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Abstract

The investigation of the ring-theoretic property of graded rings started with a ques-
tion of Nagata. If G is the group of integers, then is Cohen-Macaulay property of
the G-graded ring determined by their local data at graded prime ideals? Matijevic-
Roberts and Hochster-Ratliff gave an affirmative answer to the conjecture as above.
Graded rings play a central role in algebraic geometry and commutative algebra.
The objective of this paper is to study rings graded by any finitely generated abelian
group, graded modules and their applications.
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1. Introduction

Dedekind first introduced the notion of an ideal in 1870s. For it was realized that
only when prime ideals are used in place of prime numbers do we obtain the natural
generalization of the number theory of Z. Commutative algebra first known as ideal
theory. Later David Hilbert introduced the term ring (see [73]). Commutative algebra
evolved from problems arising in number theory and algebraic geometry. Much of the
modern development of the commutative algebra emphasizes graded rings. A bird’s eye
view of the theory of graded modules over a graded ring might give the impression that it
is nothing but ordinary module theory with all its statements decorated with the adjective
âŁœgradedâŁž. Once the grading is considered to be trivial, the graded theory reduces
to the usual module theory. So from this perspective, the theory of graded modules can
be considered as an extension of module theory. Graded rings play a central role in
algebraic geometry and commutative algebra. Gradings appear in many circumstances,
both in elementary and advanced level. Here we present two examples on gradings.
Following both examples show the applications of gradings in commutative algebra and
algebraic geometry as well as in real life:

1. In the elementary school when we distribute 10 apples giving 2 apples to each
person, we have 10 Apple : 2 Apple = 5 People. The psychological problem
caused to many kids of how the word per People appears in the equation can
be justified by correcting 10 Apple: 2 Apple/People = 5 People. This shows that
already at the level of elementary school arithmetic, children are working in a much
more sophisticated structure, i.e., a graded ring Z[x1, x

−1
1 , x2, x

−1
2 . . . , xn, x

−1
n ]

of Laurent polynomial rings (See [24] and [98]).

2. If R is a commutative ring which is generated by a finite number of elements of
degree 1, then by the celebrated work of Serre [58], the category of quasi coherent
sheaves on the scheme Pr − R is equivalent to QGr − R ∼= Gr − R/Fdim −
R, where Gr − R is the category of graded modules over R and Fdim − R is
the Serre subcategory of (direct limit of) infinite dimensional submodules. In
particular when R = K[x0, x1, . . . , xn], where K is a field, then QCohPn is
equivalent to QGr − R[x0, x1, . . . , xn] (see [14], [98], [58],and [109] for more
precise statements and relations with noncommutative algebraic geometry).

The study of graded rings arises naturally out of the study of affine schemes and
allows them to formalize (and unify) arguments by induction [102]. However, this is not
just an algebraic trick. The concept of grading in algebra, in particular graded modules
are essential in the study of homological aspect of rings. In recent years, rings with a
group-graded structure have become increasingly important and consequently, the graded
analogues of different concept are widely studied (see [31], [34], [54], [66] - [79], [83]
- [95]). As a result, graded analogue of different concepts are being developed in recent
research. The objective of this paper is to study rings graded by any finitely generated
abelian group, graded modules and their applications.
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2. Preliminaries

In this section, we define some terms used in this paper and provide some examples
without proof. We hope that this will improve the readability and understanding of this
article.

Definition 2.1. Let G be an abelian group (written additively) and R a commutative
ring. A G-grading for R is a family {Rg}g∈G of abelian groups of (R, +) such that

R =
⊕
g∈G

Rg and RgRh ⊆ Rgh for all g, h ∈ G. The elements of Rg are called the

homogeneous elements of R of degree g. If r ∈ Rg, we write the degree of r as deg
r = g or |r| = g.

Example 2.2. Examples on graded rings are as follows:

• Consider k[x] = ⊕n∈Zkxn where kxn = 0 if n < 0. Then k[x] = . . . 0 ⊕ · · · ⊕
0 ⊕ k ⊕ kx ⊕ . . . .

• Let R = T [x] and G be any abelian group. Set |x| = g for some g ∈ G. For
h ∈ G, we see Rh = ⊕ig=hT xi , where T ⊆ R0.
If G = Z and |x| = 1, then for n ∈ Z,

Rh =
{

T xh if n ≥ 0;
0 if n < 0.

This is N -grading.

• Let R = T [x1, . . . , xd] and G be any abelian group. Set |xi | = gi . For h ∈ G,
we have Rh = ⊕α1g1+···+αdgd=hT x1

α1 . . . xd
αd .

