.e., on Ay, Ay on (My, t1, X1, g,) o Ar ~ Ay iff pg, (Ay) =
g, (A2) according to definition 2.1.1.

Now since F : (M1, T1, X1, ug,) —> (M2, T2, X2, Lg,) is measurable homeomor-
phism and Radon measure structure-invariant map, forevery A;, A, C (M1, t1, 1, 4 R
pg, (A1) > 0, ug (A2) > 03 F(A)), F(Ay) C (M2, T2, 22, Uug,), g, (F(AD) > 0,
MRZ(F(AZ) > 0: A; ~ A if and only if F(A;) ~ F(A3) then MR, (A) = wg, (Az) if
and only if wg, (F(A1)) = g, (F(A2)). Therefore, extended semi-countable compact
property holds g, —a.e., on (M2, T2, 3, Ug,). [ |

Corollary 2.6.6 Let My, ..., M, be Radon measure manifolds and F; : M| —
M;, ..., F, : M,_1 — M, be measurable homeomorphisms and Radon measure
structure-invariant functions. Then, if extended semi-countably compact property holds
MUg, — a.e., on M then it also holds ug — a.e., on M, under the composition of
Fi, ..., Fy,.

Remark 2.6.7 Using the above results, one can generate a new category of semi-
countably compact Radon measure manifold (I1, (G, o)) where [1 = {M| x M, x... X
M, } which is closed under the group action (G, o) = {F}, F, ..., F,} of C® measurable
homeomorphisms and Radon measure structure-invariant maps.

Thus, in this section, the first author has generated different categories of Radon
measure manifolds namely - compact Radon measure manifold, Lindelof Radon measure
manifold, countably compact Radon measure manifold, semi-compact Radon measure
manifold, semi-Lindelof Radon measure manifold and semi-countably compact Radon
measure manifolds - under the group action G = {F}, F», ..., F,} of C* measurable
homeomorphism and Radon measure structure - invariant maps.

3. Proposed method to generate a new class of Quotient Radon mea-
sure Manifolds - An Analytical Approach

In this section, the first author has proposed an analytical method to generate class of
Quotient Radon measure manifolds by inducing three different equivalence relations to
define Quotient Radon measure chart, Quotient Radon measure atlas and Quotient Radon
measure manifold.

In this section, we use the concept of metrizable measure manifold (M, t, X, ) on
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which the analysis is carried on as follows:

Define the non-empty sets £y = {p;, p; € (U;,¢;) € (M, 1,2, u): d(pi, pj) =0
if and only if p; = p;}, where the reflexive property, say, P holds u — a.e., on E;
€ (M, 7, %, ) such that u(Ey) > 0. If w(E;) = O then E; is a dark region on
(M, z, %2, w);

Ey = {pi,pj € Ui, ¢;) € (M, 1, %, n): d(pi, pj) = d(pj, pi)} where the sym-
metric property, say, P> holds u — a.e., on Ey € (M, 7, ¥, ) such that u(E>) > 0. If
Ww(E>) = 0 then E, is a dark region on (M, 7, X, ), and

Es ={pi.pj € Ui, ¢;)) € (M, 7, %, n): d(pi, pr) < d(pi, pj)+d(pj. pr)} where
the triangular inequality property, say, P3 holds u — a.e., on E3 € (M, 7, ¥, u) such
that u(E3) > 0. If w(E3) = 0 then E3 is a dark region on (M, t, X, ).

3.1. Locally path connected Radon measure manifold

Definition 3.1.1 Metrizable measure manifold

The measure manifold (M, t, X, u) is said to be metrizable if it admits a continuous
measurable functiond : M XM — [0, oo] satisfying reflexive property P;, symmetric
property P> and triangular inequality property Pz on (M, t, X, u):

(1) thereflexive property P holds u—a.e.,onEy = {p;, pj € (U;, ;) e (M, 1, Z, 1):
d(pi, pj) = 0if and only if p; = p;}, n(E1) > 0,

(i1) the symmetric property P, holds u — a.e., on Ex = {p;,p; € (U;,¢;) €
(M, 7, %, w): d(pi, pj) =d(pj, pi)}, w(E2) > 0 and

(iii) the triangular inequality property P3 holds u — a.e., on E3 = {p;, p; € (U;, ¢;)
€M, t, X, w): d(pi, pr) = d(pi, pj) +d(pj, pi)}, n(E3) > 0.

In this paper, we study the Radon measure structure on metrizable measure manifold
(M, t, X, n) viz. metrizable Radon measure manifold (M, 7, £, ug) and develops a
method to study the intrinsic properties of (M, 7, ¥, ug) in terms of three different
partitions induced by three different equivalence relations namely locally, internally
and maximally path connectedness on (M, t, ¥, ug) which generates a new class of
Quotient Radon measure manifolds. To continue the analysis, it is necessary to show
that all the three types of relations define correspondingly three different equivalence
relations on metrizable Radon measure manifold (M, 7, X, ig).

Theorem 3.1.2If (M, t, X, up) is ametrizable Radon measure manifold then local path
connectedness is an equivalence relation on (M, t, ¥, ug).

Proof. Let(M, t1, 1, iug) be a metrizable Radon measure manifold such that for every
point p € (M, 7, X, ug) there exists a measurable chart (U;, ¢;) € (M, t1, 1, ug,)-
Let Ay = {pi,pj € Ui, ¢;) ;3 y; € G/ p; ~ pjbyy;; Vi, j € I} be the non-empty
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set belonging to (U;, ¢;) € (M, 1, %, ug) and G = {yy, ¥», ..., ¥,,} be the non-empty
collection of measurable C* paths y; € (U;, ¢;) such that p; ~ p; by y,. Let us prove
that local path connected relation is an equivalence relation:

We know that a metrizable Radon measure manifold is local path connected if 3 a mea-
surable C*® path y; € G : y; : [0,1] — (U;, ¢;) € AX(M) such that

vi(0) = pi € (Ui, ¢;) for which ug(U;, ¢;) > 0 and

y:(1) = p; € (Ui, ¢;) for which ug(Uj, ¢;) > 0 where, pi, pj € P € (Ui, ¢;).

(i) ’~’ is reflexive :

Since (M, T, X, g) is a metrizable Radon measure manifold satisfying reflexive prop-
erty of metrizable Radon measure manifold, that is, if d(p;, p;j) = 0 if and only if
pi = p; then 3 a measurable C* path y; : [0, 1] —> (U;, ¢;) such that

vi(0) = p;i € (U;, ¢;) for which ug(U;, ¢;) > 0 and

yi(1) = p; € (Ui, ¢;) for which 11 (U, ;) > 0.

Since by reflexive property of metrizable Radon measure manifold, p; = p;. Then
y : [0, 1] —> (U;, ¢;) is a measurable C* path from p; to p; itself which is a constant
path. Thatis, p; ~ p; by y;

Therefore, *~’ is reflexive.

(ii)’~’ is symmetric :

By symmetric property of metrizable Radon measure manifold, that is, if d(p;, p;) =
d(pj, pi), then 3 a measurable C*® path y,; : [0, 1] —> (U;, ¢;) such that

vi(0) = p;i € (U;, ¢;) for which ug(U;, ¢;) > 0 and

yi(1) = p; € (Ui, ¢;) for which 11 (U, ;) > 0.

Since by symmetric property of metrizable Radon measure manifold and definition 1.2.14
[4], for every y; : [0, 1] — (U;, ¢;) there exists inverse of y; i.e. yl._l 210, 1] —
(Us, ¢;) defined by y; ' (p) = y;(1—p)and y; ' (¢) = y;(1 —¢) foreach p, g € [0, 1].
Therefore, ’~’ is symmetric.

(iii) >~ is transitive :

From the triangular inequality property of metrizable Radon measure manifold, if d(p;, px) <
d(pi, pj) +d(pj, pr) then there exists measurable C* paths y,, y;€G

vi . [0, 1] — (U;, ¢;) from p; to p; such that

Vi((i) = pi € (Ui, ¢;)

Vi(i) = p;j € (Ui, ¢;) and

y; 10,11 — (Ui, ¢;) from p; to pi such that yj(%) = p; € (U;, ¢;) for which
nrUi, ¢;) >0

)/J-(l) = pr € (U;, ¢;) for which u g (U;, ¢;) > 0 and a composition of measurable C*°
paths y;, y; € G such that

Yjovi: [0, 1] — (U, ¢;) from p; to pi such that

yjovi0) = pi € Ui,¢,;) and

yjovi(l) = pk € (Ui, ¢;).

Hence, if p; ~ p;j by y; and p; ~ pr by y ; then p; ~ prby y oy,

Therefore, ~’ is transitive.

Hence, local path connectedness relation *~’ is an equivalence relation on (U;, ¢;) C
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(M,T,Z, /-’LR)' u

This equivalence relation further partitions the measurable chart (U;, ¢;) € (M, t, X, ug)
into disjoint equivalence classes. Then (U;, ¢;)/~ is a Quotient measure chart on
(M, t, 2, up) admitting Radon measure. Similarly, we develop the concept of Quo-
tient Radon measure atlas and then Quotient Radon measure manifold by adopting local
path connectedness property, internal path connectedness property and maximal path
connectedness property as invariant properties under measurable homeomorphism and
Radon measure structure-invariant map as follows:

Theorem 3.1.3 Let (M1, 1, X1, ug,) and (M>, T2, X2, i1g,) be metrizable Radon mea-
sure manifolds. Then local path connectedness property is invariant under a C*> measur-
able homeomorphism and Radon measure structure - invariantmap F : (M1, 1, X1, ug,) —>

(Mza 1—29 223 ,u/R2)~

Proof. Let (M1, t1, X1, g,) and (M2, T2, X2, [Lg,) be metrizable Radon measure man-
ifolds.

Let the local path connectedness property, say, P; holds g, — a.e., on the non-empty
sets Ay C (U;, ¢;) C (M1, T1, X1, g,) and Ay C (U, ¢;) C (M1, t1, 21, g,) where
Ay = {pi,p;j € [pl € (Ui, p;): y; € [y]l: pi is locally path connected to p; by
vi € G}, g (A1) > 0and Ay = {gi.q; € [p] € (Ui, ¢;): Fy; € [y]: qi is locally
path connected to g; by y; € G}, IR, (Az) > 0.

According to Radon measure structure-invariant map [definition 2.2], we say that A| ~
A ifand only if g (A1) = ug, (A2).

We show that if P7 holds fig, —a.e., on A, Ay C (M, 11, 24, [LRl) then P7 also holds
Ag, —a.e., on F(Ay), F(Ay) C (M3, T2, X0, ,uRz).

Suppose P7 holds iR, —a.e.,on A, Ao C (My, t1, 21, LLRI) then A| ~ A if and only
if ug (A1) = ug,(A2).

Now if F : (My, 1, X1, ug,) —> (M2, 12, X2, Upg,) 18 C* measurable homeo-
morphism and Radon measure structure - invariant map, then for every A;, Ay C
(M1, T1, X1, Ug,)s

i, (A1) > 0. ptg (A) > O, thereexists F(A1), F(A2) C (M, 12, Ba. g ). g, (F(A1) >
0. g, (F(A) > 0:

A1~ Ay = F(A)) ~ F(A;) with measure structure condition

mg, (A1) = g, (A2) = ug,(F (A1) = ug,(F(A2)) according to definition 2.1.1.
This implies local path connectedness property holds g, — a.e., on F(A1),F(A2) C
(M3, T2, %2, [ig,)- u

Theorem 3.1.4 Let (M, 11, X1, ,bLRl), (M, T2, 29, ,uRz) and (M3, 73, X3, ,uR3) be
metrizable Radon measure manifoldsand F' : (M, t1, X1, ug,) —> (M2, 12, X2, (g,)
and G : (M, 12, X2, ug,) —> (M3, T3, X3, iip,) be C*° measurable homeomor-
phisms and Radon measure structure-invariant maps. Then local path connectedness
property is invariant under the composition map G o F : (M1, 11, Z1, ug,) —

(M?)a 73, E3a /'LR3)'
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Proof. Let (M1, 1, X1, ig,), (M2, T2, X2, g,) and (M3, T3, 23, Lg,) be metrizable
Radon measure manifolds.

