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Abstract

In this paper, S. C. P. Halakatti developed different categories of Radon measure
manifolds (M, τ , �, µR), Quotient Radon measure manifolds (M, τ , �, µR), and
Network Radon measure manifolds ((M, τ , �, µR), (G, ◦), (G, ◦)) under the mea-
surable homeomorphism and Radon measure structure - invariant map.
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This paper is organized into six sections as follows:

1. Preliminaries
1.1 Introduction
1.2 Some basic concepts

2. Different categories of Radon measure manifolds
2.1 Compact Radon measure manifold
2.2 Lindelof Radon measure manifold
2.3 Countably compact Radon measure manifold
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2.4 Semi-compact Radon measure manifold
2.5 Semi-Lindelof Radon measure manifold
2.6 Semi-countably compact Radon measure manifold

3. Proposed method to generate a new class of Quotient Radon measure manifolds
- An Analytical Approach
3.1 Locally path connected Radon measure manifold
3.2 Internally path connected Radon measure manifold
3.3 Maximally path connected Radon measure manifold

4. Proposed method to construct different categories of Quotient Radon measure
manifolds
4.1 Compact Quotient Radon measure manifold
4.2 Lindelof Quotient Radon measure manifold
4.3 Countably compact Quotient Radon measure manifold
4.4 Semi-compact Quotient Radon measure manifold
4.5 Semi-Lindelof Quotient Radon measure manifold
4.6 Semi-countably compact Quotient Radon measure manifold

5. Micro analysis on Compact Quotient Radon measure Manifold

6. Proposed method to construct Network Radon measure Manifold

1. Preliminaries

1.1. Introduction

In 2014, a new concept of Measure Manifold (M, τ , �, µ) [18] was introduced by S.
C. P. Halakatti to study different intrinsic properties of Measure Manifolds. By mod-
eling a Hausdorff second countable topological space (M, τ) onto a measure space
(Rn, τ , �, µ) [18],[19],[20] with the help of measurable homeomorphism and measure
- invariant function φ [19], S. C. P. Halakatti has introduced the concept of Measure
Manifold (M, τ , �, µ) in terms of measure charts and measure atlases along with equiv-
alence relations, viz. A1 ∼ A2 iff A1 ∪ A2 ∈ Ak(M) induces differentiable struc-
ture on (M, τ , �, µ) and A1 ∼ A2 iff µ(A1) = µ(A2), induces measure structure on
(M, τ , �, µ). In paper [23],[24], on the complete measure manifold (M, τ , �, µ), three
different relations like local path connectedness, internal path connectedness and maxi-
mal path connectedness on the three measurable domains (Ui, φi), [(Ui, φi)∪ (Uj , φj )]
and (Ai ∪ Aj ∪ Ak) respectively were introduced by S. C. P. Halakatti and was proved
that they were equivalence relations.

In this paper, based on methodologies IV, V, VI and VII introduced and developed
by S. C. P. Halakatti [28] and in the process of development of the theory of measure
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manifold, continues to analyze these three equivalence relations on metrizable Radon
measure manifold (M, τ , �, µR) and observes that these three equivalence relations in-
duce a partition in the corresponding measurable domains (Ui, φi), [(Ui, φi)∪(Uj , φj )]
and (Ai ∪ Aj ∪ Ak). And we have studied this process of development and analyzed
these results and contribute some more results and examples towards the development
of the theory of measure manifold. Since these three measurable domains are Radon
measurable, one can study different patterns of these domains in terms of compact, Lin-
delof, countably compact, semi-compact, semi-Lindelof and semi-countably compact.
Such a study induces different categories of Quotient Radon measure manifolds. S. C.
P. Halakatti has proposed a method to generate Quotient Radon measure manifold and
construct different categories of Quotient Radon measure manifolds under measurable
homeomorphism and Radon measure structure - invariant map by analytical method.
Also using two measurable group structures (G, ◦) and (G, ◦) on Quotient Radon mea-
sure manifold, one can introduce the concept of Network Radon measure manifold along
with its categories.

1.2. Some basic concepts

The following basic definitions are necessary for the results in this paper.

Definition 1.2.1 Measure chart [18] A measurable chart ((U, τ /U , �/U), φ) is called a
measure chart, if µ/U on ((U, τ /U , �/U), φ) satisfies the following conditions:

(i) φ is homeomorphism,

(ii) φ is measurable function
i.e φ−1(V ) = U = (U, τ /U , �/U), V ∈ (Rn, τ 1, �1) and (U, τ /U , �/U) ⊆
(M, τ , �),

(iii) φ is measure invariant.
Then, the structure ((U, τ /U , �/U, µ/U), φ) is called as a measure chart.

Definition 1.2.2 Measure atlas [18] By an Rn-measure atlas of class Ck(k ≥ 1) on
measure manifold (M, τ , �, µ), we mean a countable collection (A, τ /A, �/A, µ/A) of
n-dimensional measure charts
((Ui, τ /Ui

, �/Ui
, µ/Ui

), φi/Ui
) for all i ∈ I on (M, τ , �, µ) satisfying the following

conditions:
(a1) ∪i∈I (Ui, τ /Ui

, �/Ui
, µ/Ui

) = (M, τ , �, µ). That is, the countable union of all
measure charts in (A, τ /A, �/A, µ/A) cover (M, τ , �, µR) .
(a2) For any pair of measure charts ((Ui, τ /Ui

, �/Ui
, µ/Ui

), φi/Ui
) and

((Uj , τ /Uj
, �/Uj

, µ/Uj
), φj/Uj

) in (A, τ /A, �/A, µ/A), the transition maps φi ◦φ−1
j and

φj ◦ φ−1
i are:

(1) differentiable maps of class Ck (k ≥ 1)

i.e., φi ◦ φ−1
j : φj (Ui ∩ Uj) −→ φi(Ui ∩ Uj) ⊆ (Rn, τ 1, �1, µ1) and φj ◦ φ−1

i :
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φi(Ui ∩Uj) −→ φj (Ui ∩Uj) ⊆ (Rn, τ 1, �1, µ1) are differentiable maps of class
Ck (k ≥ 1).

(2) measurable, i.e., the transition maps φi◦φ−1
j and φj ◦φ−1

i are measurable functions
if,

a) any Borel subset K ⊆ φi(Ui ∩ Uj) is measurable in (Rn, τ 1, �1, µ1), then
(φi ◦ φ−1

j )−1(K) ∈ φj (Ui ∩ Uj) is also measurable,

b) φj ◦φ−1
i is measurable if S ⊆ φj (Ui ∩Uj) is measurable in (Rn, τ 1, �1, µ1),

then (φj ◦ φ−1
i )−1(S) ∈ φi(Ui ∩ Uj) is also measurable.

(a3)Any two atlases (A1, τ /A1, �/A1, µ/A1
),(A2, τ /A2, �/A2, µ/A2

) are com-
patible on
(M, τ , �, µ) satisfying the two equivalence relations:

i) A1 ∼ A2, iff A1 ∪ A2 ∈ Ak(M),
ii) A1 ∼ A2, iff µ(A1) = µ(A2).

Definition 1.2.3 Measure Manifold [18]
A measure space (M, τ , �, µ) together with a differentiable structure of class Ck and a
measure structure induced by µ is called a Measure Manifold of class Ck.

The concepts of measurable homeomorphism and measure-invariant transformation
which were introduced by S. C. P. Halakatti in [7] are necessary to construct different
categories of Radon measure Manifolds in this paper.

Definition 1.2.4 Measurable homeomorphism [19]
Let (M1, τ 1, �1, µ1) and (M2, τ 2, �2, µ2) be two measure manifolds. Then the function
F : M1 −→ M2 is called measurable homeomorphism if,

(i) F is bijective and bi continuous

(ii) F and F−1 are measurable.

Definition 1.2.5 Measure invariant function/Pull back Measure [19]
Let (M1, τ 1, �1, µ1) and (M2, τ 2, �2, µ2) be measure manifolds and F : M1 −→ M2
be measurable homeomorphism. Then F is said to be measure-invariant function if for
all measure charts (U, φ) ∈ M2 we have, µ1(F

−1(U)) = µ2(U) where F−1(U) ∈ M1.

Radon measure conditions on Borel subset of (Rn, τ 1, �1, µR1
) [21], [22], [25]

Let φ : (M, τ , �, µR) −→ (Rn, τ 1, �1, µR1
) be a measurable homeomorphism and

Radon measure-invariant transformation [7], [10]. If Ui ⊂ (M, τ , �, µR) then φ(Ui) ⊂
(Rn, τ 1, �1, µR1

) is a measurable subset of a Radon measure space (Rn, τ 1, �1, µR1
).

(i) A Radon measure µR for a measurable subset φ(U) ∈ B ∈ (Rn, τ 1, �1, µR1
) (where

B is a collection of Borel subsets of (Rn, τ 1, �1, µR1
)) is a positive Borel measure µ :

B −→ [0, ∞] which is finite on Borel compact subsets φ(Ki) ∈ B ∈ (Rn, τ 1, �1, µR1
)
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and is inner regular in the sense that for every measurable compact subset φ(Ki) ∈ φ(U),
we have

µR(φ(U)) = sup{µR(φ(Ki)) : ∀i ∈ I ; φ(Ki) ⊆ φ(U); ∀φ(Ki) ∈ φ(K)}, (1.2.1)

whereφ(K)⊂φ(U) is the collection of Borel compact subsetsφ(Ki) ∈ (Rn, τ 1, �1, µR1
).

(ii) Also µR is outer regular on a family φ(O) of measurable/Borel open subsets if, for
every measurable compact subset φ(U) we have,

µR(φ(U)) = inf {µR(φ(Oi)) : ∀i ∈ I ; φ(Oi) ⊇ φ(U); ∀φ(Oi) ∈ φ(O)}. (1.2.2)

Now the measurable compact subset φ(U) is Radon measurable in (Rn, τ 1, �1, µR1
).

Therefore, φ(U) is a Radon measure subset of (Rn, τ 1, �1, µR1
).

The concepts of Radon measure chart, Radon measure atlas and Radon measure
Manifold were introduced in [10] by S. C. P. Halakatti are used in this paper.

Radon measure conditions on measurable chart [25],[26]

(i) A Radon measure µR for a measurable chart (U, φ) ∈ B, (where B is a collection
of measure charts of (M, τ , �, µR) is a positive Borel measure µ : B −→ [0, ∞]
which is finite on Borel compact subsets Ki ∈ B (M, τ , �, µR) and is inner regular
in the sense that for every measurable chart (Ui, φi), we have

µR(Ui) = sup{µR(Ki) : ∀i ∈ I ; Ki ⊆ (Ui, φi); ∀Ki ∈ K},
where K is the collection of Borel compact subsets

Ki ⊂ (Ui, φi) ∈ (M, τ , �, µR), (1.2.3)

(ii) Also µR is outer regular on a family Ak(M) of measurable atlases Ai if, for every
measurable chart (Ui, φi) ∈ Ak(M) we have,

µR(Ui) = inf {µR(Ai) : ∀i ∈ I ; Ai ⊇ (Ui, φi); Ai ∈ Ak(M)}. (1.2.4)

Definition 1.2.6 Radon measure chart [22],[26]
A measurable chart ((Ui, τ /Ui

, �/Ui
), φi) of (M, τ , �) equipped with a Radon measure

µR/Ui

satisfying the Radon measure conditions 1.2.3 and 1.2.4 is called a Radon measure

chart denoted by ((Ui, τ /Ui
, �/Ui

, µR/Ui

), φ).

Since ∪∞
i=1(Ui, τ /Ui

, �/Ui
, µ/Ui

) = (M, τ , �, µ), we can measure measurable mani-
fold (M, τ , �) by Radon measure.

Radon measure conditions on measurable atlas [26]
A measurable atlas Ai is Radon measurable if it satisfies the following Radon measure
conditions:



6860 S. C. P. Halakatti and Soubhagya Baddi

(i) Let F = {∪i=I (Ui, φi)} be a family of all Radon measure charts of (M, τ , �, µR).
A Radon measure µR of a measurable atlas Ai is a positive Borel measure µ :
B −→ [0, ∞] which is finite on measurable compact charts (Ui, φi) and is inner
regular in the sense that for every measurable atlas Ai , we have

µR(Ai) = sup{µR(Ui) : ∀i ∈ I ; Ui ⊆ Ai; ∀Ui ∈ F}, (1.2.5)

(ii) Also µR is outer regular on a family O of measurable charts if, for every measurable
atlas Ai ∈ Ak(M) we have,

µR(Ai) = inf {µR(O) : O ⊇ Ai , O ∈ M}. (1.2.6)

Definition 1.2.7 Radon measure atlas [26]
By an Rn-Radon measure atlas of class Ck(k ≥ 1) on a measurable manifold (M, τ , �),
we mean a countable collection (A, τ /A, �/A, µ/A) of n-dimensional Radon measure
charts
((Ui, τ /Ui

, �/Ui
, µR/Ui

), φi/Ui
) for all i ∈ I on (M, τ , �, µR) satisfying the following

conditions:

(a1) ∪i∈I (Ui, τ /Ui
, �/Ui

, µR/Ui
) = (M, τ , �, µR).

That is, the countable union of all Radon measure charts in

(A, τ /A, �/A, µ/A) cover (M, τ , �, µR).

(a2) For any pair of Radon measure charts ((Ui, τ /Ui
, �/Ui

, µR/Ui
), φi/Ui

) and

((Uj , τ /Uj
, �/Uj

, µR1/Uj

), φj/Uj
) in (A, τ /A, �/A, µ/A), the transition maps φi ◦ φ−1

j

and φj ◦ φ−1
i are:

(1) differentiable maps of class Ck (k ≥ 1)

i.e., φi ◦φ−1
j : φj (Ui ∩Uj) −→ φi(Ui ∩Uj) ⊆ (Rn, τ 1, �1, µR1

) and φj ◦φ−1
i :

φi(Ui ∩ Uj) −→ φj (Ui ∩ Uj) ⊆ (Rn, τ 1, �1, µR1
) are differentiable maps of

class Ck (k ≥ 1).

(2) Radon measurable:
Transition maps φi ◦ φ−1

j and φj ◦ φ−1
i are Radon measurable functions if,

a) any Borel subset K ⊆ φi(Ui∩Uj) is Radon measurable in (Rn, τ 1, �1, µR1
),

then (φi ◦ φ−1
j )−1(K) ∈ φj (Ui ∩ Uj) is also Radon measurable.

b) φj ◦ φ−1
i is Radon measurable if S ⊆ φj (Ui ∩ Uj) is Radon measurable

in (Rn, τ 1, �1, µR1
), then (φj ◦ φ−1

i )−1(S) ∈ φi(Ui ∩ Uj) is also Radon
measurable.
(a3)Any two measure atlases (A1, τ /A1, �/A1, µ/A1

),(A2, τ /A2, �/A2, µ/A2
)

are compatible on (M, τ , �, µR) satisfying the two equivalence relations:
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i) A1 ∼ A2, iff A1 ∪ A2 ∈ Ak(M),

ii) A1 ∼ A2, iff µR(A1) = µR(A2).

Radon measure structure on measure manifold [15]
For any two Radon measure atlases A1, A2 ∈ Ak(M) ⊂ (M, τ , �, µ

R
), we say that A1

∼ A2 is an equivalence relation on (M, τ , �, µ
R
) if and only if µ

R
(A1) = µ

R
(A2).

This equivalence relation induces a Radon measure-structure on (M, τ , �, µ
R
).

Definition 1.2.8 Radon Measure Manifold [22]
A Radon measure space (M, τ , �, µR) with the above differentiable structure of class
Ck and a Radon measure structure induced by µR forms a Radon measure manifold of
class Ck.

In the following the path connectedness property is studied on Radon measure man-
ifold.

Definition 1.2.9 [4]
A path in a topological space (X, τ) is a continuous function f : I −→ X. The path f is
also called a path from f (0) to f (1). The points f (0) and f (1) are called the endpoints
of f , and f is said to join the initial point f (0) and the terminal point f (1). Then path
f̄ (x) = f (1 − x) for each x ∈ I is called the reverse path of f .

To develop the analysis on Radon measure manifold (M, τ , �, µR), S. C. P. Halakatti
has used local, internal and maximal path connectedness relations on (M, τ , �, µR)

which was introduced first in [11], [12].

Definition 1.2.10 Local path connectedness on Radon Measure Manifold [24]
A Radon measure manifold (M, τ , �, µR) is locally path connected if ∃ a measurable
C∞ path γ i : [0, 1] −→ (Ui, φi) such that
γ i(0) = pi ∈ (Ui, φi) and
γ i(1) = pj ∈ (Ui, φi), for which µR(Ui) > 0.
In other words, every pi is locally path connected to every pj in (Ui, φi) ∈ (M, τ , �, µR)

such that local path connected measurable C∞ paths γ i form a non-empty set, say,
G = {γ 1, γ 2, . . . , γ n} ∈ (Ui, φi) ⊂ (M, τ , �, µR).

Note 1.2.11 Let A1 = {pi, qi ∈ [p] ∈ (Ui, φi): ∃ γ i ∈ [γ ]: pi is locally path connected
to qi by γ i ∈ G} where µR(A1) > 0. If µR(A1) = 0 then A1 represents the dark region
of (Ui, φi) ∈ (M, τ , �, µR).

Definition 1.2.12 Internal path connectedness on Radon Measure Manifold [24]
A Radon measure manifold (M, τ , �, µR) is internally path connected if ∃ a measurable
C∞ path γ i : [0, 1] −→ [(Ui, φi) ∪ (Uj , φj )] ∈ Ai ∈ Ak(M) such that
γ i(0) = pi ∈ (Ui, φi), for which µR(Ui) > 0 and
γ i(1) = pj ∈ (Uj , φj ), for which µR(Uj) > 0.
In other words, every pi ∈ (Ui, φi) is internally path connected to every pj ∈ (Uj , φj )
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of (M, τ , �, µR) such that internal path connected measurable C∞ paths γ i form a
non-empty set, say, G = {γ 1, γ 2, . . . , γ n} ∈ [(Ui, φi) ∪ (Uj , φj )] ⊂ (M, τ , �, µR).

Note 1.2.13 Let A2 = {pi, qi ∈ [p] ∈ [(Ui, φi)∪ (Uj , φj )]: ∃ γ i ∈ [γ ]: pi is internally
path connected to qi by γ i ∈ G} where µR(A2) > 0. If µR(A2) = 0 then A2 represents
the dark region of [(Ui, φi) ∪ (Uj , φj )] ∈ (M, τ , �, µR).

Definition 1.2.14 Maximal path connectedness on Radon Measure Manifold [24]
A Radon measure manifold (M, τ , �, µR) is maximally path connected if ∃ a measurable
C∞ path γ i : [0, 1] −→ (Ai ∪ Aj ∪ Ak) ∈ Ak(M) such that
γ i(0) = pi ∈ (Ui, φi) ∈ Ai , for which µR(Ui) > 0, µR(Ai) > 0 and

γ i

(
1

2

)
= pj ∈ (Uj , φj ) ∈ Aj , for which µR(Uj) > 0, µR(Aj ) > 0 and

γ i(1) = pk ∈ (Uk, φk) ∈ Ak, for which µR(Uk) > 0, µR(Ak) > 0.
In other words, every pi ∈ (Ui, φi) ∈ Ai is maximally path connected to every

pj ∈ (Uj , φj ) ∈ Aj for (Ai ∪ Aj ) ∈ Ak(M), µR(Ai ∪ Aj ) > 0 and every pj ∈
(Uj , φj ) ∈ Aj is maximally path connected to every pk ∈ (Uk, φk) ∈ Ak for (Aj ∪
Ak) ∈ Ak(M), µR(Aj ∪ Ak) > 0 of (M, τ , �, µR) such that maximal path connected
measurable C∞ paths γ i form a non-empty set, say, G = {γ 1, γ 2, ..., γ n} ∈ (Ai ∪Aj ∪
Ak) ⊂ (M, τ , �, µR).

Then (M, τ , �, µR) is maximally path connected for which µR(Ai ∪Aj ∪Ak) > 0.

Note 1.2.15 Let A3 = {pi, qi ∈ [p] ∈ (Ai ∪ Aj ∪ Ak): ∃ γ i ∈ [γ ]: pi is maximally
path connected to qi by γ i ∈ G} where µR(A3) > 0. If µR(A3) = 0 then A3 represents
the dark region of (Ai ∪ Aj ∪ Ak) ∈ (M, τ , �, µR).

Let us introduce different measurable subsets of measure space (Rn, τ , �, µR) [6],
[19]:

Definition 1.2.16 Compact Radon measure subset of (Rn, τ 1, �1, µR1
) [7], [20], [25]

A measurable subset φ(U) ∈ (Rn, τ 1, �1, µR1
) is said to be measurable compact if

every Borel open cover, say, {∪i∈Iφ(Ui)} for φ(U) ∈ (Rn, τ 1, �1, µR1
) such that

φ(U) ⊆ {∪i∈Iφ(Ui)}, has a finite Borel sub cover, say, {∪n
j=1φ(Uij )} for φ(U) i.e.,

φ(U) ⊆ {∪n
j=1φ(Uij )} for j ∈ J , J ⊂ I , then φ(U) is a measurable compact subset

of (Rn, τ 1, �1, µR1
) and is Radon measurable if it satisfies the Radon measure con-

ditions (1.2.1) and (1.2.2). Then φ(U) is called a Compact Radon measure subset of
(Rn, τ 1, �1, µR1

).