1. If R = T [x, y], G = Z, and |x| = |y| = 1, then for n ∈ Z, Rh =
⊕i+j=n,i,j≥0, T xiyj .

2. If R = T [x, y], G = Z, and |x| = 2, |y| = 3, then Rm = ⊕2i+3j=mT xiyj .

Definition 2.3. Let R = ⊕Rn be a graded ring. A subring S of R is called a graded
subring of R if S =

∑
n

(Rn

⋂
S). Equivalently, S is graded if for every element f ∈ S

all the homogeneous components of f (as an element of R) are in S.

Example 2.4. We can construct several examples on graded subrings which are men-
tioned here, e.g.:

• Let R = ⊕Rn be a graded ring and f1, . . . , fd homogeneous elements of R of
degrees α1, . . . , αd respectively. Then S = R0[f1, . . . , fd] is a graded subring of
R, where

Sn = {
∑

m∈Nd

rmf
m1
1 . . . f

md

d |rm ∈ R0 and α1m1 + · · · + αdmd = n}.
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• k[x2, xy, y2] is a graded subring of k[x, y].
• k[x3, x4, x5] is a graded subring of k[x].
• Z[x3, x2 +y3] is a graded subring of Z[x, y], where deg(x) = 3 and deg(y) = 2.

Definition 2.5. Let R be a graded ring and M an R-module. We say that M is a graded
R-module (or has an R-grading) if there exists a family of subgroups {Mg}g∈G of M

such that

1. M =
⊕
g∈G

Mg and

2. RgMh ⊆ Mgh for all g, h ∈ G.

If a ∈ M \ {0} and a = ai1 + · · · + aik where aij ∈ Rij \ {0} then ai1, . . . , aik are called
the homogeneous components of a.

Example 2.6. Examples on graded modules are as follows:

• If R is a graded ring, then R is a graded module over itself.

• Let {Mλ} be a family of graded R- modules then ⊕λMλ is a graded R-module.
Thus Rn = R ⊕ · · · ⊕ R (n times) is a graded R-module for any n ≥ 1.

• Given any graded R-module M , we can form a new graded R-module by twisting
the grading on M as follows: if n is any integer, define M(n) (read M twisted by n)
to be equal to M as an R-module, but with it’s grading defined by M(n)k = Mn+k.
(For if M = R(−3) then 1 ∈ M3.) then M(n) is a graded R-module.
Thus, if n1, . . . , nk are any integers then R(n1) . . . R(nk) is a graded R-module.
Such modules are called free.

• Let R be a graded ring and S a multiplicatively closed set of homogeneous elements
of R. Then RS is a graded ring, where

(RS)n = {r
s

∈ RS | r and s are homogeneous and deg r − deg s = n}

Similiarly, if M is a graded R-module then MS is graded both as an R-module and
as an RS-module.

3. A Report on graded rings and graded modules

In this section, we give a report on graded rings, graded modules and their applications.
Let K be a field, X = [xij ] be an n×(n+m) matrix whose elements are algebraically

independent over K . Yoshino [122] studied the canonical module of the graded ring R,
which is a quotient ring of the polynomial ring S = K[X] by the ideal an(X) generated
by all the n × n minors of X.
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An alternative construction of the duality between finite group actions and group
gradings on rings which was shown by Cohen and Montgomery in [30]. This duality is
then used to extend known results on skew group rings to corresponding results for large
classes of group-graded rings. Quinn [90] modified the construction slightly to handle
infinite groups.

One can find the definition of smash product R �= G∗ for a graded ring R, graded by
a finite group G. Apply the results obtained from [30] to achieve new results on group
graded rings and on fixed point rings for group acting on rings as well as to achieve new
and simpler proofs for known results concerning skew group rings and fixed points rings
(see [55]). Jensen and Jondrup [55] proved following:

(1) An R �= G∗ module M is flat (projective or injective) if and only if MR is flat. This
means that if R has a certain "homological" property so has R �= G∗. In general
properties from R �= G∗ are not inherited by R, but for “separably” graded rings
R and R �= G∗ are alike.

(2) A ring is perfect if and only if R1, the rings of constants, is perfect.

Let R be a ring graded by a group G. Haefner [43] concerned with describing those
G-graded rings that are graded equivalent to G-crossed products. He [43] gave necessary
and suficient conditions for when a strongly graded ring is graded equivalent to a crossed
product, provided that the 1-component is either Azumaya or semiperfect. His result
was used the torsion product theorem of Bass and Guralnick (see [43]).