Let F : (M1, T1, T1. tg,) —> (M2, 72, 5o, fig,) and G : (Ma, T2, To, pg,) —>
(M3, T3, 3, [Lg;) be C™° measurable homeomorphisms and Radon measure structure-
invariant maps. We show that if local path connectedness property, say, P; holds
WU, —a.e.,on (M, t1, X1, (ug,) then P7 also holds g, —a.e.,on (M3, t3, 23, ,uR3)
under measurable homeomorphism and Radon measure structure - invariant map G o F.
Let the local path connectedness property P7 holds w g — a.e., on the non empty Borel
sets Ay C (Ui, ¢;) C (M1, T1, 21, ug,) and Ay C (Uj, ¢;) C (M1, 71, X1, pug,) Where
(Ui, ¢;) and (U;, ¢ j) are Quotient Radon measure charts:

Ay ~ Apif and only if up (A1) = ug, (A2) by definition 2.1.1. (D)
By above theorem 3.1.3, if F' : (M1, T1, X1, ug,) —> (M2, T2, 2, Ug,) 18 C* mea-
surable homeomorphism and Radon measure structure - invariant map, then for ev-
ery A1, Ay C (M1, 71, Z1. g )s g (A1) > 0, g (A2) > 0,3 F(A), F(A) C
(M2, T2, 22, UR,), ig, (F (A1) > 0, g (F(A2)) > 0:

A~ Ay = F(A1) ~ F(Aj) with measure structure condition:

g, (A1) = ug (A2) = ug,(F(A1) = ug,(F(A2)) according to definition 2.1.2.
(2)

Similarly, we show thatunder G : (M2, 72, X2, ig,) —> (M3, T3, X3, (Lg;), 1f P7holds
KR, —a-e., on the non-empty Borel sets F' (A1) C F(U;, ¢;) and F(A2) C F(Uj, ¢;) on
(M3, T2, 2, (Lg,) then P7alsoholds g, —a.e., onthe non-empty Borel sets (Go F)) (A})
C(Go F)(Ui, ¢;) and (G o F)(A2) C (G o F)(U;, ¢;) on (M3, T3, X3, jig;) Where,
(G o F(A1) ={G o F(pi),G o F(pj)) € [pl € Go F(Ui,¢;)) :3Go F(y;)) €
GoF([yD : GoF(p;)islocally path connectedto Go F(p;) by GoF(y;) € GoF(G)}
where ©g,(G o F(A1)) > 0 and (G o F(A2)) = {G o F(qi),G o F(q;) € [p] €
GoF(Uj,¢;):3Go F(y;) € Go F([y]) : G o F(q;) is locally path connected to
GoF(q;)byGoF(y;)) € GoF(G)}where ug,(GoF(Az)) > 0on (M3, T3, X3, iug,):
F(A)) ~ F(Ay) = (Go F)(A)) ~ (G o F)(A,) with the Radon measure condition:
iy (F(AD) = g, (F(A2)) = 11z (G 0 F(AD) = jig (G o F(A2))

according to definition 2.1.2. 3)

This implies under G o F' : (My, t1, 21, g,) —> (M3, 13, X3, wg,), if Py holds
Ug, —a.e., on Ay, Ap C (M1, t1, X1, ug,) then P; also holds wug, —a.e., on (G o
F(A1)), (G o F(A2)) C (M3, T3, X3, UUg,):

A1~ Ay = (Go F(A1)) ~ (G o F(A3)) with the Radon measure condition:

i, (A1) = [Lg, (A7) implies g (G o F(A1) = g (G o F(A2)).

Therefore, from (1), (2) and (3), if local path connectedness property holds ug, — a.e.,
on (My, t1, X1, ug,) then it also holds g, —a.e., on (M3, T3, X3, fig;). |

Corollary 3.1.5 Let My, ..., M, be metrizable Radon measure manifolds. If F; :
My — M>,....,F, : M,_1 — M, are measurable homeomorphism and Radon
measure structure-invariant maps, then, if local path connectedness property holds g, —
a.e., on M then it also holds ug — a.e., on M, under composition maps.
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Remark 3.1.6 Using the above results, one can generate a new class of locally path
connected Quotient Radon measure manifold (I1, (G, o)) where IT = {M| x M, x
.. X M,} which is closed under the group action (G, o) = {Fy, Fy, ..., F,} of C*
measurable homeomorphisms and Radon measure-invariant maps and S. C. P. Halakatti
constructs different categories of Quotient Radon measure manifolds on different patterns
of charts in next section 4.

Similar to theorem 3.1.2, one can show that the internal path connectedness relation
'~ defined on the measurable domain [(U;, ¢;) U (Uj, ¢;)] € A; € Ak(M) is an
equivalence relation.

3.2. Internally path connected Radon measure manifold

Theorem 3.2.1 If (M, t, X, tg) is a metrizable Radon measure manifold then internal
path connectedness relation is an equivalence relation on (M, 7, X, ug).

Proof. Let (M, t1, 1, ) be a metrizable Radon measure manifold such that for ev-
ery point p € (M, 7, X, up) there exists a measurable domain [(U;, ¢;) U (U;, ¢ )]
€ (M, Ty, X1, ug,).

Let Ay = {pi, p;j € [(Ui,¢;)) U Uj,¢)]; Iy, € G/ pi ~ pjbyy; Vi, jel}
be the non-empty set belonging to [(U;, ¢;) U (Uj, ¢J-)] € M,7,%2,ug) and G =
{y1,v2,.s Y} be the non-empty collection of measurable C* paths y; € [(U;, ¢;) U
U;, ¢j)] such that p; ~ p; by y;.

Let us prove that internally path connected relation is an equivalence relation:

We know that a metrizable Radon measure manifold is internally path connected if 3 a
measurable C*™ path y; € G : y; : [0, 1] — [(U;, ¢;) U (U}, $;)] € Ak(M) such that
vi(0) = p; € (U;, ¢;) for which ug(U;) > 0 and

yi(1) = pj € (U}, ;) for which pg(U;) > 0 where, p;. p; € [(Us, ¢;) U (Up, p)].
Now we show that the relation '~ is an equivalence relation on the measurable domain
(Ui, ¢:) U (U}, ¢ )] of (M, T, E, ug).

(i) ’~’ is reflexive :

Since (M, T, ¥, ug) is a metrizable Radon measure manifold satisfying reflexive prop-
erty of metrizable Radon measure manifold, that is, if d(p;, p;j) = 0 if and only if
pi = p; then 3 a measurable C*™ path y; : [0, 1] — [(U;, ¢;) U anl such that
vi(0) = p; € (U;, ¢;) for which ug(U;) > 0 and

yi(1) = p; € (Uj, ¢;) for which up(U;) > 0.

Since by reflexive property of metrizable Radon measure manifold, p; = p;. Then
y 10, 1] — [(U;, ¢;) U (U}, (,bj)] is a measurable C* path from p; to p; itself which
is a constant path. Thatis, p; ~ p; by y;

Therefore, ~’ is reflexive.

(ii)’~’ is symmetric:

By symmetric property of metrizable Radon measure manifold, that is, if d(p;, p;) =
d(pj, pi), then 3 a measurable C* path y; : [0, 1] — [(U;, ¢;) U WU, )] such that
vi(0) = p; € (U;, ¢;) for which ug(U;) > 0 and

yit)=pj e WU, ¢;) for which pug(U;) > 0.
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Since by symmetric property of metrizable Radon measure manifold, for every y; :
pi — pj there exists y ; : p; —> p; such that there exists a measurable C °° path
K [0, 1] — [(U;i, ¢;) U (U}, ®;)] such that

y;j(0) =pj € (Uj, ¢;) and

y (1) = pi € (Ui, ¢;) for which g (U;) > 0.

Therefore, ’~’ is symmetric.

(iii) >~ is transitive :

From the triangular inequality property of metrizable Radon measure manifold, ifd(p;, pr) <
d(pi, pj)+d(p;, pr) then there exists measurable C* paths y;, yj€Gy;:10,1] —
[(Ui, ¢;,) U (Uj, ¢;)] from p; to p; such that

y:(0) = pi € (Ui, ¢:) U (U}, )]

1
vi(5) =pj € Ui ¢:)UUj. ¢;)]and
y; 10,11 — [(Ui, ¢;) U (U;, ¢,)] from p; to py such that

Y1(3) = Py € Wi, 9 U Uy, @] for which j1g(Us U Uj) > 0

y;i(1) = px € [(Ui, $;) U (Uj, ¢ )] for which up(U; U Uj) > 0 and a composition of
measurable C* paths y;, y j € G such that

yjovi:0,11 — [(Ui, ¢;) U (Uj, ¢;)] from p; to py such that

y;0y:(0) = p; € (U, ¢;) and

yjovi(l) =pk €U, ¢;).

Hence, if p; ~ pj by y; and p; ~ pi by y ; then p; ~ py by y ; o y;. Therefore, '~ is
transitive. Hence, internal path connectedness relation ~’ is an equivalence relation on
(Ui, ) U (Uj, )1 C (M, T, T, jug). ]

Further, this equivalence relation partitions the measurable domain [(U;, ¢;)U(U;, ¢ j )] €

A; € A¥ (M) into disjoint equivalence classes. such that (U; UU )/~ is Quotient Radon
measure domain in 4; C (M, 7, X, up).

Theorem 3.2.2 Let (M1, T1, X1, ug,) and (M2, T2, X2, jtg,) be metrizable Radon mea-
sure manifolds. Then internal path connectedness property is invariant under a C* mea-
surable homeomorphism and Radon measure structure - invariantmap F : (M1, T, X1, g,) —>

(MZa 72, EZa l‘LRz)'

Proof. Let (M1, t1, X1, ug,) and (M2, T2, X2, jLg,) be metrizable Radon measure man-
ifolds.

Let the internal path connectedness property, say, Pg holds g, —a.e., on the non-empty
sets Ay C [(Ui, ) U(Uj, ¢;)] C (M1, T1, Z1, pug,) and Ay C [(Ug, ¢p) U (Ui, ¢)] C
(M1, T1, 21, ug,) where Ay = {p;, pj € [p]l € [(Ui, ;) UUj, 9] Jy; € [y]: pi
is internally path connected to p; by y; € G}, IR, (A1) > 0and Ay = {g;,q; € [p] €
[(Uk, ¢) U (Ur, ¢p]: 3 y; € [v]: g is internally path connected to g; by y; € G},
jg, (A2) > 0.

According to Radon measure structure condition [definition 2.1.1], we say that A; ~ A,
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if and only if g (A1) = g, (A2).

We show that if Pg holds LR, —a.e.,on A, Ay C (My, T4, 21, /LRI) then Pg also holds
iR, —a.e.,on F(Ay), F(A2) C (M2, T2, X, Jig,).

Now if F : (My, 1, X1, ug,) —> (M2, T2, o, upg,) is C® measurable homeo-
morphism and Radon measure structure - invariant map, then for every Aj, Ay C
(M, T1, X1, pg,),

g, (A1) > 0, g (A2) > 0, thereexists F(A1), F(A2) C (M2, T2, X2, ug ), g, (F(A1)) >
0. g, (F(A)) > 0:

A1 ~ As implies F (A1) ~ F(A>) with Radon measure structure condition

wg, (A1) = g, (A2) implies ug, (F(A1)) = ug,(F(A2)) according to definition 2.1.2.
This implies internal path connectedness property holds g, — a.e., on F(Ay),F(A3)
C (M2, 72, X, jup,)- u

Theorem 3.2.3 Let (M1, t1, X1, ig,), (M2, 12, 22, g,) and (M3, 73, X3, [Lg,) be
metrizable Radon measure manifoldsand F : (M, 71, X1, ug,) —> (M2, 12, X2, g,)
and G : (M, 12, X2, tp,) —> (M3, T3, X3, iip,) be C*° measurable homeomor-
phisms and Radon measure structure-invariant maps. Then internal path connected-
ness property is invariant under the composition map G o F' : (M1, t1, X1, g,) —>
(M3, T3, X3, [LRs)-

Proof. Let (M1, 1, X1, g,), (M2, T2, X2, g,) and (M3, T3, 23, Lg,) be metrizable
Radon measure manifolds.