Definition 1.2.17 Lindelof Radon measure subset of (Rn, τ 1, �1, µR1
) [7], [20], [25]

A measurable subset φ(U) ∈ (Rn, τ 1, �1, µR1
) is said to be measurable Lindelof if

every Borel open cover, say, {∪i∈Iφ(Ui)} for φ(U) ⊂ (Rn, τ 1, �1, µR1
) such that

φ(U) ⊆ {∪i∈Iφ(Ui)}, has a countable Borel sub cover, say, {∪∞
j=1φ(Uij )} for φ(U)

i.e., φ(U) ⊆ {∪∞
j=1φ(Uij )} for j ∈ J , J ⊂ I , then φ(U) is measurable Lindelof subset

of (Rn, τ 1, �1, µR1
) and is Radon measurable if it satisfies the Radon measure con-
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ditions (1.2.1) and (1.2.2). Then φ(U) is called a Lindelof Radon measure subset of
(Rn, τ 1, �1, µR1

).

Definition 1.2.18 Countably compact Radon measure subset of (Rn, τ 1, �1, µR1
)

[7], [20], [25], [28]
A measurable subset φ(U) ∈ (Rn, τ 1, �1, µR1

) is said to be measurable countably com-
pact if every countable Borel open cover, say, {∪i∈Iφ(Ui)} for φ(U) ⊂ (Rn, τ 1, �1, µR1

)

such that φ(U) ⊆ {∪i∈Iφ(Ui)}, has a finite Borel sub cover, say, {∪n
j=1φ(Uij )} for φ(U)

i.e., φ(U)) ⊆ {∪n
j=1φ(Uij )} for j ∈ J , J ⊂ I , then φ(U) is a measurable countably

compact subset of (Rn, τ 1, �1, µR1
) and is Radon measurable if it satisfies the Radon

measure conditions (1.2.1) and (1.2.2). Then φ(U) is called a countably compact
Radon measure subset of (Rn, τ 1, �1, µR1

).

Similarly, different patterns of the measurable subsets like measurable semi-compact
subsets, measurable semi-Lindelof subsets and measurable semi-countably compact sub-
sets are defined as follows:

Definition 1.2.19 Semi-open measurable subset of (Rn, τ 1, �1, µR1
) [13], [30]

A measurable subset φ(U) ∈ (Rn, τ 1, �1, µR1
) is semi-open if φ(U) ⊆ cl(int (φ(U)))

such that µ(φ(U)) ≤ µ(cl(int (φ(U))).

Definition 1.2.20 Semi-compact Radon measure subset of (Rn, τ 1, �1, µR1
) [12],

[14], [30]
A measurable subset φ(U) ∈ (Rn, τ 1, �1, µR1

) is said to be measurable semi-compact
if every Borel semi-open cover, say, {∪i∈Iφ(Ui)} for φ(U) of (Rn, τ 1, �1, µR1

) such
that φ(U) ⊆ {∪i∈Iφ(Ui)}, has a finite Borel semi-open sub cover, say, {∪n

j=1φ(Uij )}
for φ(U) i.e., φ(U)) ⊆ {∪n

j=1φ(Uij )} for j ∈ J , J ⊂ I , then φ(U) is a measurable
semi-compact subset of (Rn, τ 1, �1,

µR1
) and is Radon measurable if it satisfies the Radon measure conditions (1.2.1) and

(1.2.2). Then φ(U) is called a semi-compact Radon measure subset of (Rn, τ 1, �1, µR1
).

Definition 1.2.21 Semi-Lindelof Radon measure subset of (Rn, τ 1, �1, µR1
) [24]

A measurable subset φ(U) ∈ (Rn, τ 1, �1, µR1
) is said to be measurable semi-Lindelof if

every Borel semi-open cover, say, {∪i∈Iφ(Ui)} for φ(U) of (Rn, τ 1, �1, µR1
) such that

φ(U) ⊆ {∪i∈Iφ(Ui)}, has a countable Borel semi-open sub cover, say, {∪∞
j=1φ(Uij )}

for φ(U) i.e., φ(U)) ⊆ {∪∞
j=1φ(Uij )} for j ∈ J , J ⊂ I , then φ(U) is a measurable

semi-Lindelof subset of (Rn, τ 1, �1, µR1
) and is Radon measurable if it satisfies the

Radon measure conditions (1.2.1) and (1.2.2). Then φ(U) is called a Semi-Lindelof
Radon measure subset of (Rn, τ 1, �1, µR1

).

Definition 1.2.22 Semi-countably compact Radon measure subset of (Rn, τ 1, �1,

µR1
) [7]

A measurable subset φ(U) ∈ (Rn, τ 1, �1, µR1
) is said to be measurable semi-compact

if every countable Borel semi-open cover, say, {∪i∈Iφ(Ui)} for φ(U) of (Rn, τ , �, µR)

such that φ(U) ⊆ {∪i∈Iφ(Ui)}, has a finite Borel semi-open sub cover, say, {∪n
j=1φ(Uij )}
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for φ(U) i.e., φ(U) ⊆ {∪n
j=1φ(Uij )} for j ∈ J , J ⊂ I , then φ(U) is a measurable semi-

countably compact subset of (Rn, τ 1, �1, µR1
) and is Radon measurable if it satisfies the

Radon measure conditions (1.2.1) and (1.2.2). Then φ(U) is called a semi-countably
compact Radon measure subset of (Rn, τ 1, �1, µR1

).

The advantage of the study of Radon measure manifolds is that, for every differ-
ent patterns of measurable subsets φ(U) ⊂ (Rn, τ 1, �1, µR1

) there exist correspond-
ing different patterns of measurable charts (Ui, φi) ∈ (M, τ , �, µR) under measur-
able homeomorphism and Radon measure structure-invariant map φ : (M, τ , �, µR)

−→ (Rn, τ 1, �1, µR1
). The purpose of the discussion is to construct different cate-

gories of Radon measure manifolds, Quotient Radon measure manifolds and Network
Radon measure manifolds.

2. Different categories of Radon measure manifolds

In the previous paper, S. C. P. Halakatti has used the measurable homeomorphism and
measure-invariant function to introduce three different patterns of measurable charts [8]
on (M, τ , �, µR) to generate corresponding compact Radon measure manifold, Lindelof
Radon measure manifolds and countably compact Radon measure manifolds [26]. On
the similar line the other patterns of measurable charts on (M, τ , �, µR) are introduced
in this paper to generate few more categories of Radon measure manifolds namely semi-
compact Radon measure manifolds, semi-Lindelof Radon measure manifolds and semi-
countably compact Radon measure manifolds which remain invariant under measurable
homeomorphism and Radon measure structure - invariant map.

In the previous paper [26], it has been shown that extended Heine Borel property,
extended countably compact property and extended Lindelof property, say, P holds
µ

R
− a.e., on Radon measure manifold (M, τ , �, µR).
In this paper the first author has shown that the above three properties remain invari-

ant under measurable homeomorphism and Radon measure-structure-invariant maps as
follows:

2.1. Compact Radon measure Manifold

Here the Radon measure - structure is induced on measure manifold and Radon mea-
sure structure - invariance has been developed to generate different categories of Radon
measure manifolds as follows:

Definition 2.1.1 Radon measure structure on measure manifold
For any two Radon measure atlases A1, A2 ∈ Ak(M) ⊂ (M, τ , �, µ

R
), we say that A1

∼ A2 is an equivalence relation on (M, τ , �, µ
R
) if and only if µ

R
(A1) = µ

R
(A2).

This equivalence relation induces a Radon measure-structure on (M, τ , �, µ
R
).

Definition 2.1.2 Radon measure structure - invariant map
Suppose (M1, τ 1, �1, µR 1

) and (M2, τ 2, �2, µR 2
) are Radon measure manifolds. Let

F : (M1, τ 1, �1, µR 1
) −→ (M2, τ 2, �2, µR 2

) be a measurable homeomorphism then,
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F is Radon measure structure-invariant if and only if A1 ∼ A2 with the condition
µ

R 1
(A1) = µ

R 1
(A2)⇔F(A1)∼F(A2)with the conditionµ

R 2
(F (A1)) = µ

R 2
(F (A2)).

Based on the above concepts, the following different categories of Radon measure
manifolds are introduced and developed by S. C. P. Halakatti.

Definition 2.1.3 Compact Radon measure chart
We say (Ui, φi) is measurable compact, if for every Borel open cover, say, {∪i∈I Si} of
(Ui, φi) if ∃ a finite Borel sub cover, say, {∪n

j=1Sij } for j ∈ J , J ⊂ I , such that (Ui, φi)

⊆ {∪n
j=1Sij } where Si are Borel subsets of (Ui, φi) and (Ui, φi) is Radon measurable if it

satisfies the Radon measure conditions (1.2.3) and (1.2.4). Then (Ui, φi) is a compact
Radon measure chart of (M, τ , �, µR).

Definition 2.1.4 Compact Radon measure atlas
By a compact Radon measure atlas A ∈ Ak(M) of class Ck (k ≥ 1) on a Radon mea-
sure manifold, we mean a collection of n-dimensional compact Radon measure charts
(Ui, φi) satisfying the following conditions:
(a1) ∪i∈I (Ui, φi) ⊂ Ak(M) ⊂ (M, τ , �, µR),
(a2) For any pair of Quotient Radon measure charts (Ui, φi) and (Uj , φj ) there exists
transition maps φi ◦φ−1

j : φj (Ui ∩Uj) −→ φi(Ui ∩Uj) and φj ◦φ−1
i : φi(Ui ∩Uj) −→

φj (Ui ∩ Uj) are differentiable and Radon measurable.
(a3) Any two measure atlases are compatible on (M, τ , �, µR) satisfying two equiva-
lence relations:

(i) A1 ∼ A2 iff (A1 ∪ A2) ∈ Ak(M).

(ii) A1 ∼ A2 iff µR(A1) = µR(A2).

(a4) For every Borel cover {∪i∈I (Ui, φi)} for A i.e., A ⊆ {∪i∈I (Ui, φi)} if there ex-
ists a Borel sub cover, say, {∪n

j=1(Uij , φi)}, then A is a compact measure atlas of
(M, τ , �, µR). If A is Radon measurable then A is a compact Radon measure atlas
of (M, τ , �, µR).

Definition 2.1.5 Compact Radon measure Manifold
If every Borel cover {∪i∈I (Ai)} of Ak(M) has a finite Borel sub cover {∪n

j=1Aij } of

Ak(M) then Ak(M) is a compact measure manifold. If Ak(M) is covered by compact
Radon measure atlases {∪i∈IAi} such that Ak(M) ⊆ {∪i∈IAi} and if there exists fi-
nite Borel sub cover {∪n

j=1Aij } for Ak(M) i.e. Ak(M) ⊆ {∪n
j=1Aij }, then Ak(M) ⊆

(M, τ , �, µR) is a compact Radon measure manifold.

Note 2.1.6 Let A = {(Ui, φi): ∀ i ∈ I : (Ui, φi) ⊂ Ai ⊂ (M, τ , �, µR) are measurable
compact chart} where µR(A) > 0. If µR(A) = 0 then A represents the dark region of
Ak(M) ⊆ (M, τ , �, µR).

Theorem 2.1.7 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Radon measure man-
ifolds and F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomor-
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phism and Radon measure structure-invariant map. If extended Heine Borel property
holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then the property also holds µR2

− a.e., on
(M2, τ 2, �2, µR2

).

Proof. Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Radon measure manifolds and
F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomorphism and

Radon measure structure-invariant map. We show that if extended Heine Borel prop-
erty, say, P1 holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then P1 also holds µR2

− a.e.,

on (M2, τ 2, �2, µR2
). Suppose A1, A2 ∈ Ak(M) ⊂ (M1, τ 1, �1, µR1

) be two Radon
measure atlases of (M1, τ 1, �1, µR1

).
Let P1 holds µR1

− a.e., on A1, A2 on (M1, τ 1, �1, µR1
) : A1 ∼ A2 iff µR1

(A1) =
µR1

(A2) according to definition 2.1.1.
Now since F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) is measurable homeomor-

phism and Radon measure structure-invariant map, according to definition 2.1.2, for
every A1, A2 ⊂ (M1, τ 1, �1, µR1

), µR1
(A1) > 0, µR1

(A2) > 0 ∃ F(A1), F (A2) ⊂
(M2, τ 2, �2, µR2

), µR2
(F (A1)) > 0, µR2

(F (A2)) > 0 : A1 ∼ A2 if and only if F(A1)

∼ F(A2) then µR1
(A1) = µR1

(A2) if and only if µR2
(F (A1)) = µR2

(F (A2)).
Therefore, extended Heine Borel property holds µR2

− a.e., on (M2, τ 2, �2, µR2
). �

Corollary 2.1.8 Let M1, . . . , Mn be Radon measure manifolds and F1 : M1 −→
M2, ..., Fn : Mn−1 −→ Mn be measurable homeomorphisms and Radon measure
structure-invariant maps. Then, if extended Heine Borel property holds µR1

− a.e.,

on M1 then it also holds µRn
− a.e., on Mn under the composition of F1, . . . , Fn.

Remark 2.1.9 Using the above results, one can generate a new category of compact
Radon measure manifold (�, (G, ◦)) where � = {M1×M2×...×Mn} which is closed
under the group action (G, ◦) = {F1, F2, ..., Fn} of C∞ measurable homeomorphisms
and Radon measure structure-invariant maps.

2.2. Lindelof Radon measure Manifold

Definition 2.2.1 Lindelof Radon measure chart
We say (Ui, φi) is measurable Lindelof, if for every Borel open cover, say, {∪i∈I Si} of
(Ui, φi) if ∃ a countable Borel sub cover, say, {∪∞

j=1Sij } for j ∈ J , J ⊂ I , such that
(Ui, φi) ⊆ {∪∞

j=1Sij } where Si are Borel subsets of (Ui, φi) and is Radon measurable if it
satisfies the Radon measure conditions (1.2.3) and (1.2.4). Then (Ui, φi) is a Lindelof
Radon measure chart of (M, τ , �, µR).

Definition 2.2.2 Lindelof Radon measure atlas
By a Lindelof Radon measure atlas of class Ck, (k ≥ 1) on a Radon measure manifold,
we mean a collection of n-dimensional Lindelof Radon measure charts (Ui, φi) satisfy-
ing the following conditions:
(a1) ∪i∈I (Ui, φi) ⊂ Ak(M) ⊂ (M, τ , �, µR),
(a2) For any pair of Lindelof Radon measure charts (Ui, φi) and (Uj , φj ) there exists
transition maps φi ◦φ−1

j : φj (Ui ∩Uj) −→ φi(Ui ∩Uj) and φj ◦φ−1
i : φi(Ui ∩Uj) −→
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φj (Ui ∩ Uj) are differentiable and Radon measurable.
(a3) Any two measure atlases are compatible on (M, τ , �, µR) satisfying two equiva-
lence relations:

(i) A1 ∼ A2 iff (A1 ∪ A2) ∈ Ak(M).

(ii) A1 ∼ A2 iff µR(A1) = µR(A2).

(a4) For every cover {∪i∈I (Ui, φi)} for A i.e., A ⊆ {∪i∈I (Ui, φi)} if there exists a
countable Borel sub cover, say, {∪∞

j=1(Uij , φi)}, then A is a Lindelof measure atlas of
(M, τ , �, µR). If A is Radon measurable then A is a Lindelof Radon measure atlas of
(M, τ , �, µR).

Definition 2.2.3 Lindelof Radon measure Manifold
If every Borel cover {∪i∈I (Ai)} of Ak(M) has a countable Borel sub cover {∪∞

j=1Aij } of

Ak(M) then Ak(M) is a Lindelof measure manifold. If Ak(M) is covered by Lindelof
Radon measure atlases {∪i∈IAi} such that Ak(M) ⊆ {∪j=1Aij } and if there exists
countable Borel sub cover {∪∞

j=1Aij } for Ak(M) i.e. Ak(M) ⊆ M ⊆ {∪∞
j=1Aij }, then

Ak(M) is a Lindelof Radon measure manifold.

Note 2.2.4 Let A = {(Ui, φi) : ∀i ∈ I (Ui, φi) ⊂ Ai ⊂ (M, τ , �, µR) are measurable
Lindelof charts} where µR(A) > 0. If µR(A) = 0 then A represents the dark region
of Ak(M) ⊆ (M, τ , �, µR).

Theorem 2.2.5 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Radon measure man-
ifolds and F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomor-

phism and Radon measure structure-invariant map. If extended Lindelof property holds
µR1

− a.e., on (M1, τ 1,

�1, µR1
) then the property also holds µR2

− a.e., on (M2, τ 2, �2, µR2
).

Proof. Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Radon measure manifolds and
F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomorphism and

Radon measure structure-invariant map. We show that, if extended Lindelof prop-
erty, say, P2 holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then P2 also holds µR2

− a.e.,

on (M2, τ 2, �2, µR2
). Suppose A1, A2 ∈ Ak(M) ⊂ (M1, τ 1, �1, µR1

) be two Radon
measure atlases of (M1, τ 1, �1, µR1

).
Let P2 holds µR1

− a.e., on A1, A2 on (M1, τ 1, �1, µR1
) : A1 ∼ A2 iff µR1

(A1) =
µR1

(A2) according to definition 2.1.1.
Now since F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) is measurable homeomor-

phism and Radon measure structure-invariant map, for everyA1, A2 ⊂ (M1, τ 1, �1, µR1
),

µR1
(A1) > 0, µR1

(A2) > 0 ∃ F(A1), F (A2) ⊂ (M2, τ 2, �2, µR2
), µR2

(F (A1)) > 0,
µR2

(F (A2)) > 0 : A1 ∼ A2 if and only if F(A1) ∼ F(A2) then µR1
(A1) = µR1

(A2)

if and only if µR2
(F (A1)) = µR2

(F (A2). Therefore, extended Lindelof property holds
µR2

− a.e., on (M2, τ 2, �2, µR2
). �
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Corollary 2.2.6 Let M1, . . . , Mn be Radon measure manifolds and F1 : M1 −→
M2, . . . , Fn : Mn−1 −→ Mn be measurable homeomorphisms and Radon measure
structure-invariant functions. Then, if extended Lindelof property holds µR1

− a.e., on
M1 then it also holds µRn

− a.e., on Mn under the composition of F1, . . . , Fn.

Remark 2.2.7 Using the above results, one can generate a new category of Lindelof
Radon measure manifold (�, (G, ◦)) where � = {M1×M2×...×Mn} which is closed
under the group action (G, ◦) = {F1, F2, ..., Fn} of C∞ measurable homeomorphisms
and Radon measure structure-invariant maps.

2.3. Countably compact Radon measure manifold

Definition 2.3.1 Countably compact Radon measure chart
We say (Ui, φi) measurable is countably compact, if for every countable Borel open
cover, say, {∪i∈I Si} of (Ui, φi) if ∃ a finite Borel sub cover, say, {∪n

j=1Sij } for j ∈ J ,
J ⊂ I , such that (Ui, φi) ⊆ {∪n

j=1Sij } where Si are Borel subsets of (Ui, φi) and is
Radon measurable if it satisfies the Radon measure conditions (1.2.3) and (1.2.4).
Then (Ui, φi) is a countably compact Radon measure chart of (M, τ , �, µR).

Definition 2.3.2 Countably compact Radon measure atlas
By a countably compact Radon measure atlas of class Ck, (k ≥ 1) on a Radon measure
manifold, we mean a collection of n-dimensional countably compact Radon measure
charts (Ui, φi) satisfying the following conditions:
(a1) ∪i∈I (Ui, φi) ⊂ Ak(M) ⊂ (M, τ , �, µR),
(a2) For any pair of (Ui, φi) and (Uj , φj ) there exists transition maps φi ◦ φ−1

j :
φj (Ui ∩ Uj) −→ φi(Ui ∩ Uj) and φj ◦ φ−1

i : φi(Ui ∩ Uj) −→ φj (Ui ∩ Uj) are
differentiable and Radon measurable.
(a3) Any two measure atlases are compatible on (M, τ , �, µR) satisfying two equiva-
lence relations:

(i) A1 ∼ A2 iff (A1 ∪ A2) ∈ Ak(M).

(ii) A1 ∼ A2 iff µR(A1) = µR(A2).

(a4) For every countable cover, say, {∪i∈I (Ui, φi)} for A i.e., A ⊆ {∪i∈I (Ui, φi)} if
there exists a finite Borel sub cover, say, {∪n

j=1(Uij , φi)}, then A is a countably compact
measure atlas of (M, τ , �, µR). If A is Radon measurable then A is a countably compact
Radon measure atlas of (M, τ , �, µR).

Definition 2.3.3 Countably compact Radon measure Manifold
If every countable measurable cover {∪i∈I (Ai)} of Ak(M) has a finite Borel sub cover,
say, {∪n

j=1Aij } of Ak(M) for j ∈ J , J ⊂ I , then Ak(M) is a countably compact measure

manifold. If Ak(M) is covered by countably compact Radon measure atlases {∪i∈IAi}
such that Ak(M) ⊆ {∪j=1Aij } and if there exists finite Borel sub cover say {∪n

j=1Aij }
for Ak(M) i.e. Ak(M) ⊆ M ⊆ {∪n

j=1Aij } for j ∈ J , J ⊂ I , then (M, τ , �, µR) is a
countably compact Radon measure manifold.
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Note 2.3.4 Let A = {(Ui, φi):∀ i ∈ I , (Ui, φi) ⊂ Ai ⊂ (M, τ , �, µR) are measurable
countably compact charts} where µR(A) > 0. If µR(A) = 0 then A represents the dark
region of Ak(M) ⊆ (M, τ , �, µR).