Let F : (M, 71y, X1, /LRI) —> (Mj, 13, X, MRz) and G : (M3, 12, X2, /’LRz) —
(M3, T3, £3, [Lg,) be C* measurable homeomorphisms and Radon measure structure-
invariant maps.

We show that if internal path connectedness property, say, Pg holds g, — a.e., on non-
empty sets Ay C [(Uy, ¢:) U (U}, ¢ )1, A2 C [(Uk, ) U (Us, $)1 C (M1, T1, Tty ig,)
then Pg also holds u R, —@.€.,0n (M3, T3, 3, 0 R3) under measurable homeomorphism
and Radon measure structure-invariant map G o F.

Let the internal path connectedness property Pg holds pg, — a.e., on the non empty
sets Ay C [(Ui, ) U(Uj, ¢;)] C (M1, T1, Z1, ug,) and Ay C [(Ui, ¢p) U (Ui, ¢)] C
(My, T1, X1, (g,) where [(U;, ¢;) U (Uj, ¢j)] and [(Ug, ¢r) U (U;, ¢;)] are Quotient
Radon measure domains:

Ay~ Apif and only if ug (A1) = ug, (A2) by definition 2.1.1.

By above theorem 3.2.2, if F : (My, 71, E1, pg,) — (M2, 72, X2, tg,) is C* mea-
surable homeomorphism and Radon measure structure - invariant map, then for ev-
ery A1, Ay C (M1, 71, S1. g ). g (A1) > 0, pg (A2) > 0,3 F(A), F(A) C
(M2, T2, B2, iy ), i, (F(AD) > 0, jig (F(A2)) > 0:

A1 ~ Aj implies F (A1) ~ F(A>) with Radon measure structure condition

wg, (A1) = g, (Az) implies ug, (F(A1)) = ug,(F(A2)) according to definition 2.1.2.
(1

Similarly, we show that under G : (M, T2, X2, g,) —> (M3, T3, X3, ug;), if Pg
holds pg, — a.e., on the non-empty Borel sets F(Ay) C F[(U;, ¢;) U (Uj, ¢;)] and
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F(A2) C F[(Uk, ¢p) U (Up, ¢p)] on (M3, T2, X2, fLg,) then Pg also holds g, —a.e., on
the non-empty Borel sets (G o F)(A1) C (G o F)[(U;, ¢;) U (U}, dbj)] and (G o F)(Aj)
C (G o F)[(Ux, ¢;) U (Ur, ¢)] on (M3, T3, 3, 11g,) where,

(G o F(A1) = {G o F(pi)),Go F(pj)) € [pl € Go F[(Ui,¢;)) U Uj,¢;)] 3
Go F(y;)) € Go F([y] : G o F(p;) is internally path connected to G o F(p;) by
G o F(y;) € Go F(G)} where g, (G o F(A;)) > 0 and

(G o F(A2)) = {G o F(qi),G o F(gj) € [p]l € G o F[(Ux, ¢) YU (U, )] 3
Go F(y;) € Go F(lyD : G o F(g;) is internally path connected to G o F(gq;) by
G o F(y;)) € G o F(G)} where ug,(G o F(A2)) > 0 on (M3, 73, X3, Lg,):

F(A1) ~ F(A>) implies (Go F)(A1) ~ (G o F)(A3) with the Radon measure condition:
iy (F(AD) = g, (F(As) implies i (G o F(A1)) = g, (G o F(A2))

according to definition 2.1.2. 2)
This implies under G o F' : (My, t1, X1, g,) —> (M3, 13, X3, g,), if Pg holds
Ug, —a.e., on Ay, Ap C (M, t1, X1, ug,) then Pg also holds g, —a.e., on (G o
F(A1)), (G o F(A2)) C (M3, T3, X3, Upg,):

Ay ~ As implies (G o F(A1)) ~ (G o F(A>)) with the Radon measure condition:

W, (A1) = tig, (A2) implies

1R, (G o F(AD) = ig (G o F(A2). 3)
Therefore, from (1), (2) and (3), if internal path connectedness property holds g, —a.e.,
on (My, t1, X1, ng,) then it also holds g, —a.e., on (M3, T3, X3, fig;). [ |
Corollary 3.2.4 Let My, ..., M, be metrizable Radon measure manifolds. If F; :

My — M>,....F, : M,,_1 —> M,, are measurable homeomorphism and Radon measure
structure-invariant maps, then, if internally path connectedness property holds g, —a.e.,
on M then it also holds g — a.e., on M, under composition maps.

Remark 3.2.5 Using the above results, one can generate a new class of internally path
connected Quotient Radon measure manifold (IT, (G, o)) where [1 = {M| x M, x ... X
M, } which is closed under the group action (G, o) = {F}, F, ..., F,} of C® measurable
homeomorphisms and Radon measure-invariant maps and S. C. P. Halakatti constructs
different categories of Quotient Radon measure manifolds on different patterns of charts
in next section 4.

3.3. Maximally path connected Radon measure manifold

Now, the first author has introduced, developed and defined the concept of Quotient
Radon measure atlas and proved the following results:

Definition 3.3.1 Quotient Radon measure Atlas

By an R"-Quotient Radon measure atlas of class C k (k = 1) on a measure manifold

(M, t,X%, ug), we mean a countable collection (A, T JAs 2A L / 4) of n-dimensional
Quotient Radon measure charts ((U;, T,u;, X, u;, '“R/U,-)’ qbl-/Ui)foralli elon(M, 7, %, ug)
satisfying the following conditions:
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(@) Yier (Ui, t/u;, X u;, “R/ui) = (M, t, X, up). That is, the countable union of all
Quotient Radon measure charts in (A, t JAs Z/As L q) cover (M, T, %, ug) .

(a2) For any pair of Quotient Radon measure charts (U;, ¢;) and (U;, ¢ ;) there exists
transition maps ¢; ogb;] 1¢;(UiNUj) — ¢;(UiNU;) and quogbi_l (9, (UiNU ) —
oF (Ui NUj) are differentiable and Radon measurable.

(a3) Any two Quotient Radon measure atlases are compatible on (M, 7, X, ug) satisfy-
ing two equivalence relations:

(1) A ~ Ay iff (4 U Ay) € AK(M).
(i) A; ~ Ay iff up(Ay)) = ur(A).

Since (M, 7, Z, up) 1s maximally path connected if and only if it is locally and
internally path connected [2], maximal path connectedness relation *~’ defined on the
measurable domain (4; U A; U Ay) € AK(M) is an equivalence relation.

Theorem 3.3.2 If (M, 7, X, i) is a metrizable Radon measure manifold then maximal
path connectedness relation is an equivalence relation on (M, 7, £, ug).

Proof. Let (M, 11, X1, tg) be a metrizable Radon measure manifold such that for
every point p € (M, 1, X, ug) there exists a measurable domain (A; U A; U Ay)
€ (M, 1y, X1, ug,).

Let A3 ={pi,pje (A UA; UA);Ty, €eG/p~pjbyy;;Vi,j, k el}bethe
non-empty set belonging to (A4; UA; UA) e M, 7,2, ug)and G = {y, V2, .o, V)
be the non-empty collection of measurable C* paths y; € G such that p; ~ p; by y;.
Let us prove that maximal path connected relation is an equivalence relation:

We know that a metrizable Radon measure manifold is maximally path connected if 3 a
measurable C* path y, e G: y; : [0, 1] — (A4 UA; UA) € AR (M) such that
yi(0) = p; € (Ui, ¢;) € A; for which ug(U;) > 0, ug(A;) > 0 and

yi(l) = pj € (Uj,¢;) € A; for which ug(U;) > 0, ug(A;) > 0 where, p;, p; €
A UA j U Ap).

Now we show that the relation '~ is an equivalence relation on the measurable domain
(A; U .Aj U .,4]) of (M, t, %, ug).

(i) ’~’is reflexive :

Since (M, T, X, ip) is a metrizable Radon measure manifold satisfying reflexive prop-
erty of metrizable Radon measure manifold, that is, if d(p;, p;) = 0 if and only if
pi = pj then 3 a measurable C* path y, : [0, 1] — (A; U A; U Ay) such that

yi(0) = p; € (Ui, ¢;) € A; for which ug(U;) > 0, ug(A;) > 0 and

yi(l) = pj € (Uj, ¢;) € A; for which up(U;) > 0, ug(A;) > 0.

Since by reflexive property of metrizable Radon measure manifold, p; = p;. Then
y [0, 1] — (A; U A; U Ay) is a measurable C* path from p; to p; itself which is a
constant path. That is, p; ~ p; by y;

Therefore, '~ is reflexive.

(ii)’~’ is symmetric :

By symmetric property of metrizable Radon measure manifold, that is, if d(p;, p;) =
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d(pj, pi), then 3 a measurable C* path y, : [0, 1] — (A; U A; U Ax) such that
vi(0) = p; € (Ui, ¢;) € A; for which ux(U;) > 0 and

yi(l) = pj € (Uj, ¢;) € A; for which pug(U;) > 0.

Since by symmetric property of metrizable Radon measure manifold, for every y; :
pi — pj there exists y ; : p; —> p; such that there exists a measurable C* path

y; 10,11 — (A; U A;j U Ay) such that

y;j(0) =p; € (Ui, ¢;) € A; and

y;i() =pi € (Uj,9;) €A,

Therefore, ’~’ is symmetric.

(iii) ’~’ is transitive:

From the triangular inequality property of metrizable Radon measure manifold, ifd (p;, px) <
d(pi, pj) +d(pj, pr) then there exists measurable C* paths y;, y; €G

y; 10, 1] — (A; U A; U Ay) from p; to p; such that

yi(0) =pi € (Ui, ¢;) € A,

1
Vi(i) =pj € Uj, ¢;) € Ajand
yj 10,1 — (A; UA; U Ay) from p; to py such that

yj(%) = pj € (Uj, ¢;) € A; for which ug(U;) > 0, ug(Aj) >0

v (1) = pk € (Uk, ¢y) € Ay for which g (Ux) > 0, ug(Ay) > 0 and a composition
of measurable C* paths y;, y j € G such that

yjovi:l0,11 — (A; UA; U Ay) from p; to pg such that

yjovi(0)=p; € U,¢;) € Aiandy;oy;(1) = pix € (Uk, ¢r) € A

Hence, if p; ~ p;j by y; and pj ~ pi by y ; then p; ~ pr by y; o y;.

Therefore, '~ is transitive. Hence, maximally path connectedness relation '~ is an
equivalence relation on [(U;, ¢;) U (U;, ;)] C (M, T, %, ug). |

Hence, this equivalence relation partitions the measurable domain (A; UA; U Ay) €
AX (M) into disjoint equivalence classes. Then (M, t, X, up)/~ is a Quotient Radon
measure Manifold denoted by (M, 7, X, ug).

Theorem 3.3.3 Let (M1, 1, X1, ug,) and (M>, T2, X2, i1g,) be metrizable Radon mea-

sure manifolds. Then maximal path connectedness property is invariant under a C* mea-

surable homeomorphism and Radon measure structure-invariantmap F : (M1, 71, X1, g,) —>
(M3, T2, X, (LR,)-

Proof. Let (M1, t1, X1, ug,) and (M2, T2, X2, jLg,) be metrizable Radon measure man-
ifolds.

Let the maximal path connectedness property, say, Py holds jtg, — a.e., on Radon mea-
sure atlases Ay C (A; UA; U Ap) C (M1, 11, X1, ug,) and Ay C (A U A, U Ay)
C (My, Ty, Z1, g,) where Ay = {p;, p; € [p] € (A UA; UA): Jy; €[yl pi
is maximally path connected to p; by y; € G}, ug, (A1) > O0and Ay = {gi,q; €
[pl € (A UA; UA): Ty, €[yl ¢ is maximally path connected to g; by y; € G},
fr, (A2) > 0.
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According to Radon measure structure condition [definition 2.1.1], we say that 4; ~ A,
if and only if g (A1) = g, (A2).

We show that if Py holds [, —da.e.,On A, Ay € (M, T4, 21, 'U“Rn) then Py also holds
R, —a.e.,on F(Ay), F(Ay) C (M, T2, %2, lig ).

Now if F : (My, 71, 21, ug,) —> (Ma, T2, 3o, (Lg,) 18 C® measurable homeo-
morphism and Radon measure structure - invariant map, then for every A, A; C
(M, T1, X1, pg,)s

g, (A1) > 0, ug (A2) > 0,3 F(A), F(A2) C (M2, T2, E2, g ), g, (F (A1) > 0,
W Rz(F (A)) > 0: A} ~ A, implies F(A;) ~ F(A,) with Radon measure structure
condition

wg, (A1) = ug, (Az) implies g, (F (A1) = ug,(F(A2)) according to definition 2.1.1.
Therefore, from (1), (2) and (3), if maximal path connectedness property holds g, —a.e.,
on (My, t1, X1, ng,) then it also holds pg, — a.e., on (M3, T3, X3, jig;). |

Theorem 3.3.4 Let (M1, t1, X1, g,), (M2, 12, 32, tg,) and (M3, 73, X3, (Lg,) be
metrizable Radon measure manifoldsand F : (M1, 71, X1, ug,) — (M2, 12, X2, tg,)
and G : (M2, 12, X2, g,) —> (M3, 13, X3, Lg;) be C* measurable homeomorphism
and Radon

measure structure-invariant maps. Then maximal path connectedness property is invari-
ant under the composition map G o F : (M1, t1, X1, g,) —> (M3, 13, 23, [Lg;).

Proof. Let (M1, 1, X1, g,), (M2, T2, X2, g,) and (M3, T3, 23, Lg,) be metrizable
Radon measure manifolds.

Let F : (My, Ty, 31, ug,) —> (Ma, 712, X2, ug,) and G : (Mp, 12, X2, ig,) —>
(M3, T3, 3, [Lg;) be C™° measurable homeomorphisms and Radon measure structure-
invariant maps.

We show that if maximal path connectedness property, say, Py holds iz, —a.e., onRadon
measure atlases A; C (A; UA; UAp), Ay C (A UA,UA,) C (M, Ty, Xy, jug,) then
Py also holds R, —d.e.,0on (M3, t3, 23, R3) under measurable homeomorphism and
Radon measure structure-invariant map G o F.

Let the maximal path connectedness property Py holds g, — a.e., on Radon measure
atlases A; C (A; UA; U Ay) C (M, 71, X1, ug,) and Ay C (A UA, UA,) C
(M1, T1, X1, ug,) where (4; U A; U Ay) and (A; U A, U A,) are Quotient Radon
measure atlases:

Ay ~ Az if and only if ug A1) = pg, (A2) by definition 2.1.1.

By above theorem 3.3.3, if F : (My, 71, By, ug,) —> (M2, 72, X2, iug,) is C* mea-
surable homeomorphism and Radon measure structure - invariant map, then for every
Ai, Ay € (My, T4, 24, ,uRl), IR, (A > 0, IR, (A>) > 0, there exists F (A1), F(A)
C (M2, T2, X2, ig,), g, (F (A1) > 0, pig, (F(A2)) > 0:

A ~ Ay implies F(A;) ~ F(A,) with Radon measure structure condition:

wg, (A1) = pg, (A2) implies g, (F (A1) = ug,(F(A2)) according to definition 2.1.2.
(D

Similarly, we show that under G : (M, T2, X2, g,) —> (M3, T3, X3, p;), if Po
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holds j1g, —a.e., on the non-empty Borel sets F'(A;) C F(A; UA;UA) and F(Az) C
F(AUALUA,) on (M3, T2, X3, ig,) then Pg also holds g, —a.e., on the non-empty
Borelsets (GoF) (A1) C(GoF)(A;UA;UA) and (GoF)(A) C(GoF)(AUA,,UA,)
on (M3, T3, X3, g,) Where,

(GoF(A) ={GoF(p:)),GoF(pj) €lpl€ GoF(AUA;UA):IGoF(y;)) €
G o F([y]) : G o F(p;) is maximally path connected to G o F(p;) by G o F(y;) €
G o F(G)} where g, (G o F(A1)) > 0and (G o F(Ay) ={Go F(q;),Go F(qj) €
[ple Go F(AUA,UA,):3GoF(y;) € GoF([y]) : G o F(g;) is maximally path
connected to G o F(g;) by G o F(y;)) € G o F(G)} where jug, (G o F(A2)) > 0 on
(M3, T3, X3, [LR,):

F(A) ~ F(Ay) implies (Go F)(A;) ~ (G o F)(A,) with the Radon measure condition:
oy (F(AD) = g, (F(A2) implies 11 (G o F(AD) = pig (G o F(A2))

according to definition 2.1.2. )
This implies under G o F' : (My, t1, 21, g,) —> (M3, 13, X3, wg;,), if Py holds
g, — a.e., on Aj, Ay C (My, t1, X1, g,) then Py also holds g, — a.e., on (G o
F(A1)), (G o F(A2)) C (M3, T3, X3, Ug,):

A ~ Ay implies (G o F(A1)) ~ (G o F(A3)) with the Radon measure condition:

1R, (A1) = g, (A2) implies ig (GoF(A1)) = g, (GoF(A)). 3)

This implies maximal path connectedness property holds g, —a.e., on (M3, T3, X3, (tg5)-
|

Corollary 3.3.5 Let My, ..., M, be metrizable Radon measure manifolds. If F; :

My — M>,....,F, : M,,_1 —> M, are measurable homeomorphism and Radon measure
structure-invariant maps, then, if maximal path connectedness property holds g, —a.e.,
on M then it also holds g — a.e., on M, under composition maps.

Remark 3.3.6 Using the above results, one can generate a new class of maximally path
connected Quotient Radon measure manifold (IT, (G, o)) where I[1 = {M| x M, x ... X
M, } which is closed under the group action (G, o) = {F}, F, ..., F,} of C* measurable
homeomorphisms and Radon measure-invariant maps and S. C. P. Halakatti constructs
different categories of Quotient Radon measure manifolds on different patterns of charts
in the next section.

Definition 3.3.7 Quotient Radon measure Manifold

Let (M, 7, %, ng) € {Uic1A;} be a metrizable Radon measure manifold and (U;, ¢,;)
and A; (where i € I) are Quotient Radon measure charts and Quotient Radon mea-
sure atlas respectively. If (M, t, ¥, up) admits the local, internal and maximal path
connectedness relations under the measurable C* canonical surjective projection map
q:M,t, 2, ug) — (M, 7, Z, ug)/~ such that for all (U;, ¢;) € (M, 1,2, ug)/~,
g (U, ;) € (M, t, X, ug) where the quotient topology is defined as :

tm = (Ui ¢;) € (M, T, 5, ug) : g Ui.¢;) € (M, T, %, ug); Vi € I}. Then
(M, 7, 2, ug) is said to be a Quotient Radon measure Manifold.
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4. Proposed method to construct different categories of Quotient
Radon measure Manifolds

In the following analysis, the first author develops different categories of Quotient Radon
measure Manifolds (M, t, X, i p) based on six different patterns of measurable charts
and measurable atlases.

Now using different patterns of locally path connected Quotient Radon measure
charts and Quotient Radon measure atlases, different categories of Quotient Radon
measure manifolds are generated, where all the six properties like extended compact-
ness, extended Lindelof, extended countably compactness, extended semi-compactness,
extended semi-Lindelof and extended semi-countably compactness properties remain
invariant under measurable homeomorphism and Radon measure structure - invariant
map F : (My, 11, 21, ug,) —> (Ma, 12, X2, ug,) where (My, 11, X1, ug,) and
(Mo, 12, 2o, Rr,) are Quotient Radon measure manifolds.

4.1. Compact Quotient Radon measure Manifold

Let (M, 7, X, ug) be aQuotient Radon measure manifold. Let AKMYyc M, 1, =, UR)-
For every Borel cover, say, {Ujes A} i.e.. A*(M) € {Uier Ai} AX(M) ie., A¥(M) C
{Uier A;}, if 3 a finite Borel sub cover, say, {U?ZI(U,-J., .A,-j)} for j € J,J C I, such that
AKM) S {UI_ (U;;. Ai)}, then (M, 7, 2, ug) such that AX(M) € (M, 1, T, jug)
satisfying the Radon measure conditions (1.2.5) and (1.2.6) is called a Compact Quo-
tient Radon measure manifold.

Note4.1.1Let A = {(U;,¢;): Vi e l: (U, p;) C A C(M, 7, ¥, up) are measurable
compact Quotient charts} where wp(A) > 0. If wr(A) = 0 then A represents the dark
region of AX(M) C (M, t, T, up).

According to theorem 2.1.7, it has been shown that extended Heine Borel property
1.e., compactness property is invariant under measurable homeomorphism and Radon
measure structure - invariant map F : (M1, Ty, X1, ug,) —> (M2, T2, 2o, ug,) where
(My, T1, X1, g,) and (Ma, T2, X2, ig,) are Radon measure manifolds.

Also, according to theorems 3.1.3, 3.2.2 and 3.3.3, it has been shown that local,
internal and maximal path connectedness properties remain invariant under measurable
homeomorphism and Radon measure structure - invariant map F : (M, 71, X1, u Ry)
—> (Ma, 12, X2, ug,) where (My, 1, X1, ug,) and (M2, 72, X2, uug,) are Quotient
Radon measure manifolds. Then the Radon measure charts and Radon measure at-
lases becomes Quotient Radon measure charts and Quotient Radon measure atlases
and since (M, 7, X, up) is covered by Quotient Radon measure atlases {U;<;.4;} i.e.,
(M, 7,2, ug) € {Uier A}, then (M, T, X, ug) under the measurable C* canonical
surjective projection map
q:M,t,Z, ug) — (M, 7, Z, ug)/~ such that for all (U;, ¢;) € (M, 1, %, tg)/~,
g (U, ¢;) € (M, t, X, ug) where the quotient topology is defined as:

T;m = {(Ui¢) € (M, 7.5, ug) : ¢ (Ui, ¢;) € (M, 7, %, pug); Vi € I}. Hence
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they generate Quotient Radon measure manifold (M, 7, X, ug).

Now, we prove that extended compactness property remains invariant under measur-
able homeomorphism and Radon measure structure - invariantmap F : (M1, 71, X1, g,)
—> (Ma, 12, X2, ug,) where (My, 1, X1, ug,) and (M2, 72, X2, uug,) are Quotient
Radon measure manifolds.

Theorem 4.1.2 Let (M, 71, X1, ug,) and (M, T2, X2, ug,) be Quotient Radon mea-

sure manifolds. Thenif extended compactness property holds i g —a.e.,on (M, t1, X1, jug,)
then the property also holds g, —a.e., on (Mo, 12, 2o, 14 r,) under measurable home-
omorphism and Radon measure structure - invariant map F : (M1, t1, X1, ug,) —
(M2, 12, X,

KR,)-

Proof. Let (M, t1, 21, 1 r,) and (Ma, 12, 2o, 1 r,) be Quotient Radon measure man-
ifolds and F : (M, 1, X1, HR,) —> (My, 12, X9, W g,) be measurable homeomor-
phism and Radon measure structure - invariant map.

We show that if extended compactness property say Py holds ug, —a.e.,on (My, 71, X1, ug,)
then Py also holds pg, —a.e., on (My, T2, X2, iug,).

Since S. C. P. Halakatti has proved that the extended Heine Borel property holds g, —
a.e., on (My, Ty, X1, ug,) then it also holds ug, — a.e., on (Ma, 72, ¥, ug,) un-
der measurable homeomorphism and Radon measure structure - invariant map F :
(My, T1, X1, ug,) —> (M2, T2, Xp, pug,) Where (M1, 1, X1, ug,) and (M2, T2, X2, (g,)
are Radon measure manifolds.