Theorem 2.3.5 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Radon measure mani-
folds and F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomorphism

and Radon measure structure-invariant function. If extended countably compact prop-
erty holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then the property also holds µR2

− a.e on
(M2, τ 2, �2, µR2

).

Proof. Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Radon measure manifolds and
F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomorphism and

Radon measure structure-invariant map. We show that if extended countably com-
pact property, say, P3 holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then P3 also holds

µR2
− a.e., on (M2, τ 2, �2, µR2

). Suppose A1, A2 ∈ Ak(M) ⊂ (M1, τ 1, �1, µR1
) be

two Radon measure atlases of (M1, τ 1, �1, µR1
). Let P3 holds µR1

−a.e., on A1, A2 on
(M1, τ 1, �1, µR1

) : A1 ∼A2 iff µR1
(A1) = µR1

(A2) according to definition 2.1.1. Now
since F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) is measurable homeomorphism

and Radon measure structure-invariant map, for every A1, A2 ⊂ (M1, τ 1, �1, µR1
),

µR1
(A1) > 0, µR1

(A2) > 0 ∃ F(A1), F (A2) ⊂ (M2, τ 2, �2, µR2
), µR2

(F (A1)) > 0,
µR2

(F (A2)) > 0: A1 ∼ A2 if and only if F(A1) ∼ F(A2) then µR1
(A1) = µR1

(A2)

if and only if µR2
(F (A1)) = µR2

(F (A2)). Therefore, extended countably compact
property holds µR2

− a.e., on (M2, τ 2, �2, µR2
). �

Corollary 2.3.6 Let M1, . . . , Mn be Radon measure manifolds and F1 : M1 −→
M2, . . . , Fn : Mn−1 −→ Mn be measurable homeomorphisms and Radon measure
structure-invariant functions. Then, if extended countably compact property holds
µR1

− a.e., on M1 then it also holds µRn
− a.e., on Mn under the composition of

F1, . . . , Fn.

Remark 2.3.7 Using the above results, one can generate a new category of countably
compact Radon measure manifold (�, (G, ◦)) where � = {M1 × M2 × ... × Mn}
which is closed under the group action (G, ◦) = {F1, F2, . . . , Fn} of C∞ measurable
homeomorphisms and Radon measure-invariant maps.

Definition 2.3.8 Measurable semi-open chart: Let (M, τ , �, µ) be a measure mani-
fold. A measurable chart (Ui, φi) ∈ (M, τ , �, µR) is said to be semi-open if

(Ui, φi) ⊆ cl(int ((Ui, φi))

⇒ µ(Ui, φi) ≤ µ(cl(int ((Ui, φi)))

2.4. Semi-compact Quotient Radon measure Manifold

Definition 2.4.1 Semi-compact Radon measure chart
We say (Ui, φi) is measurable semi-compact, if for every Borel semi-open cover, say,
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{∪i∈I Si} of (Ui, φi) if ∃ a finite Borel semi-open sub cover, say, {∪n
j=1Sij } for j ∈ J ,

J ⊂ I , such that (Ui, φi) ⊆ {∪n
j=1Sij } where Si are Borel semi-open subsets of (Ui, φi)

and is Radon measurable if it satisfies the Radon measure conditions (1.2.3) and (1.2.4).
Then (Ui, φi) is a semi-compact Radon measure chart of (M, τ , �, µR).

Definition 2.4.2 Semi-compact Radon measure atlas
By a semi-compact Radon measure atlas of class Ck, (k ≥ 1) on a Radon measure
manifold, we mean a collection of n-dimensional semi-compact Radon measure charts
(Ui, φi) satisfying the following conditions:
(a1) ∪i∈I (Ui, φi) ⊂ Ak(M) ⊂ (M, τ , �, µR),
(a2) For any pair of (Ui, φi) and (Uj , φj ) there exists transition maps φi ◦ φ−1

j :
φj (Ui ∩ Uj) −→ φi(Ui ∩ Uj) and φj ◦ φ−1

i : φi(Ui ∩ Uj) −→ φj (Ui ∩ Uj) are
differentiable and Radon measurable.
(a3) Any two measure atlases are compatible on (M, τ , �, µR) satisfying two equiva-
lence relations:

(i) A1 ∼ A2 iff (A1 ∪ A2) ∈ Ak(M).

(ii) A1 ∼ A2 iff µR(A1) = µR(A2).

(a4) For every Borel semi-open cover, say, {∪i∈I (Ui, φi)} for A i.e., A ⊆ {∪i∈I (Ui, φi)}
if there exists a finite Borel semi-open sub cover, say, {∪n

j=1(Uij , φi)}, then A is a
semi-compact measure atlas of (M, τ , �, µR). If A is Radon measurable then A is a
semi-compact Radon measure atlas of (M, τ , �, µR).

Definition 2.4.3 Semi-compact Radon measure Manifold
If every Borel semi-open cover {∪i∈I (Ai)} of Ak(M) has a finite Borel semi-open
sub cover {∪n

j=1Aij } of Ak(M) then Ak(M) is a semi-compact measure manifold. If

Ak(M) is covered by semi-compact Radon measure atlases {∪i∈IAi} such that Ak(M) ⊆
{∪j=1Aij } and if there exists finite Borel semi-open sub cover {∪n

j=1Aij } for Ak(M) i.e.

Ak(M) ⊆ M ⊆ {∪n
j=1Aij }, then (M, τ , �, µR) is a semi-compact Radon measure man-

ifold.

Note 2.4.4 Let A = {(Ui, φi): ∀ i ∈ I (Ui, φi) ⊂ Ai ⊂ (M, τ , �, µR) are measurable
semi-compact charts} where µR(A) > 0. If µR(A) = 0 then A represents the dark
region of Ak(M) ⊆ (M, τ , �, µR).

Theorem 2.4.5 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Radon measure mani-
folds and F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomorphism

and Radon measure structure-invariant function. If extended semi-compactness prop-
erty holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then the property also holds µR2

− a.e., on
(M2, τ 2, �2, µR2

).

Proof. Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Radon measure manifolds and
F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomorphism and
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Radon measure structure-invariant map. We show that if extended semi-compactness
property, say, P4 holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then P4 also holds µR2

−
a.e., on (M2, τ 2, �2, µR2

). Suppose A1, A2 ∈ Ak(M) ⊂ (M1, τ 1, �1, µR1
) be two

Radon measure atlases of (M1, τ 1, �1, µR1
). Let P4 holds µR1

− a.e., on A1, A2 on
(M1, τ 1, �1, µR1

) : A1 ∼A2 iff µR1
(A1) = µR1

(A2) according to definition 2.1.1. Now
since F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) is measurable homeomorphism

and Radon measure structure-invariant map, for every A1, A2 ⊂ (M1, τ 1, �1, µR1
),

µR1
(A1) > 0, µR1

(A2) > 0 ∃ F(A1), F (A2) ⊂ (M2, τ 2, �2, µR2
), µR2

(F (A1)) > 0,
µR2

(F (A2)) > 0: A1 ∼ A2 if and only if F(A1) ∼ F(A2) then µR1
(A1) = µR1

(A2)

if and only if µR2
(F (A1)) = µR2

(F (A2)). Therefore, extended semi-compactness
property holds µR2

− a.e., on (M2, τ 2, �2, µR2
). �

Corollary 2.4.6 Let M1, . . . , Mn be Radon measure manifolds and F1 : M1 −→
M2, ..., Fn : Mn−1 −→ Mn be measurable homeomorphisms and Radon measure
structure-invariant functions. Then, if extended semi-compactness property holds µR1

−
a.e., on M1 then it also holds µRn

− a.e., on Mn under the composition of F1, . . . , Fn.

Remark 2.4.7 Using the above results, one can generate a new category of semi-
compact Radon measure manifold (�, (G, ◦)) where � = {M1 × M2 × ... × Mn}
which is closed under the group action (G, ◦) = {F1, F2, ..., Fn} of C∞ measurable
homeomorphisms and Radon measure structure-invariant maps.

2.5. Semi-Lindelof Radon measure Manifold

Definition 2.5.1 Semi-Lindelof Radon measure chart
We say (Ui, φi) is measurable Semi-Lindelof, if for every Borel semi-open cover, say,
{∪i∈I Si} of (Ui, φi) if ∃ a countable Borel semi-open sub cover, say, {∪∞

j=1Sij } for
j ∈ J , J ⊂ I , such that (Ui, φi) ⊆ {∪∞

j=1Sij } where Si are semi-open Borel subsets of
(Ui, φi) and is Radon measurable if it satisfies the Radon measure conditions (1.2.3)
and (1.2.4). Then (Ui, φi) is a semi-Lindelof Radon measure chart of (M, τ , �, µR).

Definition 2.5.2 Semi-Lindelof Radon measure atlas
By a semi-Lindelof Radon measure atlas of class Ck, (k ≥ 1) on a Radon measure
manifold, we mean a collection of n-dimensional semi-Lindelof Radon measure charts
(Ui, φi) satisfying the following conditions:
(a1) ∪i∈I (Ui, φi) ⊂ Ak(M) ⊂ (M, τ , �, µR),
(a2) For any pair of semi-Lindelof Radon measure charts (Ui, φi) and (Uj , φj ) there
exists transition maps φi ◦ φ−1

j : φj (Ui ∩ Uj) −→ φi(Ui ∩ Uj) and φj ◦ φ−1
i :

φi(Ui ∩ Uj) −→ φj (Ui ∩ Uj) are differentiable and Radon measurable.
(a3) Any two measure atlases are compatible on (M, τ , �, µR) satisfying two equiva-
lence relations:

(i) A1 ∼ A2 iff (A1 ∪ A2) ∈ Ak(M).

(ii) A1 ∼ A2 iff µR(A1) = µR(A2).
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(a4) For every Borel semi-open cover {∪i∈I (Ui, φi)} for A i.e., A ⊆ {∪i∈I (Ui, φi)} if
there exists a countable Borel semi-open sub cover, say, {∪∞

j=1(Uij , φi)}, then A is a
Lindelof measure atlas of (M, τ , �, µR). If A is Radon measurable then A is a semi-
Lindelof Radon measure atlas of (M, τ , �, µR).

Definition 2.5.3 Semi-Lindelof Radon measure Manifold
If every Borel semi-open cover, say, {∪i∈I (Ai)} of (M, τ , �, µR) has a countable Borel
semi-open sub cover {∪∞

j=1Aij } of (M, τ , �, µR) then (M, τ , �, µR) is a semi-Lindelof
measure manifold. If (M, τ , �, µR) is covered by semi-Lindelof Radon measure atlases
{∪i∈IAi} such that (M, τ , �, µR) ⊆ {∪j=1Aij } and if there exists countable Borel
semi-open sub cover, say, {∪∞

j=1Aij } for (M, τ , �, µR) i.e. M ⊆ {∪∞
j=1Aij }, then

(M, τ , �, µR) is a semi-Lindelof Radon measure manifold.

Note 2.5.4 Let A = {(Ui, φi) : (Ui, φi) ⊂ Ai ⊂ (M, τ , �, µR) are measurable semi-
Lindelof charts} where µR(A) > 0. If µR(A) = 0 then A represents the dark region
of Ak(M) ⊆ (M, τ , �, µR).

Theorem 2.5.5 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Radon measure mani-
folds and F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomorphism

and Radon measure structure-invariant function. If extended semi-Lindelof property
holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then the property also holds µR2

− a.e., on
(M2, τ 2, �2, µR2

).

Proof. Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Radon measure manifolds and
F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomorphism and

Radon measure structure-invariant map. We show that if extended semi-Lindelof prop-
erty, say, P5 holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then P5 also holds µR2

− a.e., on
(M2, τ 2, �2, µR2

). Suppose A1, A2 ∈ Ak(M) ⊂ (M1, τ 1, �1, µR1
) be two Radon mea-

sure atlases of (M1, τ 1, �1, µR1
). LetP5 holdsµR1

−a.e.,onA1, A2 on (M1, τ 1, �1, µR1
)

: A1 ∼ A2 iff µR1
(A1) = µR1

(A2) according to definition 2.1.1. Now since F :
(M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) is measurable homeomorphism and Radon

measure structure-invariant map, for every A1, A2 ⊂ (M1, τ 1, �1, µR1
), µR1

(A1) > 0,
µR1

(A2) > 0 ∃ F(A1), F (A2) ⊂ (M2, τ 2, �2, µR2
), µR2

(F (A1)) > 0, µR2
(F (A2)) >

0: A1 ∼ A2 if and only if F(A1) ∼ F(A2) then µR1
(A1) = µR1

(A2) if and only
if µR2

(F (A1)) = µR2
(F (A2)). Therefore, extended semi-Lindelof property holds

µR2
− a.e., on (M2, τ 2, �2, µR2

). �

Corollary 2.5.6 Let M1, . . . , Mn be Radon measure manifolds and F1 : M1 −→
M2, ..., Fn : Mn−1 −→ Mn be measurable homeomorphisms and Radon measure
structure-invariant functions. Then, if extended semi-Lindelof property holds µR1

−a.e.,

on M1 then it also holds µRn
− a.e., on Mn under the composition of F1, . . . , Fn.

Remark 2.5.7 Using the above results, one can generate a new category of semi-
Lindelof Radon measure manifold (�, (G, ◦)) where � = {M1 × M2 × ... × Mn}
which is closed under the group action (G, ◦) = {F1, F2, ..., Fn} of C∞ measurable
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homeomorphisms and Radon measure structure-invariant maps.

2.6. Semi-countably compact Radon measure manifold

Definition 2.6.1 Semi-countably compact Radon measure chart
We say (Ui, φi) is measurable semi-countably compact, if for every countable Borel
semi-open cover, say, {∪i∈I Si} of (Ui, φi) if ∃ a finite Borel semi-open sub cover, say,
{∪n

j=1Sij } for j ∈ J , J ⊂ I , such that (Ui, φi) ⊆ {∪n
j=1Sij } where Si are Borel sub-

sets of (Ui, φi) and is Radon measurable if it satisfies the Radon measure conditions
(1.2.3) and (1.2.4). Then (Ui, φi) is a semi-countably compact Radon measure chart of
(M, τ , �, µR).

Definition 2.6.2 Semi-countably compact Radon measure atlas
By a semi-countably compact Radon measure atlas of class Ck, (k ≥ 1) on a Radon mea-
sure manifold, we mean a collection of n-dimensional semi-countably compact Radon
measure charts (Ui, φi) satisfying the following conditions:
(a1) ∪i∈I (Ui, φi) ⊂ Ak(M) ⊂ (M, τ , �, µR),
(a2) For any pair of semi-countably compact Radon measure charts (Ui, φi) and (Uj , φj )

there exists transition maps φi ◦ φ−1
j : φj (Ui ∩ Uj) −→ φi(Ui ∩ Uj) and φj ◦ φ−1

i :
φi(Ui ∩ Uj) −→ φj (Ui ∩ Uj) are differentiable and Radon measurable.
(a3) Any two measure atlases are compatible on (M, τ , �, µR) satisfying two equiva-
lence relations:

(i) A1 ∼ A2 iff (A1 ∪ A2) ∈ Ak(M).

(ii) A1 ∼ A2 iff µR(A1) = µR(A2).

(a4)For every countable Borel semi-open cover {∪i∈I (Ui, φi)} forA i.e., A⊆{∪i∈I (Ui, φi)}
if there exists a finite Borel semi-open sub cover, say, {∪n

j=1(Uij , φi)}, then A is a semi-
countably compact measure atlas of (M, τ , �, µR). If A is Radon measurable then A
is a semi-countably compact Radon measure atlas of (M, τ , �, µR).

Definition 2.6.3 Semi-countably compact Radon measure Manifold
If every countable Borel semi-open cover {∪i∈I (Ai)} of (M, τ , �, µR) has a finite
Borel semi-open sub cover {∪n

j=1Aij } of (M, τ , �, µR) then (M, τ , �, µR) is a semi-
countably compact measure manifold. If (M, τ , �, µR) is covered by semi-countably
compact Radon measure atlases {∪i∈IAi} such that (M, τ , �, µR) ⊆ {∪j=1Aij } and if
there exists finite Borel semi-open sub cover {∪n

j=1Aij } for (M, τ , �, µR) i.e. M ⊆
{∪n

j=1Aij }, then (M, τ , �, µR) is a semi-countably compact Radon measure manifold.

Note 2.6.4 Let A = {(Ui, φi) : (Ui, φi) ⊂ Ai ⊂ (M, τ , �, µR) are measurable semi-
countably compact chart} where µR(A) > 0. If µR(A) = 0 then A represents the dark
region of (M, τ , �, µR).

Theorem 2.6.5 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Radon measure man-
ifolds and F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomor-

phism and Radon measure structure-invariant function. If extended semi-countable
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compactness property holds µR1
− a.e., on (M1, τ 1, �1, µR1

) then the property also
holds µR2

− a.e., on (M2, τ 2, �2, µR2
).

Proof. Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Radon measure manifolds and
F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomorphism and

Radon measure structure-invariant map. We show that if extended semi-countable com-
pactness property, say, P6 holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then P6 also holds

µR2
− a.e., on (M2, τ 2, �2, µR2

). Suppose A1, A2 ∈ Ak(M) ⊂ (M1, τ 1, �1, µR1
) be

two Radon measure atlases of (M1, τ 1, �1, µR1
).

Let P6 holds µR1
− a.e., on A1, A2 on (M1, τ 1, �1, µR1

) : A1 ∼ A2 iff µR1
(A1) =

µR1
(A2) according to definition 2.1.1.
Now since F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) is measurable homeomor-

phism and Radon measure structure-invariant map, for everyA1, A2 ⊂ (M1, τ 1, �1, µR1
),

µR1
(A1) > 0, µR1

(A2) > 0 ∃ F(A1), F (A2) ⊂ (M2, τ 2, �2, µR2
), µR2

(F (A1)) > 0,
µR2

(F (A2) > 0: A1 ∼ A2 if and only if F(A1) ∼ F(A2) then µR1
(A1) = µR1

(A2) if
and only if µR2

(F (A1)) = µR2
(F (A2)). Therefore, extended semi-countable compact

property holds µR2
− a.e., on (M2, τ 2, �2, µR2

). �

Corollary 2.6.6 Let M1, . . . , Mn be Radon measure manifolds and F1 : M1 −→
M2, ..., Fn : Mn−1 −→ Mn be measurable homeomorphisms and Radon measure
structure-invariant functions. Then, if extended semi-countably compact property holds
µR1

− a.e., on M1 then it also holds µRn
− a.e., on Mn under the composition of

F1, . . . , Fn.

Remark 2.6.7 Using the above results, one can generate a new category of semi-
countably compact Radon measure manifold (�, (G, ◦)) where � = {M1×M2×...×
Mn} which is closed under the group action (G, ◦) = {F1, F2, ..., Fn} of C∞ measurable
homeomorphisms and Radon measure structure-invariant maps.

Thus, in this section, the first author has generated different categories of Radon
measure manifolds namely - compact Radon measure manifold, Lindelof Radon measure
manifold, countably compact Radon measure manifold, semi-compact Radon measure
manifold, semi-Lindelof Radon measure manifold and semi-countably compact Radon
measure manifolds - under the group action G = {F1, F2, . . . , Fn} of C∞ measurable
homeomorphism and Radon measure structure - invariant maps.

3. Proposed method to generate a new class of Quotient Radon mea-
sure Manifolds - An Analytical Approach

In this section, the first author has proposed an analytical method to generate class of
Quotient Radon measure manifolds by inducing three different equivalence relations to
define Quotient Radon measure chart, Quotient Radon measure atlas and Quotient Radon
measure manifold.

In this section, we use the concept of metrizable measure manifold (M, τ , �, µ) on
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which the analysis is carried on as follows:

Define the non-empty sets E1 = {pi, pj ∈ (Ui, φi) ∈ (M, τ , �, µ): d(pi, pj ) = 0
if and only if pi = pj }, where the reflexive property, say, P1 holds µ − a.e., on E1
∈ (M, τ , �, µ) such that µ(E1) > 0. If µ(E1) = 0 then E1 is a dark region on
(M, τ , �, µ);

E2 = {pi, pj ∈ (Ui, φi) ∈ (M, τ , �, µ): d(pi, pj ) = d(pj , pi)} where the sym-
metric property, say, P2 holds µ − a.e., on E2 ∈ (M, τ , �, µ) such that µ(E2) > 0. If
µ(E2) = 0 then E2 is a dark region on (M, τ , �, µ), and

E3 = {pi, pj ∈ (Ui, φi) ∈ (M, τ , �, µ): d(pi, pk) ≤ d(pi, pj )+d(pj , pk)} where
the triangular inequality property, say, P3 holds µ − a.e., on E3 ∈ (M, τ , �, µ) such
that µ(E3) > 0. If µ(E3) = 0 then E3 is a dark region on (M, τ , �, µ).

3.1. Locally path connected Radon measure manifold

Definition 3.1.1 Metrizable measure manifold
The measure manifold (M, τ , �, µ) is said to be metrizable if it admits a continuous
measurable function d : MXM −→ [0, ∞] satisfying reflexive property P1, symmetric
property P2 and triangular inequality property P3 on (M, τ , �, µ):

(i) the reflexive propertyP1 holdsµ−a.e.,onE1 = {pi, pj ∈ (Ui, φi)∈ (M, τ , �, µ):
d(pi, pj ) = 0 if and only if pi = pj }, µ(E1) > 0,

(ii) the symmetric property P2 holds µ − a.e., on E2 = {pi, pj ∈ (Ui, φi) ∈
(M, τ , �, µ): d(pi, pj ) = d(pj , pi)}, µ(E2) > 0 and

(iii) the triangular inequality property P3 holds µ − a.e., on E3 = {pi, pj ∈ (Ui, φi)

∈ (M, τ , �, µ): d(pi, pk) ≤ d(pi, pj ) + d(pj , pk)}, µ(E3) > 0.