That is, if for any two Radon measure atlases A;, A» € AX(M) € (M4, 71, =1, HR,)
3 F(A1), F(Ay) € A (Ma) C (My, 71, Z1, ig,):

A1 ~ A implies F(A;) ~ F(A;) with Radon measure structure condition:

tg, (A1) = g, (A2) implies g, (F (A1) = ug,(F(A2)) according to definition 2.1.1.
(1)

According to theorems 3.1.3, 3.2.2 and 3.3.3, local, internal and maximal path con-
nectedness properties remain invariant under measurable homeomorphism and Radon
measure structure - invariant map F : (M1, t1, X1, ug,) —> (M2, T2, 2, ug,) where
(My, T1, X1, pg,) and (Ma, T2, X2, iug,) are Radon measure manifolds. Then the Radon
measure charts and Radon measure atlases becomes Quotient Radon measure charts
and Quotient Radon measure atlases and since (M, t, X, ug) is covered by Quotient
Radon measure atlases {U;c;.A;} i.e., (M, T, X, ug) € {Uicr A}, then (M, T, 2, up)
under the measurable C* canonical surjective projection map g : (M, 7, Z, ug) —>
(M, 7, 2, ug)/~suchthatforall (U;, ¢;) € (M, 7, Z, ,uR)/N,q_l(U,-, ¢;))e (M, t, X2, ug)
where the quotient topology is defined as :

tm = {Ui¢) € M, 7,5, ug) : ¢ ' Ui, ¢;) € (M, 7, %, pug); Vi € I}. Hence
they generate Quotient Radon measure manifold (M, 7, X, ug).

Therefore, if for any two Quotient Radon measure atlases A1, A; € AR(M ) c My, 11,
S, 1g,) 3F(AD, F(Ar) € A (Ma) C (Ma, 71, £1, ig,):

A1 ~ Ay implies F(A;) ~ F(A;) with Radon measure structure condition:

tg, (A1) = g, (Az) implies g, (F (A1) = ug, (F(A2)) according to definition 2.1.1.
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(2).

This implies, since local, internal and maximal path connectedness properties holds
KR, —a.e.,on Ay, Ay C (M, t1, X1, ug,) then this property also holds j1z, —a.e., on
F(A1), F(Ay) C (M2, 12, X, jug,) Where (M1, 71, Ty, ug,) and (Ma, 72, X2, tg,)
are Quotient Radon measure manifolds.

Therefore, from (1) and (2), if extended compactness property holds g, — a.e., on
My, 11, 21, W g,) thenitalsoholds g, —a.e., on My, 12, X9, M g,) under measurable
homeomorphism and Radon measure structure - invariant map where (M1, 71, X1, g 1)
and (M3, 72, 2, ug,) are Quotient Radon measure manifolds. [ |

Theorem 4.1.3 Let (M, t1, X1, g,), (Mo, T2, X2, ug,) and (Ms, t3, X3, jug,) be
Quotient Radon measure manifolds. Let F' : (M, 1, 1, ug,) —> (Mo, 72, X2, ug,)
and G : (M, 12, X2, ug,) — (Mas, 73, X3, ug,) be C®° measurable homeomor-
phisms and Radon measure structure - invariant maps. Then if extended compactness
property holds g, —a.e., on (M1, t1, X1, jg, then the property also holds ug, —a.e.,
on (Mj, 13, X3, 'S under the composition mapping G o F : (M, 71, X1, UR,) —
(M3, T3, X3, Lg,).

Proof. Let (M1, t1, Z1, tg,), (M2, T2, £, g,) and (M3, 73, X3, ;) be Quotient
Radon measure manifolds.

We show that if extended compactness property, say, P holds ug, —a.e.,on (My, t1, Xy, pug,)
then Py also holds ug, —a.e., on (M3, 12, X2, ig,).

From theorem 4.1.2, if extended compactness property say Pjo holds ug — a.e., on
My, 71,

X1, ig,) then Py also holds g, —a.e., on (M, 72, X2, ig,):

Thatis, if for any two Quotient Radon measure atlases A, A, € AR(MD) c My, 11, 21, KR,)
3 F(A), F(A) € AA(My) C (Ma, 71, 1, pag,):

A ~ A, implies F(A;) ~ F(A,) with Radon measure structure condition:

wg, (A1) = g, (A2) implies g, (F (A1) = ug,(F(A2)) according to definition 2.1.1.

(1)

Similarly, since G : (Ma, 12, o, ug,) —> (M3, T3, X3, ug,) is C® measurable
homeomorphisms and Radon measure structure - invariant map, if for any two Quotient
Radon measure atlases F(Az) C (Ma, 72, X2, ug,) 3 (G o F)(Ay), (G o F)(Az) C
(M3, 13, 23, 1 ;) With Radon measure structure condition

Wy (F(AD) = g, (F (Ay)) implies 1t g, (GoF) (A1) = gy ((GoF) (A2)) )
Thisimpliesunder GoF' : (M, t1, 1, g,) —> (M3, 13, T3, lug,),if Prholds g, —
a.e.,on Ay, Ay C (M, 11, X1, iug,) then Py also holds pg, —a.e., on (G o F)(Ay),

(G o F)(Az) C (M3, 13, T3, Ug,):

Aj ~ Aj implies F(A;) ~ F(A,) with Radon measure structure condition

wr, (A1) =g, (Az) implies g, (Go F (A1) = ug,(Go F(Az)) 3)
according to definition 2.1.1. Therefore, from (1), (2) and (3), if extended compactness
property holds ug — a.e., on (My, Ty, X1, ug,) then it also holds ug, — a.e., on
(M3, 13, 23, it g,) under measurable homeomorphism and Radon measure structure -
invariantmap GoF : (M1, Ty, Ty, g,) —> (M3, T3, X3, ig,) where (M, 1, X1, pug,),
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(Ma, T2, 2, tg,) and (M3, 73, 23, Lp,) are Quotient Radon measure manifolds. W

Remark 4.1.4 By using above method, one can show that the extended compactness
property remains invariant (g — a.e., on the non-empty set of Quotient Radon measure
manifolds Mg, Mg,, ..., Mg, under the composition of functions F; : Mg, —
Mp,, Fp : Mg, — Mp,, ..., F, : M,_1 —> Mg, and by using this, one can
generate a new category of compact Quotient Radon measure manifold (1, (G, o))
where [T = {M| x M> x ... x M,} which is closed under the group action (G, o) =
{Fi, F3, ..., F,;} of C*° measurable homeomorphisms and Radon measure structure-
invariant maps.

4.2. Lindelof Quotient Radon measure Manifold

Let (M, 7, X, ug) beaQuotient Radon measure manifold. Let AKMHYyS M, T, =, UR)-
For every Borel cover, say, {U;c;A;} ie., Ak(/\/l) C {U;er A;}, if 3 a countable Borel
sub cover, say, {U?ozl(A,-j} such that A¥(M) C {U?';IA,-j} for j € J,J C I, then
(M, t, 2, ug) such that AKMYyCT M, 7,2, 1 r) satisfying the Radon measure con-
ditions (1.2.5) and (1.2.6) is called a Lindelof Quotient Radon measure manifold.

Note 4.2.1 Let A = {(U;,¢;): Vi € [:(U;, p;) CA; C (M, 7, X, ug) are measurable
Lindelof Quotient charts} where 1tz (A) > 0. If uz(A) = 0 then A represents the dark
region of Ak(M) C M, 1,2, ug).

According to theorem 2.2.5, it has been shown that extended Lindelof property
is invariant under measurable homeomorphism and Radon measure structure - invari-
ant map F : (My, t1, X1, ug,) —> (M2, 12, X2, g,) where (M1, 71, 1, ug,) and
(M2, T2, X2, Lg,) are Radon measure manifolds.

Now, we prove that extended Lindelof property remains invariant measurable home-
omorphism and Radon measure structure - invariant map F : (M, 71, Xy,

I'LRI) — (MZa 72, 225 l’LRz) Where (Ml’ 71, 219 MRI) and (Mza 72, 229 l’LRz) are QUO'
tient Radon measure manifolds.

Theorem 4.2.2 Let (M, 1, X1, 4 r,) and (M, 12, 2o, 4 Rr,) be Quotient Radon mea-
sure manifolds. Thenif extended Lindelof property holds ju g, —a.e., on My, 11, 21, 1 R,
then the property also holds g, —a.e., on (Ma, 12, 2o, 14 r,) under measurable home-
omorphism and Radon measure structure - invariant map F : (M, tq, 1, 1 Rl) —

(M2, 12, X2, g,)-

Proof. Let (M, t1, 21, g,) and (My, 72, X2, jLg,) be Quotient Radon measure man-
ifolds and F' : (M1, t1, 21, ug,) —> (Ma, 12, 2, g,) be measurable homeomor-
phism and Radon measure structure - invariant map.

We show that if extended Lindelof property say P, holds g —a.e., on (Mi,t1, 21, 1 R,)
then P also holds g, — a.e., on (Ma, 72, X2, ug,).

Since S. C. P. Halakatti has proved that the extended Lindelof property holds wup, —
a.e., on (My, Ty, X1, ug,) then it also holds ug, — a.e., on (M, T2, ¥, ug,) un-
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der measurable homeomorphism and Radon measure structure - invariant map F :
(M1, T1, 21, g,) —> (M2, T2, 2, [Ag,)-

Thatis, if for any two Lindelof Radon measure atlases Ay, A; € AKM)D) Cc My, T, 21, 1 R
3 F(A1), F(Ay) € A (Ma) C (Ma, 71, Z1, ig,):

Ay ~ A implies F(A;) ~ F(A;) with Radon measure structure condition:

wg, (A1) = g, (A2) implies g, (F (A1) = ug, (F(A2)) according to definition 2.1.1.
(D

According to theorems 3.1.3, 3.2.2 and 3.3.3, local, internal and maximal path con-
nectedness properties remain invariant under measurable homeomorphism and Radon
measure structure - invariant map F : (M1, t1, X1, ug,) —> (M2, T2, 2, g,) where
(My, T1, X1, pg,) and (M>, T2, X2, i p,) are Radon measure manifolds. Then the Radon
measure charts and Radon measure atlases becomes Quotient Radon measure charts
and Quotient Radon measure atlases and since (M, 7, X, ug) is covered by Quotient
Radon measure atlases {U;c;.A;} i.e., (M, T, X, ug) € {Uics A}, then (M, T, 2, ug)
under the measurable C* canonical surjective projection map g : (M, 7, Z, ug) —>
(M, 7, 2, ug)/~suchthatforall (U;, ¢;) € (M, 7, Z, ,uR)/N,q_l(Ui, ¢;))e (M, t, %2, ug)
where the quotient topology is defined as :

tm = {Ui¢) € M, 7,5, ug) : ¢ ' Ui, ¢;) € (M, 7, %, pug); Vi € I}. Hence
they generate Quotient Radon measure manifold (M, 7, X, ug).

Therefore, if for any two Quotient Radon measure atlases A, A, € AFM) c My, T1, =1,
pr) 3 F(AD, F(A) € AA(Ma) C (Ma, 71, E1, iag,):

A1 ~ A implies F(A;) ~ F(A;) with Radon measure structure condition:

tg, (A1) = g, (A2) implies g, (F (A1) = ug,(F(A2)) according to definition 2.1.1.
(2)

This implies, since local, internal and maximal path connectedness properties holds g,

on Aj, A then these properties also holds g, on Quotient Radon measure manifolds.
Therefore, from (1) and (2), if extended Lindelof property holds g, —a.e., on My, 1, 21,
Wg,) then it also holds ug, — a.e., on (Mo, 12, X, 10 Rr,) under measurable homeo-
morphism and Radon measure structure - invariant map where (M, t1, 1, ug,) and
(Ma, T2, 22, iLg,) are Quotient Radon measure manifolds. [ |

Theorem 4.2.3 Let (M1, 71, X1, g,), (M2, T2, X2, ug,) and (Ms, 73, X3, ug,) be
Quotient Radon measure manifolds. Let F : (M, 71, X, UR,) —> (Mo, 12, X9, MUR,)
and G : (My, 12, X, URg,) — (M3, 13, X3, KR;) be C*° measurable homeomor-
phisms and Radon measure structure - invariant maps. Then if extended Lindelof prop-
erty holds ug, —a.e., on (M1, Ty, X1, ug,) then the property also holds g, — a.e.,
on (Ms, t3, X3, Lg,) under the composition mapping G o F : (My, 71, X1, ug,) —
(Mas, T3, T3, Ug,)-

Proof. Let (M, t1, 21, (g,), (Ma, 12, 22, tp,) and (M3, 73, X3, g,) be Quotient
Radon measure manifolds.

We show that if extended Lindelof property say P> holds g —a.e.,on (M, t1, X1, jug,)
then P, also holds ug, — a.e., on (M3, T2, X3, ig,).

From theorem 4.1.2, if extended compactness property say P> holds ug, — a.e., on
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My, T1, X4,

ig,) then P> also holds pg, —a.e., on (M, T2, X2, ig,):

That s, if for any two Quotient Radon measure atlases A;, A, € AX (M) € (M1, 71, =1, HR,)
3 F(A1), F(Ap) € AY(My) C (Mo, 71, By, pag,):

A1 ~ Ay implies F(A;) ~ F(A;) with Radon measure structure condition:

wg, (A1) = g, (A2) implies g, (F (A1) = ug, (F(A2)) according to definition 2.1.1.
(1)

Similarly, since G : (Mz, 12, Lo, ug,) —> (M3, 73, X3, ug,) is C®° measurable
homeomorphisms and Radon measure structure - invariant map, if for ant two Quotient
Radon measure atlases F(Az) C (Ma, 12, X2, ug,) 3 (G o F)(Ay), (G o F)(Az) C
(M3, T3, X3, Lg,) with Radon measure structure condition:

IR, (F (A1) = g, (F(Az)) implies g, ((Go F) (A1) = g, ((GoF)(A)) (2)
Thisimpliesunder GoF' : (M1, T1, X1, g,) —> (M3, 13, T3, ig,),if Pyholds g, —
a.e.,on Ay, Ay C (M1, 11, X1, ug,) then P, also holds pg, —a.e., on (G o F)(Ay),
(G o F)(A2) C (M3, T3, 53, jig,):

A ~ A, implies F(A;) ~ F(A;) with Radon measure structure condition

Wk, (A1) = g, (A2) implies 1t (G o F(AD) = g, (G o F(A2)) 3)
according to definition 2.1.1. Therefore, from (1), (2) and (3), if extended Lindelof
property holds wg, — a.e., on (Myq, 11, 21, Mg, then it also holds ug, — a.e., on
(M3, T3, X3, (tg,) under measurable homeomorphism and Radon measure structure -
invariantmap GoF : (My, t1, X1, ug,) —> (M3, 13, X3, ug,) where (M1, 71, 1, ug,),
(M2, T2, o, tg,) and (M3, T3, 3, (Lg,) are Quotient Radon measure manifolds. W

Remark 4.2.4 By using above method, one can show that the extended Lindelof property
remains invariant i —a.e., on the non-empty set of metrizable Quotient Radon measure
manifolds Mg,, Mg,, ..., Mg, under the composition of functions F; : Mg, —
Mp,, Fp : Mg, — Mp,, ..., F, : Mg, , — Mg, and by using this, one can
generate a new category of Lindelof Quotient Radon measure manifold (I1, (G, o))
where [T = {M; x M> x ... x M,} which is closed under the group action (G, o) =
{F1, F3, ..., F,;} of C*° measurable homeomorphisms and Radon measure structure-
invariant maps.

4.3. Countably compact Quotient Radon measure Manifold

Let (M, 7, ¥, ug) be aQuotient Radon measure manifold. Let AAMYcM, 1, =, UR)-
For every countable Borel cover, say, {U;<7.A4;}i.e., Ak(./\/l) C {Uier A;} Ak(./\/l) ie.,if 3
a finite Borel sub cover, say, {U?ZlAij} such that AX(M) C {U’}ZIA,-j fforjeJ,JCl,
then (M, t, X, up) such that AX (M) C (M, 1, 2, ug) satisfying the textbfRadon mea-
sure conditions (1.2.5) and (1.2.6) is called a Countably compact Quotient Radon
measure manifold.

Note 4.3.1 Let A = {(U;,¢;) : Vi € I: (U;,¢;) C A C (My, 1y, X1, ig,) are
measurable countably compact Quotient charts} where g (A) > 0. If wr(A) = 0 then
A represents the dark region of A¥(M) € (M, 1, 2, up).
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According to theorem 2.3.5, it has been shown that extended countable compactness
property is invariant under measurable homeomorphism and Radon measure structure -
invariant map F : (M1, t1, X1, ug,) —> (M2, T2, X2, ug,) where (M1, T1, X1, ug,)
and (M>, T2, X2, ug,) are Radon measure manifolds.

Now, we prove that extended countable compactness property remains invariant
under measurable homeomorphism and Radon measure structure - invariant map F :
(Ml’ T1, 217 lu’Rl) — (M27 T2, 229 lu’Rz)Where (Mla T1, 219 lu’Rl) and (Mza T2, 22’ /~'LR2)
are Quotient Radon measure manifolds.

Theorem 4.3.2 Let (M, t1, X1, g,) and (M, 72, X2, ug,) be Quotient Radon mea-
sure manifolds. Then if extended countably compactness property holds g, —a.e., on
My, 11, Xy,

I g,) then the property also holds g, — a.e., on (Mz, T2, X3, j1g,) under measurable
homeomorphism and Radon measure structure - invariantmap F : (M, t1, X1, u R) —
(Ma, 72,

X0, UR,y)-

Proof. Proof is similar to theorem 4.2.2. [ |

Theorem 4.3.3 Let (M, t1, X1, ug,), (M2, T2, o, g,) and (M3, 3, X3, iug,) be
Quotient Radon measure manifolds. Let F : (M1, 71, X, UR,) —> (Mo, 12, X9, MR,)
and G : (My, 12, X, UR,) —> (M3, 13, X3, /,LR3) be C* measurable homeomor-
phisms and Radon measure structure - invariant maps. Then if extended countable
compactness property holds g, — a.e., on (My, 71, X1, ug,) then the property also
holds wug, — a.e., on (Ms, T3, X3, ug,) under the composition mapping G o F :
(M, T1, 1, ug,) —> (M3, T3, T3, UUg,)-

Proof. Proof is similar to theorem 4.2.3. |

Remark 4.3.4 By using above method, one can show that the countable compactness
property remains invariant (4 g — a.e., on the non-empty set of Quotient Radon measure
manifolds Mg, Mg,, ..., Mg, under the composition of functions F; : Mg, —
Mp,, Fp : Mg, — Mp,, ..., F, : M,_1 —> Mg, and by using this, one can
generate a new category of countably compact Quotient Radon measure manifold
(IT, (G, o)) where IT = {M| x My x ... x M, } which is closed under the group action
(G,0) = {Fy, F», ..., F,} of C*° measurable homeomorphisms and Radon measure-
invariant maps.

Definition 4.3.5 Measurable connected semi-open chart: Let (M, 1, X, ug) be a
Quotient Radon measure manifold. A connected measurable chart (U;, ¢;) € (M, 1, X, )
is said to be semi-open if (U;, ¢;) < cl(int ((U;, ¢;))

= wUi, ¢;) < p(cl(int (Ui, ¢,))).



6894 S. C. P. Halakatti and Soubhagya Baddi

4.4. Semi-Compact Quotient Radon measure Manifold

Let (M, 7, X, ug) be aQuotient Radon measure manifold. Let AX (M)yCTM, 1, %, up).
For every Borel semi-open cover, say, {U;c;.A;} i.e., Ak(./\/l) C {Ujer A;i}, if 3 a fi-
nite Borel semi-open sub cover, say, {U_’}Zl.Ai j} for j € J, J C I, such that Ak (M)
C {U;?:]A,-j}, then (M, t, 3, ug) such that Af(M) € M, 1, 3, ug) satisfying the
Radon measure conditions (1.2.5) and (1.2.6) is called a Semi-compact Quotient
Radon measure manifold.

Noted.4.1Let A = {(U;,¢;): Vi e l: (U, ¢;) C A C(M,t, X, ug) are measurable
semi-compact Quotient charts} where up(A) > 0. If £z (A) = 0 then A represents the
dark region of AK(M)y c (M, T, =, UR)-

According to theorem 2.4.5, it has been shown that extended semi-compactness
property is invariant under measurable homeomorphism and Radon measure structure -
invariant map F : (M1, t1, X1, ug,) — (sz T2, 22, Ug,) Where (M1, 71, X1, g,)
and (M, T2, X2, up,) are Radon measure manifolds.

Now, we prove that extended semi-compactness property which remains invari-
ant under C* measurable homeomorphism and Radon measure structure - invariant
map F : (My, 11, 1, ug,) —> (Ma, 12, T2, ug,) where (My, 11, X1, ug,) and
(Ma, 12, 29, 1 r,) are Quotient Radon measure manifolds.

Theorem 4.4.2 Let (M, t1, X1, ug,) and (M, 72, X2, ug,) be Quotient Radon mea-
sure manifolds. Then if extended semi-compactness property holds ug, — a.e., on
(M1, T1, 21, ng,) then the property also holds g, —a.e., on (Ma, 72, X3, jug,) under
measurable homeomorphism and Radon measure structure - invariant map

F: My, t1, 21, ug,) —> (Mo, 12, X2, ug,).

Proof. Proof is similar to theorem 4.2.2. |

Theorem 4.4.3 Let (M, 71, X1, g,), (M2, T2, X2, ug,) and (Ms, t3, X3, ug,) be

Quotient Radon measure manifolds. Let F' : (M, 1, 1, ug,) —> (Mo, 72, L2, ug,)
and G : (M, 12, X2, ug,) — (Mas, 73, X3, ug,) be C*° measurable homeomor-

phisms and Radon measure structure - invariant maps. Then if extended semi-compactness
property holds g —a.e., on (M, T1, X1, ug,) then the property also holds g, —a.e.,

on (Mj, 13, X3, 'S under the composition mapping G o F : (M, 71, X1, UR,) —

(M3, T3, X3, Lg,).

Proof. Proof is similar to theorem 4.2.3. [

Remark 4.4.4 By using above method, one can show that the extended semi-compact
property remains invariant @ — a.e., on the non-empty set of metrizable Quotient
Radon measure manifold Mg,, Mg,, ..., Mg, under the composition of functions Fj :
Mg, — Mpg,, o : Mg, — Mgy, ..., Fy : Mg, , —> Mp, and by using this,
one can generate a new category of semi-compact Quotient Radon measure manifold
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(I, (G, o)) where IT = {M| x My x ... x M, } which is closed under the group action
(G,0) = {F}, F», ..., F,} of C* measurable homeomorphisms and Radon measure
structure-invariant maps.

4.5. Semi-Lindelof Quotient Radon measure Manifold

Let(M, 7, ¥, up) beaQuotient Radon measure manifold. Let AFMYyS M, 1, =, UR)-
For every Borel semi-open cover, say, {U;c7A;} i.e., Ak(./\/l) C {Ujer A;},if Jacountable
Borel semi-open sub cover, say, {U?’;lAij} such that AF(M) € {Uj?';lflij} for j € J,
J C I, then (M, t, X, up) such that AfM) € M, 1, =, 1 r) satisfying the Radon
measure conditions (1.2.5) and (1.2.6) is called a Semi-Lindelof Quotient Radon
measure manifold.

Note 4.5.1 Let A = {(U;, ¢;,):Vi € 1:(U;, ¢;) C A; C (M, t, X, ug) are measurable
semi-Lindelof Quotient charts} where gz (A) > 0. If wr(A) = 0 then A represents the
dark region of (M, 7, X, ug).

According to theorem 2.5.6, it has been shown that extended semi-Lindelof property
is invariant under measurable homeomorphism and Radon measure structure - invari-
ant map F : (M, 71, X, ,uRl) —> (M>, T2, 29, “Rz) where (M1, t1, 21, MRI) and
(M3, T2, %3, [Lg,) are Radon measure manifolds.

Now, we prove that extended semi-Lindelof property remains invariant under measur-
able homeomorphism and Radon measure structure - invariantmap F : (M, 71, X1, R,)
—> (Ma, 12, X2, ug,) where (My, t1, X1, ug,) and (M2, 12, X2, uug,) are Quotient
Radon measure manifolds.