In this paper, we study the Radon measure structure on metrizable measure manifold
(M, τ , �, µ) viz. metrizable Radon measure manifold (M, τ , �, µR) and develops a
method to study the intrinsic properties of (M, τ , �, µR) in terms of three different
partitions induced by three different equivalence relations namely locally, internally
and maximally path connectedness on (M, τ , �, µR) which generates a new class of
Quotient Radon measure manifolds. To continue the analysis, it is necessary to show
that all the three types of relations define correspondingly three different equivalence
relations on metrizable Radon measure manifold (M, τ , �, µR).

Theorem 3.1.2 If (M, τ , �, µR) is a metrizable Radon measure manifold then local path
connectedness is an equivalence relation on (M, τ , �, µR).

Proof. Let (M, τ 1, �1, µR) be a metrizable Radon measure manifold such that for every
point p ∈ (M, τ , �, µR) there exists a measurable chart (Ui, φi) ∈ (M, τ 1, �1, µR1

).
Let A1 = {pi, pj ∈ (Ui, φi) ; ∃ γ i ∈ G / pi ∼ pj by γ i ; ∀ i, j ∈ I } be the non-empty
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set belonging to (Ui, φi) ∈ (M, τ , �, µR) and G = {γ 1, γ 2, ..., γ n} be the non-empty
collection of measurable C∞ paths γ i ∈ (Ui, φi) such that pi ∼ pj by γ i . Let us prove
that local path connected relation is an equivalence relation:
We know that a metrizable Radon measure manifold is local path connected if ∃ a mea-
surable C∞ path γ i ∈ G : γ i : [0, 1] −→ (Ui, φi) ∈ Ak(M) such that
γ i(0) = pi ∈ (Ui, φi) for which µR(Ui, φi) > 0 and
γ i(1) = pj ∈ (Ui, φi) for which µR(Ui, φi) > 0 where, pi, pj ∈ P ∈ (Ui, φi).
(i) ’∼’ is reflexive :
Since (M, τ , �, µR) is a metrizable Radon measure manifold satisfying reflexive prop-
erty of metrizable Radon measure manifold, that is, if d(pi, pj ) = 0 if and only if
pi = pj then ∃ a measurable C∞ path γ i : [0, 1] −→ (Ui, φi) such that
γ i(0) = pi ∈ (Ui, φi) for which µR(Ui, φi) > 0 and
γ i(1) = pj ∈ (Ui, φi) for which µR(Ui, φi) > 0.
Since by reflexive property of metrizable Radon measure manifold, pi = pj . Then
γ : [0, 1] −→ (Ui, φi) is a measurable C∞ path from pi to pi itself which is a constant
path. That is, pi ∼ pi by γ i

Therefore, ’∼’ is reflexive.
(ii)’∼’ is symmetric :
By symmetric property of metrizable Radon measure manifold, that is, if d(pi, pj ) =
d(pj , pi), then ∃ a measurable C∞ path γ i : [0, 1] −→ (Ui, φi) such that
γ i(0) = pi ∈ (Ui, φi) for which µR(Ui, φi) > 0 and
γ i(1) = pj ∈ (Ui, φi) for which µR(Ui, φi) > 0.
Since by symmetric property of metrizable Radon measure manifold and definition 1.2.14
[4], for every γ i : [0, 1] −→ (Ui, φi) there exists inverse of γ i i.e. γ −1

i : [0, 1] −→
(Ui, φi) defined by γ −1

i (p) = γ i(1−p) and γ −1
i (q) = γ i(1−q) for each p, q ∈ [0, 1].

Therefore, ’∼’ is symmetric.
(iii) ’∼’ is transitive :
From the triangular inequality property of metrizable Radon measure manifold, ifd(pi, pk) ≤
d(pi, pj ) + d(pj , pk) then there exists measurable C∞ paths γ i, γ j ∈ G

γ i : [0, 1] −→ (Ui, φi) from pi to pj such that
γ i(0) = pi ∈ (Ui, φi)

γ i(
1

2
) = pj ∈ (Ui, φi) and

γ j : [0, 1] −→ (Ui, φi) from pj to pk such that γ j (
1

2
) = pj ∈ (Ui, φi) for which

µR(Ui, φi) > 0
γ j (1) = pk ∈ (Ui, φi) for which µR(Ui, φi) > 0 and a composition of measurable C∞
paths γ i, γ j ∈ G such that
γ j ◦ γ i : [0, 1] −→ (Ui, φi) from pi to pk such that
γ j ◦ γ i(0) = pi ∈ (Ui, φi) and
γ j ◦ γ i(1) = pk ∈ (Ui, φi).
Hence, if pi ∼ pj by γ i and pj ∼ pk by γ j then pi ∼ pk by γ j ◦ γ i

Therefore, ’∼’ is transitive.
Hence, local path connectedness relation ’∼’ is an equivalence relation on (Ui, φi) ⊂
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(M, τ , �, µR). �

This equivalence relation further partitions the measurable chart (Ui, φi) ∈ (M, τ , �, µR)

into disjoint equivalence classes. Then (Ui, φi)/∼ is a Quotient measure chart on
(M, τ , �, µR) admitting Radon measure. Similarly, we develop the concept of Quo-
tient Radon measure atlas and then Quotient Radon measure manifold by adopting local
path connectedness property, internal path connectedness property and maximal path
connectedness property as invariant properties under measurable homeomorphism and
Radon measure structure-invariant map as follows:

Theorem 3.1.3 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be metrizable Radon mea-
sure manifolds. Then local path connectedness property is invariant under a C∞ measur-
able homeomorphism and Radon measure structure - invariant mapF : (M1, τ 1, �1, µR1

) −→
(M2, τ 2, �2, µR2

).

Proof. Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be metrizable Radon measure man-
ifolds.
Let the local path connectedness property, say, P7 holds µR1

− a.e., on the non-empty
sets A1 ⊂ (Ui, φi) ⊂ (M1, τ 1, �1, µR1

) and A2 ⊂ (Uj , φj ) ⊂ (M1, τ 1, �1, µR1
) where

A1 = {pi, pj ∈ [p] ∈ (Ui, φi): ∃ γ i ∈ [γ ]: pi is locally path connected to pj by
γ i ∈ G}, µR1

(A1) > 0 and A2 = {qi, qj ∈ [p] ∈ (Ui, φi): ∃ γ i ∈ [γ ]: qi is locally
path connected to qj by γ i ∈ G}, µR1

(A2) > 0.
According to Radon measure structure-invariant map [definition 2.2], we say that A1 ∼
A2 if and only if µR1

(A1) = µR1
(A2).

We show that if P7 holds µR1
− a.e., on A1, A2 ⊂ (M1, τ 1, �1, µR1

) then P7 also holds
µR2

− a.e., on F(A1), F(A2) ⊂ (M2, τ 2, �2, µR2
).

Suppose P7 holds µR1
− a.e., on A1, A2 ⊂ (M1, τ 1, �1, µR1

) then A1 ∼ A2 if and only
if µR1

(A1) = µR1
(A2).

Now if F : (M1, τ 1, �1, µR1
) −→ (M2, τ 2, �2, µR2

) is C∞ measurable homeo-
morphism and Radon measure structure - invariant map, then for every A1, A2 ⊂
(M1, τ 1, �1, µR1

),
µR1

(A1) > 0, µR1
(A2) > 0, there existsF(A1), F(A2)⊂ (M2, τ 2, �2, µR2

), µR2
(F (A1)) >

0, µR2
(F (A2)) > 0:

A1 ∼ A2 ⇒ F(A1) ∼ F(A2) with measure structure condition
µR1

(A1) = µR1
(A2) ⇒ µR2

(F (A1)) = µR2
(F (A2)) according to definition 2.1.1.

This implies local path connectedness property holds µR2
− a.e., on F(A1),F(A2) ⊂

(M2, τ 2, �2, µR2
). �

Theorem 3.1.4 Let (M1, τ 1, �1, µR1), (M2, τ 2, �2, µR2) and (M3, τ 3, �3, µR3) be
metrizable Radon measure manifolds andF : (M1, τ 1, �1, µR1) −→ (M2, τ 2, �2, µR2)

and G : (M2, τ 2, �2, µR2) −→ (M3, τ 3, �3, µR3) be C∞ measurable homeomor-
phisms and Radon measure structure-invariant maps. Then local path connectedness
property is invariant under the composition map G ◦ F : (M1, τ 1, �1, µR1) −→
(M3, τ 3, �3, µR3).
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Proof. Let (M1, τ 1, �1, µR1), (M2, τ 2, �2, µR2) and (M3, τ 3, �3, µR3) be metrizable
Radon measure manifolds.
Let F : (M1, τ 1, �1, µR1) −→ (M2, τ 2, �2, µR2) and G : (M2, τ 2, �2, µR2) −→
(M3, τ 3, �3, µR3) be C∞ measurable homeomorphisms and Radon measure structure-
invariant maps. We show that if local path connectedness property, say, P7 holds
µR1

− a.e., on (M1, τ 1, �1, µR1
) then P7 also holds µR3

− a.e., on (M3, τ 3, �3, µR3
)

under measurable homeomorphism and Radon measure structure - invariant map G ◦F .
Let the local path connectedness property P7 holds µR1

− a.e., on the non empty Borel
sets A1 ⊂ (Ui, φi) ⊂ (M1, τ 1, �1, µR1

) and A2 ⊂ (Uj , φj ) ⊂ (M1, τ 1, �1, µR1
) where

(Ui, φi) and (Uj , φj ) are Quotient Radon measure charts:
A1 ∼ A2 if and only if µR1

(A1) = µR1
(A2) by definition 2.1.1. (1)

By above theorem 3.1.3, if F : (M1, τ 1, �1, µR1
) −→ (M2, τ 2, �2, µR2

) is C∞ mea-
surable homeomorphism and Radon measure structure - invariant map, then for ev-
ery A1, A2 ⊂ (M1, τ 1, �1, µR1

), µR1
(A1) > 0, µR1

(A2) > 0, ∃ F(A1), F(A2) ⊂
(M2, τ 2, �2, µR2

), µR2
(F (A1)) > 0, µR2

(F (A2)) > 0:
A1 ∼ A2 ⇒ F(A1) ∼ F(A2) with measure structure condition:
µR1

(A1) = µR1
(A2) ⇒ µR2

(F (A1)) = µR2
(F (A2)) according to definition 2.1.2.

(2)
Similarly, we show that under G : (M2, τ 2, �2, µR2) −→ (M3, τ 3, �3, µR3), if P7 holds
µR2

−a.e., on the non-empty Borel sets F(A1) ⊂ F(Ui, φi) and F(A2) ⊂ F(Uj, φj ) on
(M2, τ 2, �2, µR2) then P7 also holds µR3

−a.e., on the non-empty Borel sets (G◦F)(A1)

⊂ (G ◦ F)(Ui, φi) and (G ◦ F)(A2) ⊂ (G ◦ F)(Uj , φj ) on (M3, τ 3, �3, µR3) where,
(G ◦ F(A1)) = {G ◦ F(pi), G ◦ F(pj )) ∈ [p] ∈ G ◦ F(Ui, φi)) :∃ G ◦ F(γ i)) ∈
G◦F([γ ]) : G◦F(pi) is locally path connected to G◦F(pj ) by G◦F(γ i) ∈ G◦F(G)}
where µR3

(G ◦ F(A1)) > 0 and (G ◦ F(A2)) = {G ◦ F(qi), G ◦ F(qj ) ∈ [p] ∈
G ◦ F(Uj , φj ) :∃ G ◦ F(γ i) ∈ G ◦ F([γ ]) : G ◦ F(qi) is locally path connected to
G◦F(qj ) by G◦F(γ i)) ∈ G◦F(G)} where µR3

(G◦F(A2)) > 0 on (M3, τ 3, �3, µR3
):

F(A1) ∼ F(A2) ⇒ (G ◦ F)(A1) ∼ (G ◦ F)(A2) with the Radon measure condition:
µR2

(F (A1)) = µR2
(F (A2)) ⇒ µR3

(G ◦ F(A1)) = µR3
(G ◦ F(A2))

according to definition 2.1.2. (3)
This implies under G ◦ F : (M1, τ 1, �1, µR1) −→ (M3, τ 3, �3, µR3), if P1 holds
µR1

− a.e., on A1, A2 ⊂ (M1, τ 1, �1, µR1
) then P7 also holds µR3

− a.e., on (G ◦
F(A1)), (G ◦ F(A2)) ⊂ (M3, τ 3, �3, µR3

):
A1 ∼ A2 ⇒ (G ◦ F(A1)) ∼ (G ◦ F(A2)) with the Radon measure condition:
µR1

(A1) = µR1
(A2) implies µR3

(G ◦ F(A1)) = µR3
(G ◦ F(A2)).

Therefore, from (1), (2) and (3), if local path connectedness property holds µR1
− a.e.,

on (M1, τ 1, �1, µR1) then it also holds µR3
− a.e., on (M3, τ 3, �3, µR3). �

Corollary 3.1.5 Let M1, . . . , Mn be metrizable Radon measure manifolds. If F1 :
M1 −→ M2, ..., Fn : Mn−1 −→ Mn are measurable homeomorphism and Radon
measure structure-invariant maps, then, if local path connectedness property holds µR1

−
a.e., on M1 then it also holds µRn

− a.e., on Mn under composition maps.
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Remark 3.1.6 Using the above results, one can generate a new class of locally path
connected Quotient Radon measure manifold (�, (G, ◦)) where � = {M1 × M2 ×
... × Mn} which is closed under the group action (G, ◦) = {F1, F2, ..., Fn} of C∞
measurable homeomorphisms and Radon measure-invariant maps and S. C. P. Halakatti
constructs different categories of Quotient Radon measure manifolds on different patterns
of charts in next section 4.

Similar to theorem 3.1.2, one can show that the internal path connectedness relation
’∼’ defined on the measurable domain [(Ui, φi) ∪ (Uj , φj )] ∈ Ai ∈ Ak(M) is an
equivalence relation.

3.2. Internally path connected Radon measure manifold

Theorem 3.2.1 If (M, τ , �, µR) is a metrizable Radon measure manifold then internal
path connectedness relation is an equivalence relation on (M, τ , �, µR).

Proof. Let (M, τ 1, �1, µR) be a metrizable Radon measure manifold such that for ev-
ery point p ∈ (M, τ , �, µR) there exists a measurable domain [(Ui, φi) ∪ (Uj , φj )]
∈ (M, τ 1, �1, µR1

).
Let A2 = {pi, pj ∈ [(Ui, φi) ∪ (Uj , φj )]; ∃ γ i ∈ G / pi ∼ pj by γ i ; ∀ i, j ∈ I }
be the non-empty set belonging to [(Ui, φi) ∪ (Uj , φj )] ∈ (M, τ , �, µR) and G =
{γ 1, γ 2, ..., γ n} be the non-empty collection of measurable C∞ paths γ i ∈ [(Ui, φi) ∪
(Uj , φj )] such that pi ∼ pj by γ i .
Let us prove that internally path connected relation is an equivalence relation:
We know that a metrizable Radon measure manifold is internally path connected if ∃ a
measurable C∞ path γ i ∈ G : γ i : [0, 1] −→ [(Ui, φi) ∪ (Uj , φj )] ∈ Ak(M) such that
γ i(0) = pi ∈ (Ui, φi) for which µR(Ui) > 0 and
γ i(1) = pj ∈ (Uj , φj ) for which µR(Uj) > 0 where, pi, pj ∈ [(Ui, φi) ∪ (Ui, φi)].
Now we show that the relation ’∼’ is an equivalence relation on the measurable domain
[(Ui, φi) ∪ (Uj , φj )] of (M, τ , �, µR).
(i) ’∼’ is reflexive :
Since (M, τ , �, µR) is a metrizable Radon measure manifold satisfying reflexive prop-
erty of metrizable Radon measure manifold, that is, if d(pi, pj ) = 0 if and only if
pi = pj then ∃ a measurable C∞ path γ i : [0, 1] −→ [(Ui, φi) ∪ (Uj , φj )] such that
γ i(0) = pi ∈ (Ui, φi) for which µR(Ui) > 0 and
γ i(1) = pj ∈ (Uj , φj ) for which µR(Uj) > 0.
Since by reflexive property of metrizable Radon measure manifold, pi = pj . Then
γ : [0, 1] −→ [(Ui, φi) ∪ (Uj , φj )] is a measurable C∞ path from pi to pi itself which
is a constant path. That is, pi ∼ pi by γ i

Therefore, ’∼’ is reflexive.
(ii)’∼’ is symmetric:
By symmetric property of metrizable Radon measure manifold, that is, if d(pi, pj ) =
d(pj , pi), then ∃ a measurable C∞ path γ i : [0, 1] −→ [(Ui, φi) ∪ (Uj , φj )] such that
γ i(0) = pi ∈ (Ui, φi) for which µR(Ui) > 0 and
γ i(1) = pj ∈ (Uj , φj ) for which µR(Uj) > 0.
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Since by symmetric property of metrizable Radon measure manifold, for every γ i :
pi −→ pj there exists γ j : pj −→ pi such that there exists a measurable C∞ path
γ j : [0, 1] −→ [(Ui, φi) ∪ (Uj , φj )] such that
γ j (0) = pj ∈ (Uj , φj ) and
γ j (1) = pi ∈ (Ui, φi) for which µR(Ui) > 0.
Therefore, ’∼’ is symmetric.
(iii) ’∼’ is transitive :
From the triangular inequality property of metrizable Radon measure manifold, ifd(pi, pk) ≤
d(pi, pj )+d(pj , pk) then there exists measurable C∞ paths γ i, γ j ∈ G γ i : [0, 1] −→
[(Ui, φi) ∪ (Uj , φj )] from pi to pj such that
γ i(0) = pi ∈ [(Ui, φi) ∪ (Uj , φj )]
γ i(

1

2
) = pj ∈ [(Ui, φi) ∪ (Uj , φj )] and

γ j : [0, 1] −→ [(Ui, φi) ∪ (Uj , φj )] from pj to pk such that

γ j (
1

2
) = pj ∈ [(Ui, φi) ∪ (Uj , φj )] for which µR(Ui ∪ Uj) > 0

γ j (1) = pk ∈ [(Ui, φi) ∪ (Uj , φj )] for which µR(Ui ∪ Uj) > 0 and a composition of
measurable C∞ paths γ i, γ j ∈ G such that
γ j ◦ γ i : [0, 1] −→ [(Ui, φi) ∪ (Uj , φj )] from pi to pk such that
γ j ◦ γ i(0) = pi ∈ (Ui, φi) and
γ j ◦ γ i(1) = pk ∈ (Uj , φj ).
Hence, if pi ∼ pj by γ i and pj ∼ pk by γ j then pi ∼ pk by γ j ◦ γ i . Therefore, ’∼’ is
transitive. Hence, internal path connectedness relation ’∼’ is an equivalence relation on
[(Ui, φi) ∪ (Uj , φj )] ⊂ (M, τ , �, µR). �

Further, this equivalence relation partitions the measurable domain [(Ui, φi)∪(Uj , φj )] ∈
Ai ∈ Ak(M) into disjoint equivalence classes. such that (Ui ∪Uj)/∼ is Quotient Radon
measure domain in Ai ⊂ (M, τ , �, µR).

Theorem 3.2.2 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be metrizable Radon mea-
sure manifolds. Then internal path connectedness property is invariant under a C∞ mea-
surable homeomorphism and Radon measure structure - invariant mapF : (M1, τ 1, �1, µR1

) −→

(M2, τ 2, �2, µR2
).

Proof. Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be metrizable Radon measure man-
ifolds.
Let the internal path connectedness property, say, P8 holds µR1

−a.e., on the non-empty
sets A1 ⊂ [(Ui, φi) ∪ (Uj , φj )] ⊂ (M1, τ 1, �1, µR1

) and A2 ⊂ [(Uk, φk) ∪ (Ul, φl)] ⊂
(M1, τ 1, �1, µR1

) where A1 = {pi, pj ∈ [p] ∈ [(Ui, φi) ∪ (Uj , φj )]: ∃ γ i ∈ [γ ]: pi

is internally path connected to pj by γ i ∈ G}, µR1
(A1) > 0 and A2 = {qi, qj ∈ [p] ∈

[(Uk, φk) ∪ (Ul, φl)]: ∃ γ i ∈ [γ ]: qi is internally path connected to qj by γ i ∈ G},
µR1

(A2) > 0.
According to Radon measure structure condition [definition 2.1.1], we say that A1 ∼ A2
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if and only if µR1
(A1) = µR1

(A2).
We show that if P8 holds µR1

− a.e., on A1, A2 ⊂ (M1, τ 1, �1, µR1
) then P8 also holds

µR2
− a.e., on F(A1), F(A2) ⊂ (M2, τ 2, �2, µR2

).
Now if F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) is C∞ measurable homeo-

morphism and Radon measure structure - invariant map, then for every A1, A2 ⊂
(M1, τ 1, �1, µR1

),
µR1

(A1) > 0, µR1
(A2) > 0, there existsF(A1), F(A2)⊂ (M2, τ 2, �2, µR2

), µR2
(F (A1)) >

0, µR2
(F (A2)) > 0:

A1 ∼ A2 implies F(A1) ∼ F(A2) with Radon measure structure condition
µR1

(A1) = µR1
(A2) implies µR2

(F (A1)) = µR2
(F (A2)) according to definition 2.1.2.

This implies internal path connectedness property holds µR2
− a.e., on F(A1),F(A2)

⊂ (M2, τ 2, �2, µR2
). �

Theorem 3.2.3 Let (M1, τ 1, �1, µR1), (M2, τ 2, �2, µR2) and (M3, τ 3, �3, µR3) be
metrizable Radon measure manifolds andF : (M1, τ 1, �1, µR1) −→ (M2, τ 2, �2, µR2)

and G : (M2, τ 2, �2, µR2) −→ (M3, τ 3, �3, µR3) be C∞ measurable homeomor-
phisms and Radon measure structure-invariant maps. Then internal path connected-
ness property is invariant under the composition map G ◦ F : (M1, τ 1, �1, µR1) −→
(M3, τ 3, �3, µR3).

Proof. Let (M1, τ 1, �1, µR1), (M2, τ 2, �2, µR2) and (M3, τ 3, �3, µR3) be metrizable
Radon measure manifolds.
Let F : (M1, τ 1, �1, µR1) −→ (M2, τ 2, �2, µR2) and G : (M2, τ 2, �2, µR2) −→
(M3, τ 3, �3, µR3) be C∞ measurable homeomorphisms and Radon measure structure-
invariant maps.
We show that if internal path connectedness property, say, P8 holds µR1

− a.e., on non-
empty sets A1 ⊂ [(Ui, φi) ∪ (Uj , φj )], A2 ⊂ [(Uk, φk) ∪ (Ul, φl)] ⊂ (M1, τ 1, �1, µR1

)

then P8 also holds µR3
−a.e., on (M3, τ 3, �3, µR3

) under measurable homeomorphism
and Radon measure structure-invariant map G ◦ F .
Let the internal path connectedness property P8 holds µR1

− a.e., on the non empty
sets A1 ⊂ [(Ui, φi) ∪ (Uj , φj )] ⊂ (M1, τ 1, �1, µR1

) and A2 ⊂ [(Uk, φk) ∪ (Ul, φl)] ⊂
(M1, τ 1, �1, µR1

) where [(Ui, φi) ∪ (Uj , φj )] and [(Uk, φk) ∪ (Ul, φl)] are Quotient
Radon measure domains:
A1 ∼ A2 if and only if µR1

(A1) = µR1
(A2) by definition 2.1.1.

By above theorem 3.2.2, if F : (M1, τ 1, �1, µR1
) −→ (M2, τ 2, �2, µR2

) is C∞ mea-
surable homeomorphism and Radon measure structure - invariant map, then for ev-
ery A1, A2 ⊂ (M1, τ 1, �1, µR1

), µR1
(A1) > 0, µR1

(A2) > 0, ∃ F(A1), F(A2) ⊂
(M2, τ 2, �2, µR2

), µR2
(F (A1)) > 0, µR2

(F (A2)) > 0:
A1 ∼ A2 implies F(A1) ∼ F(A2) with Radon measure structure condition
µR1

(A1) = µR1
(A2) implies µR2

(F (A1)) = µR2
(F (A2)) according to definition 2.1.2.

(1)
Similarly, we show that under G : (M2, τ 2, �2, µR2) −→ (M3, τ 3, �3, µR3), if P8
holds µR2

− a.e., on the non-empty Borel sets F(A1) ⊂ F [(Ui, φi) ∪ (Uj , φj )] and
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F(A2) ⊂ F [(Uk, φk)∪ (Ul, φl)] on (M2, τ 2, �2, µR2) then P8 also holds µR3
−a.e., on

the non-empty Borel sets (G ◦F)(A1) ⊂ (G ◦F)[(Ui, φi)∪ (Uj , φj )] and (G ◦F)(A2)

⊂ (G ◦ F)[(Uk, φk) ∪ (Ul, φl)] on (M3, τ 3, �3, µR3) where,
(G ◦ F(A1)) = {G ◦ F(pi)), G ◦ F(pj )) ∈ [p] ∈ G ◦ F [(Ui, φi) ∪ (Uj , φj )] :∃
G ◦ F(γ i)) ∈ G ◦ F([γ ]) : G ◦ F(pi) is internally path connected to G ◦ F(pj ) by
G ◦ F(γ i) ∈ G ◦ F(G)} where µR3

(G ◦ F(A1)) > 0 and
(G ◦ F(A2)) = {G ◦ F(qi), G ◦ F(qj ) ∈ [p] ∈ G ◦ F [(Uk, φk) ∪ (Ul, φl)] :∃
G ◦ F(γ i) ∈ G ◦ F([γ ]) : G ◦ F(qi) is internally path connected to G ◦ F(qj ) by
G ◦ F(γ i)) ∈ G ◦ F(G)} where µR3

(G ◦ F(A2)) > 0 on (M3, τ 3, �3, µR3
):

F(A1) ∼ F(A2) implies (G◦F)(A1) ∼ (G◦F)(A2) with the Radon measure condition:
µR2

(F (A1)) = µR2
(F (A2) implies µR3

(G ◦ F(A1)) = µR3
(G ◦ F(A2))

according to definition 2.1.2. (2)
This implies under G ◦ F : (M1, τ 1, �1, µR1) −→ (M3, τ 3, �3, µR3), if P8 holds
µR1

− a.e., on A1, A2 ⊂ (M1, τ 1, �1, µR1
) then P8 also holds µR3

− a.e., on (G ◦
F(A1)), (G ◦ F(A2)) ⊂ (M3, τ 3, �3, µR3

):
A1 ∼ A2 implies (G ◦ F(A1)) ∼ (G ◦ F(A2)) with the Radon measure condition:
µR1

(A1) = µR1
(A2) implies

µR3
(G ◦ F(A1)) = µR3

(G ◦ F(A2)). (3)

Therefore, from (1), (2) and (3), if internal path connectedness property holds µR1
−a.e.,

on (M1, τ 1, �1, µR1) then it also holds µR3
− a.e., on (M3, τ 3, �3, µR3). �

Corollary 3.2.4 Let M1, . . . , Mn be metrizable Radon measure manifolds. If F1 :
M1 −→ M2,...,Fn : Mn−1 −→ Mn are measurable homeomorphism and Radon measure
structure-invariant maps, then, if internally path connectedness property holds µR1

−a.e.,

on M1 then it also holds µRn
− a.e., on Mn under composition maps.

Remark 3.2.5 Using the above results, one can generate a new class of internally path
connected Quotient Radon measure manifold (�, (G, ◦)) where � = {M1×M2×...×
Mn} which is closed under the group action (G, ◦) = {F1, F2, ..., Fn} of C∞ measurable
homeomorphisms and Radon measure-invariant maps and S. C. P. Halakatti constructs
different categories of Quotient Radon measure manifolds on different patterns of charts
in next section 4.

3.3. Maximally path connected Radon measure manifold

Now, the first author has introduced, developed and defined the concept of Quotient
Radon measure atlas and proved the following results:

Definition 3.3.1 Quotient Radon measure Atlas
By an Rn-Quotient Radon measure atlas of class Ck(k ≥ 1) on a measure manifold
(M, τ , �, µR), we mean a countable collection (A, τ /A, �/A, µ/A) of n-dimensional
Quotient Radon measure charts ((Ui, τ /Ui

, �/Ui
, µR/Ui

), φi/Ui
) for all i ∈ I on (M, τ , �, µR)

satisfying the following conditions:
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(a1) ∪i∈I (Ui, τ /Ui
, �/Ui

, µR/Ui
) = (M, τ , �, µR). That is, the countable union of all

Quotient Radon measure charts in (A, τ /A, �/A, µ/A) cover (M, τ , �, µR) .
(a2) For any pair of Quotient Radon measure charts (Ui, φi) and (Uj , φj ) there exists
transition maps φi ◦φ−1

j : φj (Ui ∩Uj) −→ φi(Ui ∩Uj) and φj ◦φ−1
i : φi(Ui ∩Uj) −→

φj (Ui ∩ Uj) are differentiable and Radon measurable.
(a3) Any two Quotient Radon measure atlases are compatible on (M, τ , �, µR) satisfy-
ing two equivalence relations:

(i) A1 ∼ A2 iff (A1 ∪ A2) ∈ Ak(M).

(ii) A1 ∼ A2 iff µR(A1) = µR(A2).

Since (M, τ , �, µR) is maximally path connected if and only if it is locally and
internally path connected [2], maximal path connectedness relation ’∼’ defined on the
measurable domain (Ai ∪ Aj ∪ Ak) ∈ Ak(M) is an equivalence relation.

Theorem 3.3.2 If (M, τ , �, µR) is a metrizable Radon measure manifold then maximal
path connectedness relation is an equivalence relation on (M, τ , �, µR).

Proof. Let (M, τ 1, �1, µR) be a metrizable Radon measure manifold such that for
every point p ∈ (M, τ , �, µR) there exists a measurable domain (Ai ∪ Aj ∪ Ak)

∈ (M, τ 1, �1, µR1
).

Let A3 = {pi, pj ∈ (Ai ∪ Aj ∪ Ak) ; ∃ γ i ∈ G / pi ∼ pj by γ i ; ∀ i, j, k ∈ I } be the
non-empty set belonging to (Ai ∪ Aj ∪ Ak) ∈ (M, τ , �, µR) and G = {γ 1, γ 2, ..., γ n}
be the non-empty collection of measurable C∞ paths γ i ∈ G such that pi ∼ pj by γ i .
Let us prove that maximal path connected relation is an equivalence relation:
We know that a metrizable Radon measure manifold is maximally path connected if ∃ a
measurable C∞ path γ i ∈ G : γ i : [0, 1] −→ (Ai ∪ Aj ∪ Ak) ∈ Ak(M) such that
γ i(0) = pi ∈ (Ui, φi) ∈ Ai for which µR(Ui) > 0, µR(Ai) > 0 and
γ i(1) = pj ∈ (Uj , φj ) ∈ Aj for which µR(Uj) > 0, µR(Aj ) > 0 where, pi, pj ∈
(Ai ∪ Aj ∪ Ak).
Now we show that the relation ’∼’ is an equivalence relation on the measurable domain
(Ai ∪ Aj ∪ Aj ) of (M, τ , �, µR).
(i) ’∼’ is reflexive :
Since (M, τ , �, µR) is a metrizable Radon measure manifold satisfying reflexive prop-
erty of metrizable Radon measure manifold, that is, if d(pi, pj ) = 0 if and only if
pi = pj then ∃ a measurable C∞ path γ i : [0, 1] −→ (Ai ∪ Aj ∪ Ak) such that
γ i(0) = pi ∈ (Ui, φi) ∈ Ai for which µR(Ui) > 0, µR(Ai) > 0 and
γ i(1) = pj ∈ (Uj , φj ) ∈ Aj for which µR(Uj) > 0, µR(Aj ) > 0.
Since by reflexive property of metrizable Radon measure manifold, pi = pj . Then
γ : [0, 1] −→ (Ai ∪ Aj ∪ Ak) is a measurable C∞ path from pi to pi itself which is a
constant path. That is, pi ∼ pi by γ i

Therefore, ’∼’ is reflexive.
(ii)’∼’ is symmetric :
By symmetric property of metrizable Radon measure manifold, that is, if d(pi, pj ) =
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d(pj , pi), then ∃ a measurable C∞ path γ i : [0, 1] −→ (Ai ∪ Aj ∪ Ak) such that
γ i(0) = pi ∈ (Ui, φi) ∈ Ai for which µR(Ui) > 0 and
γ i(1) = pj ∈ (Uj , φj ) ∈ Aj for which µR(Uj) > 0.
Since by symmetric property of metrizable Radon measure manifold, for every γ i :
pi −→ pj there exists γ j : pj −→ pi such that there exists a measurable C∞ path
γ j : [0, 1] −→ (Ai ∪ Aj ∪ Ak) such that
γ j (0) = pj ∈ (Ui, φi) ∈ Ai and
γ j (1) = pi ∈ (Uj , φj ) ∈ Aj .
Therefore, ’∼’ is symmetric.
(iii) ’∼’ is transitive:
From the triangular inequality property of metrizable Radon measure manifold, ifd(pi, pk) ≤
d(pi, pj ) + d(pj , pk) then there exists measurable C∞ paths γ i, γ j ∈ G

γ i : [0, 1] −→ (Ai ∪ Aj ∪ Ak) from pi to pj such that
γ i(0) = pi ∈ (Ui, φi) ∈ Ai

γ i(
1

2
) = pj ∈ (Uj , φj ) ∈ Aj and

γ j : [0, 1] −→ (Ai ∪ Aj ∪ Ak) from pj to pk such that

γ j (
1

2
) = pj ∈ (Uj , φj ) ∈ Aj for which µR(Uj) > 0, µR(Aj ) > 0

γ j (1) = pk ∈ (Uk, φk) ∈ Ak for which µR(Uk) > 0, µR(Ak) > 0 and a composition
of measurable C∞ paths γ i, γ j ∈ G such that
γ j ◦ γ i : [0, 1] −→ (Ai ∪ Aj ∪ Ak) from pi to pk such that
γ j ◦ γ i(0) = pi ∈ (Ui, φi) ∈ Ai and γ j ◦ γ i(1) = pk ∈ (Uk, φk) ∈ Ak.
Hence, if pi ∼ pj by γ i and pj ∼ pk by γ j then pi ∼ pk by γ j ◦ γ i .
Therefore, ’∼’ is transitive. Hence, maximally path connectedness relation ’∼’ is an
equivalence relation on [(Ui, φi) ∪ (Ui, φi)] ⊂ (M, τ , �, µR). �

Hence, this equivalence relation partitions the measurable domain (Ai ∪ Aj ∪ Ak) ∈
Ak(M) into disjoint equivalence classes. Then (M, τ , �, µR)/∼ is a Quotient Radon
measure Manifold denoted by (M, τ , �, µR).

Theorem 3.3.3 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be metrizable Radon mea-
sure manifolds. Then maximal path connectedness property is invariant under a C∞ mea-
surable homeomorphism and Radon measure structure-invariant mapF : (M1, τ 1, �1, µR1

) −→
(M2, τ 2, �2, µR2

).

Proof. Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be metrizable Radon measure man-
ifolds.
Let the maximal path connectedness property, say, P9 holds µR3

− a.e., on Radon mea-
sure atlases A1 ⊂ (Ai ∪ Aj ∪ Ak) ⊂ (M1, τ 1, �1, µR1

) and A2 ⊂ (Al ∪ Am ∪ An)

⊂ (M1, τ 1, �1, µR1
) where A1 = {pi, pj ∈ [p] ∈ (Ai ∪ Aj ∪ Ak): ∃ γ i ∈ [γ ]: pi

is maximally path connected to pj by γ i ∈ G}, µR1
(A1) > 0 and A2 = {qi, qj ∈

[p] ∈ (Ai ∪ Aj ∪ Ak): ∃ γ i ∈ [γ ]: qi is maximally path connected to qj by γ i ∈ G},
µR1

(A2) > 0.
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According to Radon measure structure condition [definition 2.1.1], we say that A1 ∼ A2
if and only if µR1

(A1) = µR1
(A2).

We show that if P9 holds µR1
−a.e., on A1, A2 ⊂ (M1, τ 1, �1, µR1

) then P9 also holds
µR2

− a.e., on F(A1), F(A2) ⊂ (M2, τ 2, �2, µR2
).

Now if F : (M1, τ 1, �1, µR1
) −→ (M2, τ 2, �2, µR2

) is C∞ measurable homeo-
morphism and Radon measure structure - invariant map, then for every A1, A2 ⊂
(M1, τ 1, �1, µR1

),
µR1

(A1) > 0, µR1
(A2) > 0, ∃ F(A1), F(A2) ⊂ (M2, τ 2, �2, µR2

), µR2
(F (A1)) > 0,

µR2
(F (A2)) > 0 : A1 ∼ A2 implies F(A1) ∼ F(A2) with Radon measure structure

condition
µR1

(A1) = µR1
(A2) implies µR2

(F (A1)) = µR2
(F (A2)) according to definition 2.1.1.

Therefore, from (1), (2) and (3), if maximal path connectedness property holds µR1
−a.e.,

on (M1, τ 1, �1, µR1) then it also holds µR3
− a.e., on (M3, τ 3, �3, µR3). �

Theorem 3.3.4 Let (M1, τ 1, �1, µR1), (M2, τ 2, �2, µR2) and (M3, τ 3, �3, µR3) be
metrizable Radon measure manifolds andF : (M1, τ 1, �1, µR1) −→ (M2, τ 2, �2, µR2)

and G : (M2, τ 2, �2, µR2) −→ (M3, τ 3, �3, µR3) be C∞ measurable homeomorphism
and Radon
measure structure-invariant maps. Then maximal path connectedness property is invari-
ant under the composition map G ◦ F : (M1, τ 1, �1, µR1) −→ (M3, τ 3, �3, µR3).

Proof. Let (M1, τ 1, �1, µR1), (M2, τ 2, �2, µR2) and (M3, τ 3, �3, µR3) be metrizable
Radon measure manifolds.
Let F : (M1, τ 1, �1, µR1) −→ (M2, τ 2, �2, µR2) and G : (M2, τ 2, �2, µR2) −→
(M3, τ 3, �3, µR3) be C∞ measurable homeomorphisms and Radon measure structure-
invariant maps.
We show that if maximal path connectedness property, say, P9 holds µR1

−a.e., on Radon
measure atlases A1 ⊂ (Ai ∪Aj ∪Ak), A2 ⊂ (Al ∪Am ∪An) ⊂ (M1, τ 1, �1, µR1

) then
P9 also holds µR3

− a.e., on (M3, τ 3, �3, µR3
) under measurable homeomorphism and

Radon measure structure-invariant map G ◦ F .
Let the maximal path connectedness property P9 holds µR1

− a.e., on Radon measure
atlases A1 ⊂ (Ai ∪ Aj ∪ Ak) ⊂ (M1, τ 1, �1, µR1

) and A2 ⊂ (Al ∪ Am ∪ An) ⊂
(M1, τ 1, �1, µR1

) where (Ai ∪ Aj ∪ Ak) and (Al ∪ Am ∪ An) are Quotient Radon
measure atlases:
A1 ∼ A2 if and only if µR1

A1) = µR1
(A2) by definition 2.1.1.

By above theorem 3.3.3, if F : (M1, τ 1, �1, µR1
) −→ (M2, τ 2, �2, µR2

) is C∞ mea-
surable homeomorphism and Radon measure structure - invariant map, then for every
A1, A2 ⊂ (M1, τ 1, �1, µR1

), µR1
(A1) > 0, µR1

(A2) > 0, there exists F(A1), F(A2)

⊂ (M2, τ 2, �2, µR2
), µR2

(F (A1)) > 0, µR2
(F (A2)) > 0:

A1 ∼ A2 implies F(A1) ∼ F(A2) with Radon measure structure condition:
µR1

(A1) = µR1
(A2) implies µR2

(F (A1)) = µR2
(F (A2)) according to definition 2.1.2.

(1)
Similarly, we show that under G : (M2, τ 2, �2, µR2) −→ (M3, τ 3, �3, µR3), if P9
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holds µR2
−a.e., on the non-empty Borel sets F(A1) ⊂ F(Ai ∪Aj ∪Ak) and F(A2) ⊂

F(Al ∪Am∪An) on (M2, τ 2, �2, µR2) then P9 also holds µR3
−a.e., on the non-empty

Borel sets (G◦F)(A1)⊂ (G◦F)(Ai∪Aj∪Ak) and (G◦F)(A2)⊂ (G◦F)(Al∪Am∪An)

on (M3, τ 3, �3, µR3) where,
(G◦F(A1)) = {G◦F(pi)), G◦F(pj )) ∈ [p] ∈ G◦F(Ai ∪Aj ∪Ak) :∃ G◦F(γ i)) ∈
G ◦ F([γ ]) : G ◦ F(pi) is maximally path connected to G ◦ F(pj ) by G ◦ F(γ i) ∈
G ◦ F(G)} where µR3

(G ◦ F(A1)) > 0 and (G ◦ F(A2)) = {G ◦ F(qi), G ◦ F(qj ) ∈
[p] ∈ G ◦ F(Al ∪ Am ∪ An) :∃ G ◦ F(γ i) ∈ G ◦ F([γ ]) : G ◦ F(qi) is maximally path
connected to G ◦ F(qj ) by G ◦ F(γ i)) ∈ G ◦ F(G)} where µR3

(G ◦ F(A2)) > 0 on
(M3, τ 3, �3, µR3

):
F(A1) ∼ F(A2) implies (G◦F)(A1) ∼ (G◦F)(A2) with the Radon measure condition:
µR2

(F (A1)) = µR2
(F (A2) implies µR3

(G ◦ F(A1)) = µR3
(G ◦ F(A2))

according to definition 2.1.2. (2)
This implies under G ◦ F : (M1, τ 1, �1, µR1) −→ (M3, τ 3, �3, µR3), if P9 holds
µR3

− a.e., on A1, A2 ⊂ (M1, τ 1, �1, µR1
) then P9 also holds µR3

− a.e., on (G ◦
F(A1)), (G ◦ F(A2)) ⊂ (M3, τ 3, �3, µR3

):
A1 ∼ A2 implies (G ◦ F(A1)) ∼ (G ◦ F(A2)) with the Radon measure condition:
µR1

(A1) = µR1
(A2) implies µR3

(G◦F(A1)) = µR3
(G◦F(A2)). (3)

This implies maximal path connectedness property holdsµR3
−a.e.,on (M3, τ 3, �3, µR3).