Theorem 4.5.2 Let (M, t1, X1, ug,) and (M, 72, X2, ug,) be Quotient Radon mea-

sure manifolds. Thenif extended semi-Lindelof property holds u g, —a.e., on My, 11,21, 10 R,)
then the property also holds pg, —a.e., on (Mo, 12, X, 0 Rr,) under measurable home-
omorphism and Radon measure structure - invariant map F : (My, 71, X1, ug,) —

(M, 12, %o,

KR,

Proof. Proof is similar to theorem 4.2.2. [

Theorem 4.5.3 Let (M, t1, X1, ug,), (M2, T2, o, jg,) and (M3, T3, X3, iug,) be
Quotient Radon measure manifolds. Let F : (M, 71, X1, KR, — (Ms, T2, X9, KUR,)
and G : (M2, 12, X2, ug,) —> (M3, 13, X3, iLg,) be C* measurable homeomor-
phisms and Radon measure structure - invariant maps. Then if extended semi-Lindelof
property holds g, —a.e., on (M, T1, 1, ug,) then the property also holds g, —a.e.,
on (M3, T3, X3, [Lg,) under the composition mapping G o F : (M, 71, X1, ug,) —
(M3, 13, L3, UUg,)-

Proof. Proof is similar to theorem 4.2.3. [

Remark 4.5.4 By using above method, one can show that the semi-Lindelof property
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remains invariant (4 g —a.e., on the non-empty set of metrizable Quotient Radon measure
manifold Mpg,, Mg,, ..., Mg, under the composition of functions F; : Mg, —
Mgy, Fo + Mg, — Mgy, ... Fy ¢+ M1 — Mg, and by using this one can
generate a new category of Semi-Lindelof Quotient Radon measure manifolds under
the group action G = {Fy, ..., F,} of C*° measurable homeomorphisms and Radon
measure structure - invariant maps.

4.6. Semi-countably compact Quotient Radon measure Manifold

Let (M, 7, X, up) beaQuotient Radon measure manifold. Let Ak(./\/l) CM, 1, 2, ug).
For every countable Borel semi-open cover, say, {U;c;.A;} i.e., Ak(./\/l) C {Uicr A;}, if
J a finite Borel semi-open sub cover, say, {U?ZIAI' ;1 for j € J,J C I such that AX (M)
C {U?zlAij}, then (M, t, ¥, ) such that Ak(./\/l) C (M, 1, X, ug) satistying the
Radon measure conditions (1.2.5) and (1.2.6) is called a Semi-countably compact
Quotient Radon measure manifold.

Note 4.6.1 Let A = {(U;,¢;) : Vi € I : (Ui, ¢)) C A C (My, 71, X1, ug,) are
measurable semi-countably compact Quotient charts} where gz (A) > 0. If uz(A) =0
then A represents the dark region of AX (M) C (M, 7,2, up).

According to theorem 2.6.5, it has been shown that extended semi-countable compact-
ness property is invariant under measurable homeomorphism and Radon measure struc-
ture -invariantmap F : (M1, 1, X1, ug,) —> (M2, T2, X2, ug,) where (M1, T1, X1, ug,)
and (M, T2, X2, ug,) are Radon measure manifolds.

Now, we prove that extended semi-countable compactness property remains in-
variant under measurable homeomorphism and Radon measure structure - invariant
map F : (My, 11, 1, ug,) —> (Ma, 12, T2, ug,) where (My, 11, X1, ug,) and
(Ma, 12, o, Rz) are Quotient Radon measure manifolds.

Theorem 4.6.2 Let (M, 71, X1, ug,) and (M, 72, X2, ug,) be Quotient Radon mea-
sure manifolds. Then if extended semi-countable compactness property holds iz, —a.e.,
on (M, 71, X1, ug,) then the property also holds jg, — a.e., on (M, 72, X3, jug,)
under measurable homeomorphism and Radon measure structure - invariant map F :
(M, T1, 21, ug,) —> (Mo, 12, X2, Ug,).

Proof. Proof is similar to theorem 4.2.2. [ |

Theorem 4.6.3 Let (M, T1, X1, ug,)), (M2, T2, o, g,) and (M3, T3, X3, iug,) be
Quotient Radon measure manifolds. Let F : (M, 71, X, UR,) —> (Mo, 12, X9, MR,)
and G : (My, 12, X, UR,) — (M3, 13, X3, WUg,) be C®° measurable homeomor-
phisms and Radon measure structure - invariant maps. Then if extended semi-countable
compactness property holds ug, — a.e., on (My, 71, X1, ug,) then the property also
holds g, — a.e., on (Mas, T3, 3, ug,) under the composition mapping G o F :
(M, T1, 1, ug,) —> (M3, T3, T3, UUg,)-

Proof. Proof is similar to theorem 4.2.3. |
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Remark 4.6.4 By using above method, one can show that the semi-countable compact-
ness property remains invariant (g — a.e., on the non-empty set of metrizable Quo-
tient Radon measure manifold Mg, , Mg,, ..., Mg, under the composition of functions
Fy: Mg, — Mg,, Fo : Mg, — Mp,, ..., Fy : M, — M, and by using
this, one can generate a new category of semi-countably compact Quotient Radon
measure manifold (I, (G, o)) where Il = {M| x M, x ... x M,} which is closed
under the group action (G, o) = {Fy, F>, ..., F,,} of C* measurable homeomorphisms
and Radon measure structure-invariant maps.

In the following we examplify the compact Quotient Radon measure manifold as
follows:

Example 4.6.5 A collection of k — cells € (Rk, 7, X, g) forms a compact connected
Lebesgue measure manifold.

Solution: Let (Rk, 7, X, ug) be a compact connected Radon measure manifold, then
[ak, by ], acompact and connected subsetof(Rk, T, 2, wg)isak—cellin (Rk, T, X, LR).
Case (i): Fork = 1, [a;, bi] acompact connected 1 —cell in (Rl, T, X, Lg),1s Lebesgue
measurable where the Lebesgue measure X of [ay, b1]is (b1 —ay) - the length of [ay, b1].

Case (ii): Fork = 2, [a;, by] aconnected compact 2 —cell in (Rz, 7, X, ug)is Lebesgue
measurable, where the Lebesgue measure A of [ay, by] is A([ay, b1] X [az, b2]),
i.e., ([by—a1] x[by—ap])=areaof a2 —cell in (R2, 7, 2, ig) is Lebesgue measurable.

Case (iii): For k = 3, [a3, b3] a compact connected 3 — cell in (R3, T, X, Ug) 1is
Lebesgue measurable, where the Lebesgue measure of [a3, b3] in (R3, T, %, UR) 18
A(ay, b1l x[aa, by] x[as, b3]) =volume of a3-cell,i.e., ([b1—ai] x[by—ay] x[bz—as])
= volume of a 3 — cell in (R3, T, X, ip) is Lebesgue measurable.

Continuing for k = 1, 2, ..., n, we show that any k — cell in (Rk, T, X, [Lg) 1S com-
pact and connected Lebesgue measure manifold. Since (R¥, 7, ¥, ju ) is maximally path
connected and is an equivalence relation that partitions the entire (R, 7,2, 1 r) into
disjoint k — cells such that (Rk, T, X, ip) is covered by countable number of k — cells.
ie, (R¥, 1,2, ug) S {Ukerlar, b}, Yk =1,2, ..., n.

If(Rk, 7, 2, ig) hasafinite Borel sub cover, say, {U?Zl[akj, bkj]}, ie., (Rk, 7,2, ug) C
{U?:1 lax;, bkj]} then (Rk, T, X, ug) is compact where each lax;, bkj] is Lebesgue mea-
surable for all values of &, such that

n

A(U?Zl[ak i by j]) < Z May i by j]. (finite sub additivity property)

j=1
Since (Rk, 7, X, g) 1s a compact connected Radon measure manifold, Radon measure
is approximated to Lebesgue measure.
If (M, 7, X, 1) is modeled on (Rk , T, 2, ) by using measurable homeomorphism
¢ (M,7, %, u) — (R*, 7, =, ) such that V k — cells [ax, bx) € (R¥, 7, =, ug) 3
k — cells called k — charts ¢_1 ([ax, bx]) € (M, T, X, ) which are compact connected
charts in (M, 7, ¥, i) such that
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(i) Uge 1((]5_1 lak, br]) = (M, T, 2, ). That is, the countable union of all compact con-
nected charts cover (M, T, X, ),
(ii) for any pair of compact connected charts (b_' lai, bi] = (U;, ¢;) and q&_] laj,bj] =
(Uj, ¢ ), the transition maps ¢; o qb]fl and ¢; o ¢i_1 are:
(a) differentiable,
(b) Lebesgue measurable if, any compact connected k — cell [ay, br] € ¢;(U; N Uj) is
Lebesgue measurable in (Rk, T, X, Ug), then (¢; o¢;1)_] ([ax, bx)) € qu(U,ﬂUj) isalso
Lebesgue measurable. That is, A((]b_l[ak, br]) > 0 implies k(¢_1(bk) — qb_l(ak)) >0
where A is Lebesgue measure.
(iii) for every Borel cover {Uk€1(¢_] (Jak, b))} for (M, T, 2, w),ie., (M, 7,2, u) C
{Ukel(qb_l([ak, bi]))} if there exists a finite Borel sub cover, say, {U’}Zldfl[akj, bkj]}
such that (M, 7, X, u) C {U’}zlqﬁ_l[akj, bk_].]}, then (M, t, ¥, ) is compact connected
Lebesgue measure manifold satisfying the finite sub - additivity property:

n

MU ¢ Maw bed) < Y M@ lak,. b D (finite sub additivity prop-
j=1

erty). Hence, the countable collection of all compact connected Lebesgue measure

k — cells called k — charts QS_I[ak, by ] form a compact connected Lebesgue measure

manifold (M, 7, X, u).

5. Micro analysis on Compact Quotient Radon measure Manifold

In this section, the first author develops a micro analysis on one of the categories of
Quotient Radon measure manifolds namely compact Quotient Radon measure mani-
fold. Maximal path connectedness equivalence relation partitions AX(M) into compact
Quotient Radon measure atlases A1, A, ..., A, € Ak (M), internal path connectedness
equivalence relation partitions A; € AF¥(M) into compact Quotient Radon measurable
domain [(U;, ¢;)U(U;, ¢ ;)] and local path connectedness equivalence relation partitions

(Ui, ¢;) € A; € AX (M) into compact Quotient measurable/Borel subsets S; C (U;, ¢;)

such that A¥(M) C {Uies A}, Ai € {Uierl(Us, ;) U (U, 1), (Ui, ¢;) S {UierSi)-
We first focus on compact Quotient Radon measure chart (U;, ¢;) € {U;<;S;} where,

Si ={pi € N5;(pi), pj € Ns;(pj) dy; € G/pi ~ pj;Vi,j €I}, ug(Si) > 0.

for §;, 6 > 0 are radii of compact Borel neighbourhoods Nj, (p;) and Ns;(p;) respec-

tively: Ns,(p;) N Ns; (pj) = ¢, where,

G={uve-vi:vj yl._l, yJTl, Yi©oVj.Yjo Vi -.}1is anon-empty collection of
measurable C* paths.

Further each compact Quotient measurable/Borel subset S; C (U;, ¢;) s also
locally path connected and local path connectedness is an equivalence relation and hence
the equivalence relation partitions S; further into disjoint equivalence classes of compact
Quotient Borel neighbourhoods Ns,(p;) C S; C (U;, ¢;) such that S; € {U;c;Ns, (pi)}
where,

Ns;(pi) ={pi € Ne;(pi), pj € Ne;(pj)3y; € G/pi ~y, pj;Vi, j € 1}, ugp(Ns;(pi)) >
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0 for €;, €; > 0 are the smaller radii of Borel neighbourhoods N¢, (p;) and N¢,(p;) and
Ne,-(pi) N Nej(pj) = ¢, ur(Ne(p)) > 0.

Continuing the same process until we get the smallest possible Borel neighbourhood
namely N¢(p), ur(Ne(p)) > 0 where, € = inf{81, 61, ..., 8,; Vn € I}.

Since N¢(p) is also locally path connected, then there are two possibilities:

(i) If p; # pj € Ne(p) then p; is locally path connected to p; by measurable C™
pathy, e G,Vi,jel,

(ii) If p; = pj € Ne(p) where ugr(Ne(p)) > 0 then p; is locally path connected to
pi itself by a measurable C* path y; € G;V i, j € I. Such y; is called as a self-
connected path and N.(p) is called as self-connected domain that does not have
partition further. This property is generated by reflexive property of equivalence
relation on Ne(p) C S; C (M, T, X, ig).

This exhibits a new property of compact Quotient Radon Measure Manifold at the most
micro level. The self connected domains are the fundamental features of micro struc-
tures of compact Quotient Radon Measure Manifold. When these fundamental structures
are locally, internally and maximally path connected and evolve into micro and macro
structures, then the compact Quotient Radon Measure Manifold evolves into a well de-
fined Network Radon Measure Manifold which provides a new explanation for the micro
structure of Quantum Field and macro structures of Gravitational Field in terms of fun-
damental features of Quotient Radon measure manifold. Thus Radon measure manifolds
and Quotient Radon measure manifolds provide a unified mathematical framework to
describe evolving micro and macro structures of the universe in terms of different types
of path connectedness and their corresponding equivalence relations.

Remark 5.1 On the similar line, one can develop a micro analysis on different cat-
egories of Quotient Radon measure manifolds like Lindelof Quotient Radon measure
manifolds, countably compact Quotient Radon measure manifolds, semi-compact Quo-
tient Radon measure manifolds, semi-Lindelof Quotient Radon measure manifolds and
semi-countably compact Quotient Radon measure manifolds.

6. Proposed method to construct Network Radon measure Manifold

In this section we study the existence of two measurable group structures on one of the
categories of Quotient Radon measure Manifolds namely compact Quotient Radon
measure manifold (M, 7, X, up). Since (M, 7, X, ug) is locally, internally and
maximally path connected on three different measurable domains by the set of mea-
surable C™ paths y}s € G respectively, one can prove that a non-empty collection
G={V1 V2 Vis Vs Vi V7 2V

°oyj,YjoVi ..} of all locally, internally and maximally path connected measurable
C® paths y; € G containing identity and inverse forms an abelian group as shown in
the following results:
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Theorem 6.1 If (M, 7, X, 1p) be a compact Quotient Radon measure manifold then a
non-empty collection (G, o) ={y{, V2, ---» ¥;> Y yl._], y;l, id, y; oYV joVis ...}of
all measurable C* paths forms an abelian group on (M, 7, X, ug).

Proof. Let (M, 7, 2, ug) be a compact Quotient Radon measure manifold. Let G =
Wive -
Yi: Vo )/l._l, )/JTI, id,y;oY;,vjoVi, ..} beanon-empty collection of measurable Cc*™
paths on (M, 72, Xy, up) and P = {p; € (M, 1, X, ug); Vi, j € I} be the collection
of all points on (M, 7, X, ug).

To show that G forms an abelian group under the composition of these paths.

() If y;, ¥ ; € G then to show that y ; o y; € G. By condition (iii) of theorem 3.2,
there exists measurable C* paths
yi 210,11 — (Ui, ¢)) U (Uj, ¢;) € A; UA; € AX(M) such that
vi(0) = pi € (Ui, ¢;) € A; for which up(U;) > 0 and ug(A4;) > 0, and

1
Vi(i) = pj € (Uj, ¢;) € A; for which pup(U;) > 0 and ug(A;) > 0 and
y; 10,11 — (Uj, ¢,) U (Ux, ¢;) € Aj U Ar € AX(M) such that

yj(%) = pj € (Uj, ¢;) € A;j for which ug(U;) > 0, ug(A;) > 0and

Y j(1) = pk € Uk, ¢y) € Ag for which g (Ux) > 0, ug(Ax) > 0.

Then by transitivity relation of theorem 3.1.2, there exists a measurable C* path
yjovi: 10,11 — (Ui, ¢;) U (Uk, ¢;) € Ai U Ai from p; to pi such that
yjovi(0)=pi € U,¢;) e Aandy;oy;(1)=pk € (Ui, ¢;) € Aj.

This shows that y j o y; € G.

Since by symmetric relation of theorem 3.1.2, Yjovi: [0, 1] — (U, ¢p) U
(Ui, ¢;) € Ar U A; is a path from py to p; such that

yjovi(0) = pr € (Uk, p) € Axand y ;o y;(1) = p; € (Ui, ¢;) € A;. Hence,
Yiov;€G.

(1)) Ify;, v, i € G thentoshow that (y; oy ;) oy =y;0(y ;o V)
Lety;oy;=ygrandy;oy;=vysg
Then y g o ¥, = v; o v [By theorem 3.1.2]
Therefore, (y; oy ) oy =vio(Y;oV-

(iii) By definition 1.2.9 [4], for every y; € G there exists an inverse of y; 1.e. y; L,
[0, 1] —> (U;, ¢;) defined by y; ' (p) = y;(1 — p) and y; ' (¢) = y;(1 — g) for
each p,q € [0, 1] such that y; o yi_l = yl._l o y; = id holds.

(iv) Forany y; € G, y; o yl._l = yl._l oy; = id holds, where id : [0, 1] — [0, 1] is
the identity map in G. [By theorem 3.1.2]

(v) We know that by (i) y jovi€G and by symmetric relation of theorem 3.1.2,
Yiov;€G
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implies y j o y; = y; oy € G. Therefore, (G, o) forms an abelian group under
the composition of these paths in G on (M, 7, X, ug). |

Hence, (M, t, X, ug) admitting the measurable group structure (G, o) defines the
Network structure on (M, 7, ¥, ) and denoted by ((M, 7, X, ug), (G, 0)).

Further the first author develops an analysis on (G, o) by defining a relation '~ on
G which is an equivalence relation on G and partitions G into disjoint set of equivalence
classes.

Definition 6.2 Let G = {y,y5, ..., Vi, ¥, yl._l, nyI’ id,yjoyj,vjoVi -} bean
abelian group of all measurable C* paths. Now a relation *~’ on G is defined as:
A measurable C* path y; is related to a measurable C* path y jify;joy; €G.
This relation forms an equivalence relation on G as follows:
(i) *~’is reflexive: Let y;,y; € Gandif y; ~y theny;oy; € G.
Supposei = j,y; ~ y;theny;oy; € G.
Therefore, '~ is reflexive.
(ii) ~is symmetric: If y; ~ y; theny ; oy; € G and since (G, o) is an abelian group
3 an inverse relation y ; ~ y; such thaty; oy ; € G.
Therefore, if y; ~ y; theny;oy; € G.
Therefore, *~’ is symmetric.
(iii) "~ is transitive: Let y; ~ v, y;l ~ y, and since (G, o) is an abelian group 3
associative property such that
(viov)o(; ovy
=y;oldpmoy,=vioyr €3,
then y i~ Vi Therefore, ~’ is transitive. Hence, (G, o) is an equivalence relation on
(M, 1,2, ug).

Note 6.3 This equivalence relation partitions the set G into disjoint equivalence classes
denoted by [G] in terms of locally path connected y; i.e., Gy, ,¢,) = G € [G], internally
path connected y; i.e., G(Ui,¢i)U(Uj,¢j) = G € [G] and maximally path connected y;
1.e., Gaua;us = G € [G].

It is observed that the Network structure (M, t, X, ug), (G, o)) admits one more
measurable group structure formed by the non-empty collection G of all measurable
homeomorphisms of transition maps ¢; o ¢;1 and ¢; o (bl._] ie,G = {¢; 0 ¢>;1 :
1 < i, j < n} with identity and inverse transition maps forms a group (G, o) under the
composition of transition maps on ((M, t, X, ug), (G, 0)).

A relation ~’ on G is defined as follows:

Definition 6.4 Let G = {¢; o ¢;1 : 1 <i, j < n} be agroup of measurable homeomor-
phisms. Then the relation ~’ on G is defined as :
Suppose ¢; o gb]fl, $jo ¢k_1 € (G, o) forany p € (U; UU; U Uy) we say that ¢; o ¢;1
isrelated to ¢ o ¢>;1, i.e.,; 0 ¢Jf1 ~¢jo ¢;1.

It can be shown that the above relation '~ forms an equivalence relation on (G, o).
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This relation partitions (G, o) into disjoint equivalence classes denoted by H.(M).

Definition 6.5 Compact Network Radon Measure Manifold
A compact Quotient Radon Measure Manifold (M, 7, ¥, ug) admitting two measur-

able group structures (G, o) and (G, o)) defines the compact Network Radon Measure
Manifold denoted by (M, 7, 2, ug, (G, o), (G, 0)).

The analysis developed indicates that, on one of the categories of Network Radon
Measure Manifolds namely compact Network Radon Measure Manifolds (M, t, X, ug)
, (G, 0), (G, o)) if there exists an operation G x G —> G such that (y;, Yi) —

Vi y;l is continuous and measurable then G forms a measurable topological group on
(M, 7,2, ug)
, (G, 0), (G, 0)).

If this measurable map is differentiable of class C*° then G forms a measurable Lie
group and also (G, o) forms ameasurable Lie group structure on (M, t, X, ug), (G, o), (G, 0))
(admitting Haar measure which is a special case of Radon measure) that generates the
measurable fibre bundle over ((M, 7, X, ug), (G, o), (G, o)), if it is a Base space B,
Total space E and the Fibre F that is closed under a continuous measurable surjective
projection map Il : E —> B, and measurable diffeomorphism ® : B — E with the
Lie group action then the Network Radon measure manifold generates a measurable
fibre bundle (E, B, I, F, ®, G, G) over compact Network Radon Measure Manifold
under the two group actions (G, o) and (G, o).

Further the results of A. Fathi [15] are extended on our compact Network Radon
Measure Manifold (M, 7, X, ug), (G, o), (G, o)). A. Fathi have made a comprehen-
sive study on topological and algebraic properties of groups of measure - preserving
homeomorphisms of compact manifolds of dimension n. In the following we use the
analysis developed by A. Fathi on the compact Network Radon Measure Manifold which
carries two measurable group structures is considered.

Let 1 g be aRadon measure on the compact Network Measure Manifold (M, 7, X, up),
(G, 0), (G, 0)) which is locally positive measure defined on the o -algebra of all mea-
surable/Borel charts of (M, 7, X, ug), (G, o), (G, o)). Let H(M) be the group of all
measurable homeomorphisms of transition maps on ((M, 7, X, ur), (G, o), (G, o)) and
let Mz (M) be the set of all Radon measures on (M, 7, X, ug), (G, o), (G, 0)).

Given a Radon measure pp on (M, t, X, ug), (G, o), (G, o)) which preserves ,ulR:
(H(M), pig) = {$; 007" =h € HM)/huy, = g Vi, j € I} whereh = ¢; 04" :
¢j(U,- NUj) — ¢;(U; N Uj) is a measurable homeomorphism from ¢j(U,- NU;j) to
¢;(U;NUj), where (U; NU;) € (M, 1, %, ug, (G, o), (G, 0)).

If MR (M) is the set of all Radon measures on (M, 7, X, ug), (G, o), (G, 0)), then

there is an action:
(h, ug) —> huy, where hy, , isdefined by h,, , (U;NU;) = /LR(h_l(UiﬂUj)),foreach
compact and Quotient measurable subset (U; NU;) € (M, 7, X, ug), (G, 0), (G, o))
which is Radon measurable in ((M, 7, X, ug), (G, o), (G, 0)). The above map defines
an action of the group H (M) on Mg (M).
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Remark 6.6 On the similar line, one can construct different categories of Network Radon
measure manifolds like Lindelof Network Radon measure manifolds, countably compact
Network Radon measure manifolds, semi-compact Network Radon measure manifolds,
semi-Lindelof Network Radon measure manifolds and semi-countably compact Network
Radon measure manifolds.

7. Conclusion

In this paper, different categories of Radon measure manifolds, Quotient Radon measure
manifolds and Network Radon measure manifolds are constructed. These manifolds
provide a unified mathematical framework to describe evolving micro and macro struc-
tures of the physical universe in terms of different types of path connectedness and their
corresponding equivalence relations.
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