�

Corollary 3.3.5 Let M1, . . . , Mn be metrizable Radon measure manifolds. If F1 :
M1 −→ M2,...,Fn : Mn−1 −→ Mn are measurable homeomorphism and Radon measure
structure-invariant maps, then, if maximal path connectedness property holds µR3

−a.e.,

on M1 then it also holds µRn
− a.e., on Mn under composition maps.

Remark 3.3.6 Using the above results, one can generate a new class of maximally path
connected Quotient Radon measure manifold (�, (G, ◦)) where � = {M1×M2×...×
Mn} which is closed under the group action (G, ◦) = {F1, F2, ..., Fn} of C∞ measurable
homeomorphisms and Radon measure-invariant maps and S. C. P. Halakatti constructs
different categories of Quotient Radon measure manifolds on different patterns of charts
in the next section.

Definition 3.3.7 Quotient Radon measure Manifold
Let (M, τ , �, µR) ⊆ {∪i∈IAi} be a metrizable Radon measure manifold and (Ui, φi)

and Ai (where i ∈ I ) are Quotient Radon measure charts and Quotient Radon mea-
sure atlas respectively. If (M, τ , �, µR) admits the local, internal and maximal path
connectedness relations under the measurable C∞ canonical surjective projection map
q : (M, τ , �, µR) −→ (M, τ , �, µR)/∼ such that for all (Ui, φi) ∈ (M, τ , �, µR)/∼,
q−1(Ui, φi) ∈ (M, τ , �, µR) where the quotient topology is defined as :
τM = {(Ui, φi) ∈ (M, τ , �, µR) : q−1(Ui, φi) ∈ (M, τ , �, µR); ∀ i ∈ I }. Then
(M, τ , �, µR) is said to be a Quotient Radon measure Manifold.
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4. Proposed method to construct different categories of Quotient
Radon measure Manifolds

In the following analysis, the first author develops different categories of Quotient Radon
measure Manifolds (M, τ , �, µR) based on six different patterns of measurable charts
and measurable atlases.

Now using different patterns of locally path connected Quotient Radon measure
charts and Quotient Radon measure atlases, different categories of Quotient Radon
measure manifolds are generated, where all the six properties like extended compact-
ness, extended Lindelof, extended countably compactness, extended semi-compactness,
extended semi-Lindelof and extended semi-countably compactness properties remain
invariant under measurable homeomorphism and Radon measure structure - invariant
map F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) where (M1, τ 1, �1, µR1

) and
(M2, τ 2, �2, µR2

) are Quotient Radon measure manifolds.

4.1. Compact Quotient Radon measure Manifold

Let (M, τ , �, µR)be a Quotient Radon measure manifold. LetAk(M)⊆ (M, τ , �, µR).
For every Borel cover, say, {∪i∈IAi} i.e., Ak(M) ⊆ {∪i∈IAi} Ak(M) i.e., Ak(M) ⊆
{∪i∈IAi}, if ∃ a finite Borel sub cover, say, {∪n

j=1(Uij , Aij )} for j ∈ J , J ⊂ I , such that

Ak(M) ⊆ {∪n
j=1(Uij , Aij )}, then (M, τ , �, µR) such that Ak(M) ⊆ (M, τ , �, µR)

satisfying the Radon measure conditions (1.2.5) and (1.2.6) is called a Compact Quo-
tient Radon measure manifold.

Note 4.1.1 Let A = {(Ui, φi) : ∀ i ∈ I : (Ui, φi) ⊂ Ai ⊂ (M, τ , �, µR) are measurable
compact Quotient charts} where µR(A) > 0. If µR(A) = 0 then A represents the dark
region of Ak(M) ⊆ (M, τ , �, µR).

According to theorem 2.1.7, it has been shown that extended Heine Borel property
i.e., compactness property is invariant under measurable homeomorphism and Radon
measure structure - invariant map F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) where

(M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) are Radon measure manifolds.
Also, according to theorems 3.1.3, 3.2.2 and 3.3.3, it has been shown that local,

internal and maximal path connectedness properties remain invariant under measurable
homeomorphism and Radon measure structure - invariant map F : (M1, τ 1, �1, µR1

)

−→ (M2, τ 2, �2, µR2
) where (M1, τ 1, �1, µR1

) and (M2, τ 2, �2, µR2
) are Quotient

Radon measure manifolds. Then the Radon measure charts and Radon measure at-
lases becomes Quotient Radon measure charts and Quotient Radon measure atlases
and since (M, τ , �, µR) is covered by Quotient Radon measure atlases {∪i∈IAi} i.e.,
(M, τ , �, µR) ⊆ {∪i∈IAi}, then (M, τ , �, µR) under the measurable C∞ canonical
surjective projection map
q : (M, τ , �, µR) −→ (M, τ , �, µR)/∼ such that for all (Ui, φi) ∈ (M, τ , �, µR)/∼,
q−1(Ui, φi) ∈ (M, τ , �, µR) where the quotient topology is defined as:
τM = {(Ui, φi) ∈ (M, τ , �, µR) : q−1(Ui, φi) ∈ (M, τ , �, µR); ∀ i ∈ I }. Hence
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they generate Quotient Radon measure manifold (M, τ , �, µR).
Now, we prove that extended compactness property remains invariant under measur-

able homeomorphism and Radon measure structure - invariant mapF : (M1, τ 1, �1, µR1
)

−→ (M2, τ 2, �2, µR2
) where (M1, τ 1, �1, µR1

) and (M2, τ 2, �2, µR2
) are Quotient

Radon measure manifolds.

Theorem 4.1.2 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Quotient Radon mea-
sure manifolds. Then if extended compactness property holdsµR1

−a.e.,on (M1, τ 1, �1, µR1
)

then the property also holds µR2
− a.e., on (M2, τ 2, �2, µR2

) under measurable home-
omorphism and Radon measure structure - invariant map F : (M1, τ 1, �1, µR1

) −→
(M2, τ 2, �2,

µR2
).

Proof. Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Quotient Radon measure man-
ifolds and F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomor-

phism and Radon measure structure - invariant map.
We show that if extended compactness property sayP1 holdsµR1

−a.e.,on (M1, τ 1, �1, µR1
)

then P1 also holds µR2
− a.e., on (M2, τ 2, �2, µR2

).
Since S. C. P. Halakatti has proved that the extended Heine Borel property holds µR3

−
a.e., on (M1, τ 1, �1, µR1

) then it also holds µR2
− a.e., on (M2, τ 2, �2, µR2

) un-
der measurable homeomorphism and Radon measure structure - invariant map F :
(M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
)where (M1, τ 1, �1, µR1

) and (M2, τ 2, �2, µR2
)

are Radon measure manifolds.
That is, if for any two Radon measure atlases A1, A2 ∈ Ak(M1) ⊂ (M1, τ 1, �1, µR1

)

∃ F(A1), F(A2) ∈ Ak(M2) ⊂ (M2, τ 1, �1, µR2
):

A1 ∼ A2 implies F(A1) ∼ F(A2) with Radon measure structure condition:
µR1

(A1) = µR1
(A2) implies µR2

(F (A1)) = µR2
(F (A2)) according to definition 2.1.1.

(1)
According to theorems 3.1.3, 3.2.2 and 3.3.3, local, internal and maximal path con-
nectedness properties remain invariant under measurable homeomorphism and Radon
measure structure - invariant map F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) where

(M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) are Radon measure manifolds. Then the Radon
measure charts and Radon measure atlases becomes Quotient Radon measure charts
and Quotient Radon measure atlases and since (M, τ , �, µR) is covered by Quotient
Radon measure atlases {∪i∈IAi} i.e., (M, τ , �, µR) ⊆ {∪i∈IAi}, then (M, τ , �, µR)

under the measurable C∞ canonical surjective projection map q : (M, τ , �, µR) −→
(M, τ , �, µR)/∼ such that for all (Ui, φi) ∈ (M, τ , �, µR)/∼, q−1(Ui, φi) ∈ (M, τ , �, µR)

where the quotient topology is defined as :
τM = {(Ui, φi) ∈ (M, τ , �, µR) : q−1(Ui, φi) ∈ (M, τ , �, µR); ∀ i ∈ I }. Hence
they generate Quotient Radon measure manifold (M, τ , �, µR).
Therefore, if for any two Quotient Radon measure atlases A1, A2 ∈Ak(M1)⊂ (M1, τ 1,

�1, µR1
) ∃ F(A1), F(A2) ∈ Ak(M2) ⊂ (M2, τ 1, �1, µR2

):
A1 ∼ A2 implies F(A1) ∼ F(A2) with Radon measure structure condition:
µR1

(A1) = µR1
(A2) implies µR2

(F (A1)) = µR2
(F (A2)) according to definition 2.1.1.
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(2).
This implies, since local, internal and maximal path connectedness properties holds
µR3

−a.e., on A1, A2 ⊂ (M1, τ 1, �1, µR1
) then this property also holds µR2

−a.e., on
F(A1), F(A2) ⊂ (M2, τ 2, �2, µR2

) where (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

)

are Quotient Radon measure manifolds.
Therefore, from (1) and (2), if extended compactness property holds µR1

− a.e., on
(M1, τ 1, �1, µR1

) then it also holds µR2
−a.e., on (M2, τ 2, �2, µR2

) under measurable
homeomorphism and Radon measure structure - invariant map where (M1, τ 1, �1, µR1

)

and (M2, τ 2, �2, µR2
) are Quotient Radon measure manifolds. �

Theorem 4.1.3 Let (M1, τ 1, �1, µR1
), (M2, τ 2, �2, µR2

) and (M3, τ 3, �3, µR3
) be

Quotient Radon measure manifolds. LetF : (M1, τ 1, �1, µR1
) −→ (M2, τ 2, �2, µR2

)

and G : (M2, τ 2, �2, µR2
) −→ (M3, τ 3, �3, µR3

) be C∞ measurable homeomor-
phisms and Radon measure structure - invariant maps. Then if extended compactness
property holds µR1

−a.e., on (M1, τ 1, �1, µR1
then the property also holds µR3

−a.e.,

on (M3, τ 3, �3, µR3
) under the composition mapping G ◦ F : (M1, τ 1, �1, µR1

) −→
(M3, τ 3, �3, µR3

).

Proof. Let (M1, τ 1, �1, µR1), (M2, τ 2, �2, µR2) and (M3, τ 3, �3, µR3) be Quotient
Radon measure manifolds.
We show that if extended compactness property, say, P1 holdsµR1

−a.e.,on (M1, τ 1, �1, µR1
)

then P1 also holds µR3
− a.e., on (M3, τ 2, �2, µR2

).
From theorem 4.1.2, if extended compactness property say P10 holds µR1

− a.e., on
(M1, τ 1,

�1, µR1) then P1 also holds µR2
− a.e., on (M2, τ 2, �2, µR2):

That is, if for any two Quotient Radon measure atlasesA1, A2 ∈Ak(M1)⊂ (M1, τ 1, �1, µR1
)

∃ F(A1), F(A2) ∈ Ak(M2) ⊂ (M2, τ 1, �1, µR2
):

A1 ∼ A2 implies F(A1) ∼ F(A2) with Radon measure structure condition:
µR1

(A1) = µR1
(A2) implies µR2

(F (A1)) = µR2
(F (A2)) according to definition 2.1.1.

(1)
Similarly, since G : (M2, τ 2, �2, µR2

) −→ (M3, τ 3, �3, µR3
) is C∞ measurable

homeomorphisms and Radon measure structure - invariant map, if for any two Quotient
Radon measure atlases F(A2) ⊂ (M2, τ 2, �2, µR2

) ∃ (G ◦ F)(A1), (G ◦ F)(A2) ⊂
(M3, τ 3, �3, µR3

) with Radon measure structure condition
µR2

(F (A1))=µR2
(F (A2)) impliesµR3

((G◦F)(A1))=µR3
((G◦F)(A2)) (2)

This implies under G◦F : (M1, τ 1, �1, µR1
) −→ (M3, τ 3, �3, µR3

), ifP1 holdsµR1
−

a.e., on A1, A2 ⊂ (M1, τ 1, �1, µR1) then P1 also holds µR3
− a.e., on (G ◦ F)(A1),

(G ◦ F)(A2) ⊂ (M3, τ 3, �3, µR3
):

A1 ∼ A2 implies F(A1) ∼ F(A2) with Radon measure structure condition
µR1

(A1) = µR1
(A2) implies µR3

(G◦F(A1)) = µR3
(G◦F(A2)) (3)

according to definition 2.1.1. Therefore, from (1), (2) and (3), if extended compactness
property holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then it also holds µR3

− a.e., on
(M3, τ 3, �3, µR3) under measurable homeomorphism and Radon measure structure -
invariant mapG◦F : (M1, τ 1, �1, µR1

) −→ (M3, τ 3, �3, µR3
)where (M1, τ 1, �1, µR1

),
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(M2, τ 2, �2, µR2) and (M3, τ 3, �3, µR3) are Quotient Radon measure manifolds. �

Remark 4.1.4 By using above method, one can show that the extended compactness
property remains invariant µR − a.e., on the non-empty set of Quotient Radon measure
manifolds MR1, MR2, ...,MRn

under the composition of functions F1 : MR1 −→
MR2, F2 : MR2 −→ MR3, ..., Fn : Mn−1 −→ MRn

and by using this, one can
generate a new category of compact Quotient Radon measure manifold (�, (G, ◦))

where � = {M1 × M2 × ... × Mn} which is closed under the group action (G, ◦) =
{F1, F2, ..., Fn} of C∞ measurable homeomorphisms and Radon measure structure-
invariant maps.

4.2. Lindelof Quotient Radon measure Manifold

Let (M, τ , �, µR)be a Quotient Radon measure manifold. LetAk(M)⊆ (M, τ , �, µR).
For every Borel cover, say, {∪i∈IAi} i.e., Ak(M) ⊆ {∪i∈IAi}, if ∃ a countable Borel
sub cover, say, {∪∞

j=1(Aij } such that Ak(M) ⊆ {∪∞
j=1Aij } for j ∈ J , J ⊂ I , then

(M, τ , �, µR) such that Ak(M) ⊆ (M, τ , �, µR) satisfying the Radon measure con-
ditions (1.2.5) and (1.2.6) is called a Lindelof Quotient Radon measure manifold.

Note 4.2.1 Let A = {(Ui, φi) : ∀ i ∈ I :(Ui, φi) ⊂ Ai ⊂ (M, τ , �, µR) are measurable
Lindelof Quotient charts} where µR(A) > 0. If µR(A) = 0 then A represents the dark
region of Ak(M) ⊆ (M, τ , �, µR).

According to theorem 2.2.5, it has been shown that extended Lindelof property
is invariant under measurable homeomorphism and Radon measure structure - invari-
ant map F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) where (M1, τ 1, �1, µR1

) and
(M2, τ 2, �2, µR2

) are Radon measure manifolds.
Now, we prove that extended Lindelof property remains invariant measurable home-

omorphism and Radon measure structure - invariant map F : (M1, τ 1, �1,

µR1
)−→ (M2, τ 2, �2, µR2

) where (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) are Quo-
tient Radon measure manifolds.

Theorem 4.2.2 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Quotient Radon mea-
sure manifolds. Then if extended Lindelof property holdsµR1

−a.e.,on (M1, τ 1, �1, µR1
)

then the property also holds µR2
− a.e., on (M2, τ 2, �2, µR2

) under measurable home-
omorphism and Radon measure structure - invariant map F : (M1, τ 1, �1, µR1

) −→
(M2, τ 2, �2, µR2

).

Proof. Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Quotient Radon measure man-
ifolds and F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) be measurable homeomor-

phism and Radon measure structure - invariant map.
We show that if extended Lindelof property sayP2 holdsµR1

−a.e.,on (M1, τ 1, �1, µR1
)

then P2 also holds µR2
− a.e., on (M2, τ 2, �2, µR2

).
Since S. C. P. Halakatti has proved that the extended Lindelof property holds µR1

−
a.e., on (M1, τ 1, �1, µR1

) then it also holds µR2
− a.e., on (M2, τ 2, �2, µR2

) un-
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der measurable homeomorphism and Radon measure structure - invariant map F :
(M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
).

That is, if for any two Lindelof Radon measure atlasesA1, A2 ∈Ak(M1)⊂ (M1, τ 1, �1, µR1
)

∃ F(A1), F(A2) ∈ Ak(M2) ⊂ (M2, τ 1, �1, µR2
):

A1 ∼ A2 implies F(A1) ∼ F(A2) with Radon measure structure condition:
µR1

(A1) = µR1
(A2) implies µR2

(F (A1)) = µR2
(F (A2)) according to definition 2.1.1.

(1)
According to theorems 3.1.3, 3.2.2 and 3.3.3, local, internal and maximal path con-
nectedness properties remain invariant under measurable homeomorphism and Radon
measure structure - invariant map F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) where

(M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) are Radon measure manifolds. Then the Radon
measure charts and Radon measure atlases becomes Quotient Radon measure charts
and Quotient Radon measure atlases and since (M, τ , �, µR) is covered by Quotient
Radon measure atlases {∪i∈IAi} i.e., (M, τ , �, µR) ⊆ {∪i∈IAi}, then (M, τ , �, µR)

under the measurable C∞ canonical surjective projection map q : (M, τ , �, µR) −→
(M, τ , �, µR)/∼ such that for all (Ui, φi) ∈ (M, τ , �, µR)/∼, q−1(Ui, φi) ∈ (M, τ , �, µR)

where the quotient topology is defined as :
τM = {(Ui, φi) ∈ (M, τ , �, µR) : q−1(Ui, φi) ∈ (M, τ , �, µR); ∀ i ∈ I }. Hence
they generate Quotient Radon measure manifold (M, τ , �, µR).
Therefore, if for any two Quotient Radon measure atlasesA1, A2 ∈Ak(M1)⊂ (M1, τ 1, �1,

µR1
) ∃ F(A1), F(A2) ∈ Ak(M2) ⊂ (M2, τ 1, �1, µR2

):
A1 ∼ A2 implies F(A1) ∼ F(A2) with Radon measure structure condition:
µR1

(A1) = µR1
(A2) implies µR2

(F (A1)) = µR2
(F (A2)) according to definition 2.1.1.

(2)
This implies, since local, internal and maximal path connectedness properties holds µR1

on A1, A2 then these properties also holds µR2
on Quotient Radon measure manifolds.

Therefore, from (1) and (2), if extended Lindelof property holdsµR1
−a.e.,on (M1, τ 1, �1,

µR1
) then it also holds µR2

− a.e., on (M2, τ 2, �2, µR2
) under measurable homeo-

morphism and Radon measure structure - invariant map where (M1, τ 1, �1, µR1
) and

(M2, τ 2, �2, µR2
) are Quotient Radon measure manifolds. �

Theorem 4.2.3 Let (M1, τ 1, �1, µR1
), (M2, τ 2, �2, µR2

) and (M3, τ 3, �3, µR3
) be

Quotient Radon measure manifolds. LetF : (M1, τ 1, �1, µR1
) −→ (M2, τ 2, �2, µR2

)

and G : (M2, τ 2, �2, µR2
) −→ (M3, τ 3, �3, µR3

) be C∞ measurable homeomor-
phisms and Radon measure structure - invariant maps. Then if extended Lindelof prop-
erty holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then the property also holds µR3

− a.e.,

on (M3, τ 3, �3, µR3
) under the composition mapping G ◦ F : (M1, τ 1, �1, µR1

) −→
(M3, τ 3, �3, µR3

).

Proof. Let (M1, τ 1, �1, µR1), (M2, τ 2, �2, µR2) and (M3, τ 3, �3, µR3) be Quotient
Radon measure manifolds.
We show that if extended Lindelof property sayP2 holdsµR1

−a.e.,on (M1, τ 1, �1, µR1
)

then P2 also holds µR3
− a.e., on (M3, τ 2, �2, µR2

).
From theorem 4.1.2, if extended compactness property say P2 holds µR1

− a.e., on
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(M1, τ 1, �1,

µR1) then P2 also holds µR2
− a.e., on (M2, τ 2, �2, µR2):

That is, if for any two Quotient Radon measure atlasesA1, A2 ∈Ak(M1)⊂ (M1, τ 1, �1, µR1
)

∃ F(A1), F(A2) ∈ Ak(M2) ⊂ (M2, τ 1, �1, µR2
):

A1 ∼ A2 implies F(A1) ∼ F(A2) with Radon measure structure condition:
µR1

(A1) = µR1
(A2) implies µR2

(F (A1)) = µR2
(F (A2)) according to definition 2.1.1.

(1)
Similarly, since G : (M2, τ 2, �2, µR2

) −→ (M3, τ 3, �3, µR3
) is C∞ measurable

homeomorphisms and Radon measure structure - invariant map, if for ant two Quotient
Radon measure atlases F(A2) ⊂ (M2, τ 2, �2, µR2

) ∃ (G ◦ F)(A1), (G ◦ F)(A2) ⊂
(M3, τ 3, �3, µR3

) with Radon measure structure condition:
µR2

(F (A1)) = µR2
(F (A2)) implies µR3

((G◦F)(A1)) = µR3
((G◦F)(A2)) (2)

This implies underG◦F : (M1, τ 1, �1, µR1
) −→ (M3, τ 3, �3, µR3

), ifP2 holdsµR1
−

a.e., on A1, A2 ⊂ (M1, τ 1, �1, µR1) then P2 also holds µR3
− a.e., on (G ◦ F)(A1),

(G ◦ F)(A2) ⊂ (M3, τ 3, �3, µR3
):

A1 ∼ A2 implies F(A1) ∼ F(A2) with Radon measure structure condition
µR1

(A1) = µR1
(A2) implies µR3

(G◦F(A1)) = µR3
(G◦F(A2)) (3)

according to definition 2.1.1. Therefore, from (1), (2) and (3), if extended Lindelof
property holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then it also holds µR3

− a.e., on
(M3, τ 3, �3, µR3) under measurable homeomorphism and Radon measure structure -
invariant mapG◦F : (M1, τ 1, �1, µR1

) −→ (M3, τ 3, �3, µR3
)where (M1, τ 1, �1, µR1

),
(M2, τ 2, �2, µR2) and (M3, τ 3, �3, µR3) are Quotient Radon measure manifolds. �

Remark 4.2.4 By using above method, one can show that the extended Lindelof property
remains invariant µR−a.e., on the non-empty set of metrizable Quotient Radon measure
manifolds MR1, MR2, ...,MRn

under the composition of functions F1 : MR1 −→
MR2, F2 : MR2 −→ MR3, ..., Fn : MRn−1 −→ MRn

and by using this, one can
generate a new category of Lindelof Quotient Radon measure manifold (�, (G, ◦))

where � = {M1 × M2 × ... × Mn} which is closed under the group action (G, ◦) =
{F1, F2, ..., Fn} of C∞ measurable homeomorphisms and Radon measure structure-
invariant maps.

4.3. Countably compact Quotient Radon measure Manifold

Let (M, τ , �, µR)be a Quotient Radon measure manifold. LetAk(M)⊆ (M, τ , �, µR).
For every countable Borel cover, say, {∪i∈IAi} i.e., Ak(M) ⊆ {∪i∈IAi} Ak(M) i.e., if ∃
a finite Borel sub cover, say, {∪n

j=1Aij } such that Ak(M) ⊆ {∪n
j=1Aij } for j ∈ J , J ⊂ I ,

then (M, τ , �, µR) such that Ak(M) ⊆ (M, τ , �, µR) satisfying the textbfRadon mea-
sure conditions (1.2.5) and (1.2.6) is called a Countably compact Quotient Radon
measure manifold.

Note 4.3.1 Let A = {(Ui, φi) : ∀ i ∈ I : (Ui, φi) ⊂ Ai ⊂ (M1, τ 1, �1, µR1
) are

measurable countably compact Quotient charts} where µR(A) > 0. If µR(A) = 0 then
A represents the dark region of Ak(M) ⊆ (M, τ , �, µR).
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According to theorem 2.3.5, it has been shown that extended countable compactness
property is invariant under measurable homeomorphism and Radon measure structure -
invariant map F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) where (M1, τ 1, �1, µR1

)

and (M2, τ 2, �2, µR2
) are Radon measure manifolds.

Now, we prove that extended countable compactness property remains invariant
under measurable homeomorphism and Radon measure structure - invariant map F :
(M1, τ 1, �1, µR1

)−→ (M2, τ 2, �2, µR2
)where (M1, τ 1, �1, µR1

) and (M2, τ 2, �2, µR2
)

are Quotient Radon measure manifolds.

Theorem 4.3.2 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Quotient Radon mea-
sure manifolds. Then if extended countably compactness property holds µR1

− a.e., on
(M1, τ 1, �1,

µR1
) then the property also holds µR2

− a.e., on (M2, τ 2, �2, µR2
) under measurable

homeomorphism and Radon measure structure - invariant mapF : (M1, τ 1, �1, µR1
) −→

(M2, τ 2,

�2, µR2
).

Proof. Proof is similar to theorem 4.2.2. �

Theorem 4.3.3 Let (M1, τ 1, �1, µR1
), (M2, τ 2, �2, µR2

) and (M3, τ 3, �3, µR3
) be

Quotient Radon measure manifolds. LetF : (M1, τ 1, �1, µR1
) −→ (M2, τ 2, �2, µR2

)

and G : (M2, τ 2, �2, µR2
) −→ (M3, τ 3, �3, µR3

) be C∞ measurable homeomor-
phisms and Radon measure structure - invariant maps. Then if extended countable
compactness property holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then the property also

holds µR3
− a.e., on (M3, τ 3, �3, µR3

) under the composition mapping G ◦ F :
(M1, τ 1, �1, µR1

) −→ (M3, τ 3, �3, µR3
).

Proof. Proof is similar to theorem 4.2.3. �

Remark 4.3.4 By using above method, one can show that the countable compactness
property remains invariant µR − a.e., on the non-empty set of Quotient Radon measure
manifolds MR1, MR2, ...,MRn

under the composition of functions F1 : MR1 −→
MR2, F2 : MR2 −→ MR3, ..., Fn : Mn−1 −→ MRn

and by using this, one can
generate a new category of countably compact Quotient Radon measure manifold
(�, (G, ◦)) where � = {M1 × M2 × ... × Mn} which is closed under the group action
(G, ◦) = {F1, F2, ..., Fn} of C∞ measurable homeomorphisms and Radon measure-
invariant maps.

Definition 4.3.5 Measurable connected semi-open chart: Let (M, τ , �, µR) be a
Quotient Radon measure manifold. A connected measurable chart (Ui, φi) ∈ (M, τ , �, µR)

is said to be semi-open if (Ui, φi) ⊆ cl(int ((Ui, φi))

⇒ µ(Ui, φi) ≤ µ(cl(int ((Ui, φi))).
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4.4. Semi-Compact Quotient Radon measure Manifold

Let (M, τ , �, µR)be a Quotient Radon measure manifold. LetAk(M)⊆ (M, τ , �, µR).
For every Borel semi-open cover, say, {∪i∈IAi} i.e., Ak(M) ⊆ {∪i∈IAi}, if ∃ a fi-
nite Borel semi-open sub cover, say, {∪n

j=1Aij } for j ∈ J , J ⊂ I , such that Ak(M)

⊆ {∪n
j=1Aij }, then (M, τ , �, µR) such that Ak(M) ⊆ (M, τ , �, µR) satisfying the

Radon measure conditions (1.2.5) and (1.2.6) is called a Semi-compact Quotient
Radon measure manifold.

Note 4.4.1 Let A = {(Ui, φi): ∀ i ∈ I : (Ui, φi) ⊂ Ai ⊂ (M, τ , �, µR) are measurable
semi-compact Quotient charts} where µR(A) > 0. If µR(A) = 0 then A represents the
dark region of Ak(M) ⊆ (M, τ , �, µR).

According to theorem 2.4.5, it has been shown that extended semi-compactness
property is invariant under measurable homeomorphism and Radon measure structure -
invariant map F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) where (M1, τ 1, �1, µR1

)

and (M2, τ 2, �2, µR2
) are Radon measure manifolds.

Now, we prove that extended semi-compactness property which remains invari-
ant under C∞ measurable homeomorphism and Radon measure structure - invariant
map F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) where (M1, τ 1, �1, µR1

) and
(M2, τ 2, �2, µR2

) are Quotient Radon measure manifolds.

Theorem 4.4.2 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Quotient Radon mea-
sure manifolds. Then if extended semi-compactness property holds µR1

− a.e., on
(M1, τ 1, �1, µR1

) then the property also holds µR2
−a.e., on (M2, τ 2, �2, µR2

) under
measurable homeomorphism and Radon measure structure - invariant map
F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
).

Proof. Proof is similar to theorem 4.2.2. �

Theorem 4.4.3 Let (M1, τ 1, �1, µR1
), (M2, τ 2, �2, µR2

) and (M3, τ 3, �3, µR3
) be

Quotient Radon measure manifolds. LetF : (M1, τ 1, �1, µR1
) −→ (M2, τ 2, �2, µR2

)

and G : (M2, τ 2, �2, µR2
) −→ (M3, τ 3, �3, µR3

) be C∞ measurable homeomor-
phisms and Radon measure structure - invariant maps. Then if extended semi-compactness
property holds µR1

−a.e., on (M1, τ 1, �1, µR1
) then the property also holds µR3

−a.e.,

on (M3, τ 3, �3, µR3
) under the composition mapping G ◦ F : (M1, τ 1, �1, µR1

) −→
(M3, τ 3, �3, µR3

).

Proof. Proof is similar to theorem 4.2.3. �

Remark 4.4.4 By using above method, one can show that the extended semi-compact
property remains invariant µR − a.e., on the non-empty set of metrizable Quotient
Radon measure manifold MR1, MR2, ...,MRn

under the composition of functions F1 :
MR1 −→ MR2, F2 : MR2 −→ MR3, ..., Fn : MRn−1 −→ MRn

and by using this,
one can generate a new category of semi-compact Quotient Radon measure manifold
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(�, (G, ◦)) where � = {M1 × M2 × ... × Mn} which is closed under the group action
(G, ◦) = {F1, F2, ..., Fn} of C∞ measurable homeomorphisms and Radon measure
structure-invariant maps.

4.5. Semi-Lindelof Quotient Radon measure Manifold

Let (M, τ , �, µR)be a Quotient Radon measure manifold. LetAk(M)⊆ (M, τ , �, µR).
For every Borel semi-open cover, say, {∪i∈IAi} i.e., Ak(M) ⊆ {∪i∈IAi}, if ∃ a countable
Borel semi-open sub cover, say, {∪∞

j=1Aij } such that Ak(M) ⊆ {∪∞
j=1Aij } for j ∈ J ,

J ⊂ I , then (M, τ , �, µR) such that Ak(M) ⊆ (M, τ , �, µR) satisfying the Radon
measure conditions (1.2.5) and (1.2.6) is called a Semi-Lindelof Quotient Radon
measure manifold.

Note 4.5.1 Let A = {(Ui, φi):∀ i ∈ I :(Ui, φi) ⊂ Ai ⊂ (M, τ , �, µR) are measurable
semi-Lindelof Quotient charts} where µR(A) > 0. If µR(A) = 0 then A represents the
dark region of (M, τ , �, µR).

According to theorem 2.5.6, it has been shown that extended semi-Lindelof property
is invariant under measurable homeomorphism and Radon measure structure - invari-
ant map F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) where (M1, τ 1, �1, µR1

) and
(M2, τ 2, �2, µR2

) are Radon measure manifolds.
Now, we prove that extended semi-Lindelof property remains invariant under measur-

able homeomorphism and Radon measure structure - invariant mapF : (M1, τ 1, �1, µR1
)

−→ (M2, τ 2, �2, µR2
) where (M1, τ 1, �1, µR1

) and (M2, τ 2, �2, µR2
) are Quotient

Radon measure manifolds.

Theorem 4.5.2 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Quotient Radon mea-
sure manifolds. Then if extended semi-Lindelof property holdsµR1

−a.e.,on (M1, τ 1, �1, µR1
)

then the property also holds µR2
− a.e., on (M2, τ 2, �2, µR2

) under measurable home-
omorphism and Radon measure structure - invariant map F : (M1, τ 1, �1, µR1

) −→
(M2, τ 2, �2,

µR2
).

Proof. Proof is similar to theorem 4.2.2. �

Theorem 4.5.3 Let (M1, τ 1, �1, µR1
), (M2, τ 2, �2, µR2

) and (M3, τ 3, �3, µR3
) be

Quotient Radon measure manifolds. LetF : (M1, τ 1, �1, µR1
) −→ (M2, τ 2, �2, µR2

)

and G : (M2, τ 2, �2, µR2
) −→ (M3, τ 3, �3, µR3

) be C∞ measurable homeomor-
phisms and Radon measure structure - invariant maps. Then if extended semi-Lindelof
property holds µR1

−a.e., on (M1, τ 1, �1, µR1
) then the property also holds µR3

−a.e.,

on (M3, τ 3, �3, µR3
) under the composition mapping G ◦ F : (M1, τ 1, �1, µR1

) −→
(M3, τ 3, �3, µR3

).

Proof. Proof is similar to theorem 4.2.3. �

Remark 4.5.4 By using above method, one can show that the semi-Lindelof property
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remains invariant µR−a.e., on the non-empty set of metrizable Quotient Radon measure
manifold MR1, MR2, ...,MRn

under the composition of functions F1 : MR1 −→
MR2, F2 : MR2 −→ MR3, ..., Fn : Mn−1 −→ MRn

and by using this one can
generate a new category of Semi-Lindelof Quotient Radon measure manifolds under
the group action G = {F1, ..., Fn} of C∞ measurable homeomorphisms and Radon
measure structure - invariant maps.

4.6. Semi-countably compact Quotient Radon measure Manifold

Let (M, τ , �, µR)be a Quotient Radon measure manifold. LetAk(M)⊆ (M, τ , �, µR).
For every countable Borel semi-open cover, say, {∪i∈IAi} i.e., Ak(M) ⊆ {∪i∈IAi}, if
∃ a finite Borel semi-open sub cover, say, {∪n

j=1Aij } for j ∈ J , J ⊂ I such that Ak(M)

⊆ {∪n
j=1Aij }, then (M, τ , �, µR) such that Ak(M) ⊆ (M, τ , �, µR) satisfying the

Radon measure conditions (1.2.5) and (1.2.6) is called a Semi-countably compact
Quotient Radon measure manifold.

Note 4.6.1 Let A = {(Ui, φi) : ∀ i ∈ I : (Ui, φi) ⊂ Ai ⊂ (M1, τ 1, �1, µR1
) are

measurable semi-countably compact Quotient charts} where µR(A) > 0. If µR(A) = 0
then A represents the dark region of Ak(M) ⊆ (M, τ , �, µR).

According to theorem 2.6.5, it has been shown that extended semi-countable compact-
ness property is invariant under measurable homeomorphism and Radon measure struc-
ture - invariant mapF : (M1, τ 1, �1, µR1

)−→ (M2, τ 2, �2, µR2
)where (M1, τ 1, �1, µR1

)

and (M2, τ 2, �2, µR2
) are Radon measure manifolds.

Now, we prove that extended semi-countable compactness property remains in-
variant under measurable homeomorphism and Radon measure structure - invariant
map F : (M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
) where (M1, τ 1, �1, µR1

) and
(M2, τ 2, �2, µR2

) are Quotient Radon measure manifolds.

Theorem 4.6.2 Let (M1, τ 1, �1, µR1
) and (M2, τ 2, �2, µR2

) be Quotient Radon mea-
sure manifolds. Then if extended semi-countable compactness property holds µR1

−a.e.,

on (M1, τ 1, �1, µR1
) then the property also holds µR2

− a.e., on (M2, τ 2, �2, µR2
)

under measurable homeomorphism and Radon measure structure - invariant map F :
(M1, τ 1, �1, µR1

) −→ (M2, τ 2, �2, µR2
).

Proof. Proof is similar to theorem 4.2.2. �

Theorem 4.6.3 Let (M1, τ 1, �1, µR1
), (M2, τ 2, �2, µR2

) and (M3, τ 3, �3, µR3
) be

Quotient Radon measure manifolds. LetF : (M1, τ 1, �1, µR1
) −→ (M2, τ 2, �2, µR2

)

and G : (M2, τ 2, �2, µR2
) −→ (M3, τ 3, �3, µR3

) be C∞ measurable homeomor-
phisms and Radon measure structure - invariant maps. Then if extended semi-countable
compactness property holds µR1

− a.e., on (M1, τ 1, �1, µR1
) then the property also

holds µR3
− a.e., on (M3, τ 3, �3, µR3

) under the composition mapping G ◦ F :
(M1, τ 1, �1, µR1

) −→ (M3, τ 3, �3, µR3
).

Proof. Proof is similar to theorem 4.2.3. �
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Remark 4.6.4 By using above method, one can show that the semi-countable compact-
ness property remains invariant µR − a.e., on the non-empty set of metrizable Quo-
tient Radon measure manifold MR1, MR2, ...,MRn

under the composition of functions
F1 : MR1 −→ MR2, F2 : MR2 −→ MR3, ..., Fn : Mn−1 −→ MRn

and by using
this, one can generate a new category of semi-countably compact Quotient Radon
measure manifold (�, (G, ◦)) where � = {M1 × M2 × ... × Mn} which is closed
under the group action (G, ◦) = {F1, F2, ..., Fn} of C∞ measurable homeomorphisms
and Radon measure structure-invariant maps.

In the following we examplify the compact Quotient Radon measure manifold as
follows:

Example 4.6.5 A collection of k − cells ∈ (Rk, τ , �, µR) forms a compact connected
Lebesgue measure manifold.

Solution: Let (Rk, τ , �, µR) be a compact connected Radon measure manifold, then
[ak, bk], a compact and connected subset of (Rk, τ , �, µR) is a k−cell in (Rk, τ , �, µR).
Case (i): For k = 1, [a1, b1] a compact connected 1−cell in (R1, τ , �, µR), is Lebesgue
measurable where the Lebesgue measure λ of [a1, b1] is (b1 −a1) - the length of [a1, b1].
Case (ii): For k = 2, [a2, b2] a connected compact 2−cell in (R2, τ , �, µR) is Lebesgue
measurable, where the Lebesgue measure λ of [a2, b2] is λ([a1, b1] × [a2, b2]),
i.e., ([b1−a1]×[b2−a2]) = area of a 2−cell in (R2, τ , �, µR) is Lebesgue measurable.

Case (iii): For k = 3, [a3, b3] a compact connected 3 − cell in (R3, τ , �, µR) is
Lebesgue measurable, where the Lebesgue measure of [a3, b3] in (R3, τ , �, µR) is
λ([a1, b1]×[a2, b2]×[a3, b3]) = volume of a 3-cell, i.e., ([b1−a1]×[b2−a2]×[b3−a3])
= volume of a 3 − cell in (R3, τ , �, µR) is Lebesgue measurable.

Continuing for k = 1, 2, ..., n, we show that any k − cell in (Rk, τ , �, µR) is com-
pact and connected Lebesgue measure manifold. Since (Rk, τ , �, µR) is maximally path
connected and is an equivalence relation that partitions the entire (Rk, τ , �, µR) into
disjoint k − cells such that (Rk, τ , �, µR) is covered by countable number of k − cells.
i.e., (Rk, τ , �, µR) ⊆ {∪k∈I [ak, bk]}, ∀ k = 1, 2, ..., n.
If (Rk, τ , �, µR)has a finite Borel sub cover, say, {∪n

j=1[akj
, bkj

]}, i.e., (Rk, τ , �, µR) ⊆
{∪n

j=1[akj
, bkj

]} then (Rk, τ , �, µR) is compact where each [akj
, bkj

] is Lebesgue mea-
surable for all values of k, such that

λ(∪n
j=1[akj

, bkj
]) ≤

n∑
j=1

λ[akj
, bkj

]. (finite sub additivity property)

Since (Rk, τ , �, µR) is a compact connected Radon measure manifold, Radon measure
is approximated to Lebesgue measure.
If (M, τ , �, µ) is modeled on (Rk, τ , �, µR) by using measurable homeomorphism
φ : (M, τ , �, µ) −→ (Rk, τ , �, µ) such that ∀ k − cells [ak, bk] ∈ (Rk, τ , �, µR) ∃
k − cells called k − charts φ−1([ak, bk]) ∈ (M, τ , �, µ) which are compact connected
charts in (M, τ , �, µ) such that
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(i) ∪k∈I (φ
−1[ak, bk]) = (M, τ , �, µ). That is, the countable union of all compact con-

nected charts cover (M, τ , �, µ),
(ii) for any pair of compact connected charts φ−1[ai, bi] = (Ui, φi) and φ−1[aj , bj ] =
(Uj , φj ), the transition maps φi ◦ φ−1

j and φj ◦ φ−1
i are:

(a) differentiable,
(b) Lebesgue measurable if, any compact connected k − cell [ak, bk] ⊆ φi(Ui ∩ Uj) is
Lebesgue measurable in (Rk, τ , �, µR), then (φi◦φ−1

j )−1([ak, bk])∈φj (Ui∩Uj) is also

Lebesgue measurable. That is, λ(φ−1[ak, bk]) > 0 implies λ(φ−1(bk) − φ−1(ak)) > 0
where λ is Lebesgue measure.
(iii) for every Borel cover {∪k∈I (φ

−1([ak, bk]))} for (M, τ , �, µ), i.e., (M, τ ,�,µ) ⊆
{∪k∈I (φ

−1([ak, bk]))} if there exists a finite Borel sub cover, say, {∪n
j=1φ

−1[akj
, bkj

]}
such that (M, τ , �, µ) ⊆ {∪n

j=1φ
−1[akj

, bkj
]}, then (M, τ , �, µ) is compact connected

Lebesgue measure manifold satisfying the finite sub - additivity property:

λ(∪n
j=1φ

−1[ak, bk]) ≤
n∑

j=1

λ(φ−1[akj
, bkj

]). (finite sub additivity prop-

erty). Hence, the countable collection of all compact connected Lebesgue measure
k − cells called k − charts φ−1[ak, bk] form a compact connected Lebesgue measure
manifold (M, τ , �, µ).

5. Micro analysis on Compact Quotient Radon measure Manifold

In this section, the first author develops a micro analysis on one of the categories of
Quotient Radon measure manifolds namely compact Quotient Radon measure mani-
fold. Maximal path connectedness equivalence relation partitions Ak(M) into compact
Quotient Radon measure atlases A1, A2, ...,An ∈ Ak(M), internal path connectedness
equivalence relation partitions Ai ∈ Ak(M) into compact Quotient Radon measurable
domain [(Ui, φi)∪(Uj , φj )] and local path connectedness equivalence relation partitions
(Ui, φi) ∈ Ai ∈ Ak(M) into compact Quotient measurable/Borel subsets Si ⊂ (Ui, φi)

such that Ak(M) ⊆ {∪i∈IAi}, Ai ⊆ {∪i∈I [(Ui, φi) ∪ (Uj , φi)]}, (Ui, φi) ⊆ {∪i∈I Si}.
We first focus on compact Quotient Radon measure chart (Ui, φi) ⊆ {∪i∈I Si} where,

Si = {pi ∈ Nδi
(pi), pj ∈ Nδj

(pj ) ∃ γ i ∈ G/pi ∼ pj ; ∀ i, j ∈ I }, µR(Si) > 0.
for δi, δj > 0 are radii of compact Borel neighbourhoods Nδi

(pi) and Nδj
(pj ) respec-

tively: Nδi
(pi) ∩ Nδj

(pj ) = φ, where,
G = {γ 1, γ 2, ..., γ i, γ j , γ

−1
i , γ −1

j , γ i ◦ γ j , γ j ◦ γ i, ...} is a non-empty collection of
measurable C∞ paths.

Further each compact Quotient measurable/Borel subset Si ⊂ (Ui, φi) is also
locally path connected and local path connectedness is an equivalence relation and hence
the equivalence relation partitions Si further into disjoint equivalence classes of compact
Quotient Borel neighbourhoods Nδi

(pi) ⊂ Si ⊂ (Ui, φi) such that Si ⊆ {∪i∈INδi
(pi)}

where,
Nδi

(pi) = {pi ∈ Nεi
(pi), pj ∈ Nεj

(pj )∃γ i ∈ G/pi ∼γ i
pj ; ∀ i, j ∈ I }, µR(Nδi

(pi)) >
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0 for εi, εj > 0 are the smaller radii of Borel neighbourhoods Nεi
(pi) and Nεj

(pj ) and
Nεi

(pi) ∩ Nεj
(pj ) = φ, µR(Nε(p)) > 0.

Continuing the same process until we get the smallest possible Borel neighbourhood
namely Nε(p), µR(Nε(p)) > 0 where, ε = inf {δ1, δ1, ..., δn; ∀n ∈ I }.
Since Nε(p) is also locally path connected, then there are two possibilities:

(i) If pi �= pj ∈ Nε(p) then pi is locally path connected to pj by measurable C∞
path γ i ∈ G, ∀ i, j ∈ I ,

(ii) If pi = pj ∈ Nε(p) where µR(Nε(p)) > 0 then pi is locally path connected to
pi itself by a measurable C∞ path γ i ∈ G; ∀ i, j ∈ I . Such γ i is called as a self-
connected path and Nε(p) is called as self-connected domain that does not have
partition further. This property is generated by reflexive property of equivalence
relation on Nε(p) ⊂ Si ⊂ (M, τ , �, µR).

This exhibits a new property of compact Quotient Radon Measure Manifold at the most
micro level. The self connected domains are the fundamental features of micro struc-
tures of compact Quotient Radon Measure Manifold. When these fundamental structures
are locally, internally and maximally path connected and evolve into micro and macro
structures, then the compact Quotient Radon Measure Manifold evolves into a well de-
fined Network Radon Measure Manifold which provides a new explanation for the micro
structure of Quantum Field and macro structures of Gravitational Field in terms of fun-
damental features of Quotient Radon measure manifold. Thus Radon measure manifolds
and Quotient Radon measure manifolds provide a unified mathematical framework to
describe evolving micro and macro structures of the universe in terms of different types
of path connectedness and their corresponding equivalence relations.

Remark 5.1 On the similar line, one can develop a micro analysis on different cat-
egories of Quotient Radon measure manifolds like Lindelof Quotient Radon measure
manifolds, countably compact Quotient Radon measure manifolds, semi-compact Quo-
tient Radon measure manifolds, semi-Lindelof Quotient Radon measure manifolds and
semi-countably compact Quotient Radon measure manifolds.

6. Proposed method to construct Network Radon measure Manifold

In this section we study the existence of two measurable group structures on one of the
categories of Quotient Radon measure Manifolds namely compact Quotient Radon
measure manifold (M, τ , �, µR). Since (M, τ , �, µR) is locally, internally and
maximally path connected on three different measurable domains by the set of mea-
surable C∞ paths γ ′

is ∈ G respectively, one can prove that a non-empty collection
G = {γ 1, γ 2, ..., γ i, γ j , γ

−1
i , γ −1

j , γ i◦ γ j , γ j ◦ γ i, ...} of all locally, internally and maximally path connected measurable
C∞ paths γ i ∈ G containing identity and inverse forms an abelian group as shown in
the following results:
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Theorem 6.1 If (M, τ , �, µR) be a compact Quotient Radon measure manifold then a
non-empty collection (G, ◦) = {γ 1, γ 2, ..., γ i, γ j , γ

−1
i , γ −1

j , id, γ i ◦γ j , γ j ◦γ i, ...} of
all measurable C∞ paths forms an abelian group on (M, τ , �, µR).

Proof. Let (M, τ , �, µR) be a compact Quotient Radon measure manifold. Let G =
{γ 1, γ 2, ...,

γ i, γ j , γ
−1
i , γ −1

j , id, γ i ◦γ j , γ j ◦γ i, ...} be a non-empty collection of measurable C∞
paths on (M, τ 2, �2, µR) and P = {pi ∈ (M, τ , �, µR); ∀ i, j ∈ I } be the collection
of all points on (M, τ , �, µR).

To show that G forms an abelian group under the composition of these paths.

(i) If γ i, γ j ∈ G then to show that γ j ◦ γ i ∈ G. By condition (iii) of theorem 3.2,
there exists measurable C∞ paths
γ i : [0, 1] −→ (Ui, φi) ∪ (Uj , φj ) ∈ Ai ∪ Aj ∈ Ak(M) such that
γ i(0) = pi ∈ (Ui, φi) ∈ Ai for which µR(Ui) > 0 and µR(Ai) > 0, and

γ i(
1

2
) = pj ∈ (Uj , φj ) ∈ Aj for which µR(Uj) > 0 and µR(Aj ) > 0 and

γ j : [0, 1] −→ (Uj , φj ) ∪ (Uk, φk) ∈ Aj ∪ Ak ∈ Ak(M) such that

γ j (
1

2
) = pj ∈ (Uj , φj ) ∈ Aj for which µR(Uj) > 0, µR(Aj ) > 0 and

γ j (1) = pk ∈ Uk, φk) ∈ Ak for which µR(Uk) > 0, µR(Ak) > 0.
Then by transitivity relation of theorem 3.1.2, there exists a measurable C∞ path
γ j ◦ γ i : [0, 1] −→ (Ui, φi) ∪ (Uk, φk) ∈ Ai ∪ Ak from pi to pk such that
γ j ◦ γ i(0) = pi ∈ (Ui, φi) ∈ Ai and γ j ◦ γ i(1) = pk ∈ (Ui, φi) ∈ Aj .
This shows that γ j ◦ γ i ∈ G.
Since by symmetric relation of theorem 3.1.2, γ j ◦ γ i : [0, 1] −→ (Uk, φk) ∪
(Ui, φi) ∈ Ak ∪ Ai is a path from pk to pi such that
γ j ◦ γ i(0) = pk ∈ (Uk, φk) ∈ Ak and γ j ◦ γ i(1) = pi ∈ (Ui, φi) ∈ Ai . Hence,
γ i ◦ γ j ∈ G.

(ii) If γ i, γ j , γ k ∈ G then to show that (γ i ◦ γ j ) ◦ γ k = γ i ◦ (γ j ◦ γ k)

Let γ i ◦ γ j = γ R and γ j ◦ γ k = γ S

Then γ R ◦ γ k = γ i ◦ γ S [By theorem 3.1.2]
Therefore, (γ i ◦ γ j ) ◦ γ k = γ i ◦ (γ j ◦ γ k).

(iii) By definition 1.2.9 [4], for every γ i ∈ G there exists an inverse of γ i i.e. γ −1
i :

[0, 1] −→ (Ui, φi) defined by γ −1
i (p) = γ i(1 − p) and γ −1

i (q) = γ i(1 − q) for
each p, q ∈ [0, 1] such that γ i ◦ γ −1

i = γ −1
i ◦ γ i = id holds.

(iv) For any γ i ∈ G, γ i ◦ γ −1
i = γ −1

i ◦ γ i = id holds, where id : [0, 1] −→ [0, 1] is
the identity map in G. [By theorem 3.1.2]

(v) We know that by (i) γ j ◦ γ i ∈ G and by symmetric relation of theorem 3.1.2,
γ i ◦ γ j ∈ G
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implies γ j ◦ γ i = γ i ◦ γ j ∈ G. Therefore, (G, ◦) forms an abelian group under
the composition of these paths in G on (M, τ , �, µR). �

Hence, (M, τ , �, µR) admitting the measurable group structure (G, ◦) defines the
Network structure on (M, τ , �, µR) and denoted by ((M, τ , �, µR), (G, ◦)).

Further the first author develops an analysis on (G, ◦) by defining a relation ’∼’ on
G which is an equivalence relation on G and partitions G into disjoint set of equivalence
classes.

Definition 6.2 Let G = {γ 1, γ 2, ..., γ i, γ j , γ
−1
i , γ −1

j , id, γ i ◦ γ j , γ j ◦ γ i, ...} be an
abelian group of all measurable C∞ paths. Now a relation ’∼’ on G is defined as:
A measurable C∞ path γ i is related to a measurable C∞ path γ j if γ j ◦ γ i ∈ G.

This relation forms an equivalence relation on G as follows:
(i) ’∼’ is reflexive: Let γ i, γ j ∈ G and if γ i ∼ γ j then γ i ◦ γ j ∈ G.
Suppose i = j ,γ i ∼ γ i then γ i ◦ γ i ∈ G.
Therefore, ’∼’ is reflexive.
(ii) ’∼’ is symmetric: If γ i ∼ γ j then γ j ◦ γ i ∈ G and since (G, ◦) is an abelian group
∃ an inverse relation γ j ∼ γ i such that γ i ◦ γ j ∈ G.
Therefore, if γ i ∼ γ j then γ j ◦ γ i ∈ G.
Therefore, ’∼’ is symmetric.
(iii) ’∼’ is transitive: Let γ i ∼ γ j , γ −1

j ∼ γ k and since (G, ◦) is an abelian group ∃
associative property such that
(γ i ◦ γ j ) ◦ (γ −1

j ◦ γ k)= γ i ◦ idM ◦ γ k = γ i ◦ γ k ∈ G,
then γ j ∼ γ i . Therefore, ’∼’ is transitive. Hence, (G, ◦) is an equivalence relation on
(M, τ , �, µR).

Note 6.3 This equivalence relation partitions the set G into disjoint equivalence classes
denoted by [G] in terms of locally path connected γ i i.e., G(Ui,φi) = G ∈ [G], internally
path connected γ i i.e., G(Ui,φi)∪(Uj ,φj ) = G ∈ [G] and maximally path connected γ i

i.e., GAi∪Aj∪Ak
= G ∈ [G].

It is observed that the Network structure ((M, τ , �, µR), (G, ◦)) admits one more
measurable group structure formed by the non-empty collection G of all measurable
homeomorphisms of transition maps φi ◦ φ−1

j and φj ◦ φ−1
i i.e., G = {φi ◦ φ−1

j :
1 ≤ i, j ≤ n} with identity and inverse transition maps forms a group (G, ◦) under the
composition of transition maps on ((M, τ , �, µR), (G, ◦)).

A relation ’∼’ on G is defined as follows:

Definition 6.4 Let G = {φi ◦ φ−1
j : 1 ≤ i, j ≤ n} be a group of measurable homeomor-

phisms. Then the relation ’∼’ on G is defined as :
Suppose φi ◦ φ−1

j , φj ◦ φ−1
k ∈ (G, ◦) for any p ∈ (Ui ∪ Uj ∪ Uk) we say that φi ◦ φ−1

j

is related to φj ◦ φ−1
k , i.e., φi ◦ φ−1

j ∼ φj ◦ φ−1
k .

It can be shown that the above relation ’∼’ forms an equivalence relation on (G, ◦).
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This relation partitions (G, ◦) into disjoint equivalence classes denoted by H(M).

Definition 6.5 Compact Network Radon Measure Manifold
A compact Quotient Radon Measure Manifold (M, τ , �, µR) admitting two measur-
able group structures (G, ◦) and (G, ◦)) defines the compact Network Radon Measure
Manifold denoted by ((M, τ , �, µR, (G, ◦), (G, ◦)).

The analysis developed indicates that, on one of the categories of Network Radon
Measure Manifolds namely compact Network Radon Measure Manifolds ((M, τ , �, µR)

, (G, ◦), (G, ◦)) if there exists an operation G × G −→ G such that (γ i, γ j ) −→
γ iγ

−1
j is continuous and measurable then G forms a measurable topological group on

((M, τ , �, µR)

, (G, ◦), (G, ◦)).
If this measurable map is differentiable of class C∞ then G forms a measurable Lie

group and also (G, ◦) forms a measurable Lie group structure on ((M, τ , �, µR), (G, ◦), (G, ◦))

(admitting Haar measure which is a special case of Radon measure) that generates the
measurable fibre bundle over ((M, τ , �, µR), (G, ◦), (G, ◦)), if it is a Base space B,
Total space E and the Fibre F that is closed under a continuous measurable surjective
projection map � : E −→ B, and measurable diffeomorphism 	 : B −→ E with the
Lie group action then the Network Radon measure manifold generates a measurable
fibre bundle (E, B, �, F, 	, G, G) over compact Network Radon Measure Manifold
under the two group actions (G, ◦) and (G, ◦).

Further the results of A. Fathi [15] are extended on our compact Network Radon
Measure Manifold ((M, τ , �, µR), (G, ◦), (G, ◦)). A. Fathi have made a comprehen-
sive study on topological and algebraic properties of groups of measure - preserving
homeomorphisms of compact manifolds of dimension n. In the following we use the
analysis developed by A. Fathi on the compact Network Radon Measure Manifold which
carries two measurable group structures is considered.

LetµR be a Radon measure on the compact Network Measure Manifold ((M, τ , �, µR),

(G, ◦), (G, ◦)) which is locally positive measure defined on the σ -algebra of all mea-
surable/Borel charts of ((M, τ , �, µR), (G, ◦), (G, ◦)). Let H(M) be the group of all
measurable homeomorphisms of transition maps on ((M, τ , �, µR), (G, ◦), (G, ◦)) and
let MR(M) be the set of all Radon measures on ((M, τ , �, µR), (G, ◦), (G, ◦)).

Given a Radon measure µR on ((M, τ , �, µR), (G, ◦), (G, ◦)) which preserves µR:
(H(M), µR) = {φi ◦φ−1

j = h ∈ H(M)/h�µR
= µR ; ∀ i, j ∈ I } where h = φi ◦φ−1

j :
φj (Ui ∩ Uj) −→ φi(Ui ∩ Uj) is a measurable homeomorphism from φj (Ui ∩ Uj) to
φi(Ui ∩ Uj), where (Ui ∩ Uj) ∈ ((M, τ , �, µR, (G, ◦), (G, ◦)).

If MR(M) is the set of all Radon measures on ((M, τ , �, µR), (G, ◦), (G, ◦)), then
there is an action:
(h, µR) −→ h�µR

where h�µR
is defined by h�µR

(Ui∩Uj) = µR(h−1(Ui∩Uj)), for each
compact and Quotient measurable subset (Ui ∩ Uj) ∈ ((M, τ , �, µR), (G, ◦), (G, ◦))

which is Radon measurable in ((M, τ , �, µR), (G, ◦), (G, ◦)). The above map defines
an action of the group H(M) on MR(M).
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Remark 6.6 On the similar line, one can construct different categories of Network Radon
measure manifolds like Lindelof Network Radon measure manifolds, countably compact
Network Radon measure manifolds, semi-compact Network Radon measure manifolds,
semi-Lindelof Network Radon measure manifolds and semi-countably compact Network
Radon measure manifolds.

7. Conclusion

In this paper, different categories of Radon measure manifolds, Quotient Radon measure
manifolds and Network Radon measure manifolds are constructed. These manifolds
provide a unified mathematical framework to describe evolving micro and macro struc-
tures of the physical universe in terms of different types of path connectedness and their
corresponding equivalence relations.

References

[1] A Fathi, Structures of the group of homeomorphisms preserving a good measure
on a Compact Manifold, Ann. Scient. Ec. Norm. Sup, (4), 13 (1980), 45–93.

[2] BogachevV.I., Measures on Topological Spaces, Journal of Mathematical Sciences,
Volume 91, No. 4, (1998).

[3] Bogachev V.I., Measure Theory, Volume II, Springer, (2006).

[4] C.W. Patty, Foundations of Topology, Jones and Bartlett Publishers, Inc., First
Indian Edition.

[5] Dorlas T.C., Remainder Notes for the Course on Measure on Topological Spaces,
Dublin Institute for Advanced Studies, School of theoretical Physics, 10, Dublin 4,
Ireland, (2010).

[6] Elliott H. Lieb and Michael Loss, Analysis, Second Edition, Graduate studies in
Mathematics, Vol. 14, American Mathematical Society.

[7] Frank Morgan, Compactness, Pro. Mathematica, 2008, pp. 121–131, ISSN-1012-
3998.

[8] Gerald, B. Folland, Real Analysis, Modern Techniques and Their Applications,
Second Edition, Wiley Interscience Publication, 1999, pp. 22–36.

[9] Hunter John.K, Measure Theory, Lecture notes, 2-11, 20, 33, University of Cali-
fornia at Davis (2011).

[10] Jeffrey M Lee, Manifolds and Differential Geometry, American Mathematical So-
ciety, Volume 107(2011).

[11] John M Lee, Introduction to Smooth Manifolds, Graduate Texts in Mathematics,
Series Volume 218, Springer New York, (2012).



6904 S. C. P. Halakatti and Soubhagya Baddi

[12] Mohammad S. Sarsak, On Semi-compact Sets and Associated Properties, Hindawi
Publishing Corporation, International Journal of Mathematics and Mathematical
Sciences, 2009, Article ID 465387, pp. 1–8.

[13] N. Levine, Semi-open sets and Semi-continuity in topological spaces, TheAmerican
Mathematical Monthly, Vol.70, pp. 36–41, 1963.

[14] Navpreet Singh Noorie, Sandeep Kaur, Some Results on Semi-compactness, IJMTT,
Vol. 12, No. 1, 2014.

[15] R. Berlanga and D. B. A. Epstein, Measures on Sigma-Compact Manifolds and
Their Equivalence Under Homeomorphisma, J. London Math. Soc. (2), 27 (1983),
63–74.

[16] R. Berlanga, A mapping theorem for topological sigma-compact Manifolds, Com-
posito Math, 63, (1987), PP. 209–216.

[17] R. Berlanga, Groups of measure-preserving homeomorphism as deformation re-
tract, J.London Math. Soc., (2), 68, (2003), PP. 241–254.

[18] S.C.P. Halakatti and H. G. Haloli, Introducing the Concept of Measure Manifold
(M, τ , �, µ), IOSR Journal of Mathematics(IOSR-JM), Volume 10, Issue 3 Ver.
II, 01–11 (2014).

[19] S.C.P. Halakatti, Akshata Kengangutti and Soubhagya Baddi, Generating A Mea-
sure Manifold, IJMA, volume 6,issue 3, (2015).

[20] S.C.P. Halakatti and H. G. Haloli, Extended Topological Properties on Measure
Manifold, International Journal of Mathematical Archive (IJMA), Volume 05, Issue
1, 1–18 (2014).

[21] S.C.P. Halakatti and Soubhagya Baddi, Radon Measure on Compact Topological
Measurable Space, IOSR Journal of Mathematics(IOSR-JM), Volume 11, Issue 2,
Ver. III, 10–14, (2015).

[22] S.C.P. Halakatti and Soubhagya Baddi, Radon Measure on Compact Measurable
Manifold with Some Measurable Properties, International Journal of Mathematical
Archive (IJMA), Volume 06, Issue 7, 01–12 (2014).

[23] S.C.P. Halakatti and H. G. Haloli, Convergence and Connectedness on Complete
Measure Manifold, International Journal of Engineering Research and Technology
(IJERT), Volume 04, Issue 3, 225–232 (2015).

[24] S.C.P. Halakatti and Akshata Kengangutti, On Complete Network Measure Mani-
fold, Global Journal of Pure and Applied Mathematics,(GJPAM), Volume 12, No.
1, pp. 1085–1094, (2016).

[25] S.C.P. Halakatti and Soubhagya Baddi, On measurable Separable-Normal Radon
Measure Manifold, Global Journal of Pure and Applied Mathematics,(GJPAM),
Volume 12, No. 1, pp. 1095–1106, (2016).

[26] S.C.P. Halakatti and Soubhagya Baddi, Radon Measure on Measure Manifold,
International Journal of Mathematical Trends and Technology, (IJMTT), Volume
30, No. 1, 53–60, (2016).



Proposed methods to construct different categories of Radon measure manifolds 6905

[27] S.C.P. Halakatti and Akshata Kengangutti, Generating a Quotient Measure Mani-
fold and Measurable Fibre Bundle with Two Group Structures, (communicated).

[28] S.C.P. Halakatti, On The Theory of Measure Manifold - Interpretation, Analysis
and Applications, (communicated).

[29] Todd Eisworth and Peter Nyikos, First countable, countably compact spaces and
the continum Hypothesis, J-TAMS (Topology andApplied Mathematical Sciences),
pp. 1–32.

[30] Togo Nishiura, Semi-compact Spaces and dimension, AMS, 1960, PP. 922–924.

[31] Walter Rudin, Principles of Mathematical Analysis, Third Edition, Mc Graw Hill
International Editions, Mathematics Series, 1976.

[32] William Arveson, Notes on Measure and Integration in Locally Compact Spaces,
Department of Mathematics, University of California, Berkeley, (1996).

[33] Willard Stephen, General Topology, Addison-Wesley, (1970), ISBN 0-486-43479-
6.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