Let G be a multiplicative group with identity e, and R an associative G-graded ring
with unity 1. Let Re be the identity component of R, and Re-gr the category of all graded
Re-modules and their graded Re-maps. Then the concepts and properties of augmented
graded rings and augmented graded modules have been studied some [92] and [96]. The
study of augmented graded Noetherian modules, generalization of augmented Noetherian
modules has been given in [93]. Some of the materials in [93] are related to the work
done by C. Nastasescu and F.V. Oystaeyen [78], [77], [75], and [76]. M. Refai [93]
introduced some relationships between the Noetherian modules in the category R-Agr

and the Noetherian modules in the category Re-gr.
Let R be a Dedekind domain with global quotient field K . The purpose of [44]

is to provide a characterization of when a strongly graded R-order with semiprime 1-
component is hereditary. This generalized previous work by Haefner and G.

A construction of toric varieties which have enough invariant cartier divisor as the
spectrum of homogenous prime ideals of graded ring, along of the proj-construction has
been found in [81].

Based on generalized algorithm for the division of polynomials in several variables,
a method for the construction of standard bases for polynomial ideals with respect to
arbitrary grading structure is derived. In the case of ideals with finite co-dimension, which
can be viewed upon as a polynomial interpolation problem, an explicit representation
for the interpolation space of reduced polynomials can be found in [101].
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The weighted projective spaces(wps) P = P(a0, . . . , an) and the projective corre-
spondence has been studied in [97]

projectivevariety(X ⊂ P) ←→ gradedring

(
R = K[x0 . . . , xn]

I

)
. (1)

The correspondence (1) is generalization of the usual idea of varieties in straight
projective space Pn = P(1, . . . , 1). The study of graded rings and varieties in weighted
projective space has been given in [97]. Perling [82] derived a formalism for describing
equivariant sheaves over toric varieties. He [82] constructed the theory from the point
of view of graded ring theory and also connected the formalism to the theory of find
graded modules over ‘cox’ homogeneous coordinate ring of a toric variety. The purpose
of [106] paper is to generalize Northcott’s inequality on Hilbert coeficients of I given in
Northcott without assuming that A is a Cohen–Macaulay ring. They have investigated
when their inequality turns into an equality. It is related to the Buchsbaumness of the
associated graded ring of I .

In [3] it has contained a number of practical remarks on Hilbert series that authors
expected to be useful in various contexts. Then authors worked with graded ring R =
⊕n≥0Rn that are finitely generated over an algebraically closed field k of characteristic
0 and satisfy R0 = k. The Hilbert function of R is the numerical function Pn = dimRn

for n ≥ 0. Using the fractional Riemann-Roch formula of Fletcher and Reid to write out
explicit formulas for the Hilbert series P(t) in a number of cases of interest for singular
surfaces and 3-folds in [3]. The concept of graded primary ideal and graded primary
decomposition have been introduced in [95].

Definition 3.1. [95] Let I be a graded ideal of (R, G). Then:

• I is a graded prime ideal (in abbreviation, “G-prime ideal”) if I �= R; and whenever
rs ∈ I , r ∈ I or s ∈ I ,where r, s ∈ h(R).

• I is a graded maximal ideal (in abbreviation, “G-maximal ideal”) if I �= R and
there is no graded J of (R, G) such that I ⊂ J ⊂ R.

• The graded radical of I (in abbreviation “Gr(I )”) is the set of all x ∈ R such that
for each g ∈ G there exist ng > 0 with x

ng
g ∈ I . Note that, if r is a homogenous

element of (R, G), then r ∈ Gr(I) iff rn ∈ I for some n ∈ N .

Definition 3.2. [95] Let I be a graded ideal of (R, G). Then say that I is a graded
primary ideal of (R, G) (in abbreviation, " G-primary ideal") if I �= R; and whenever
a, b ∈ h(R) with ab ∈ I then a ∈ I or b ∈ I or b ∈ Gr(I).

Example 3.3. [95] Let R = Z[i] (The Gaussian integers) and let G = Z2. Then R is a
G-graded ring with R0 = Z, R1 = iZ. Let I = 2R be a graded prime ideal. Then I is a
graded primary ideal. But I is not a primary ideal because 2 is not irreducible element
of R = Z[i].
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Definition 3.4. [95] Let I be a proper graded ideal of (R, G). A graded primary G-
decomposition of I is an intersection of finitely many graded primary ideals of (R, G).
Such a graded primary G-decomposition I = Q1

⋂
Q2

⋂
· · ·

⋂
Qn with Gr(Qi) =

Pi for i = 1, 2, . . . n of I is said to be minimal graded primary G- decomposition of I

precisely when

• P1, . . . , Pn are different graded prime ideals of R, and

• Qj �
n⋂

(i=1,j �=i)

Qi for all j = 1, . . . , n.

Say I is G-decomposable graded ideal of (R, G) precisely when it has a graded primary
G-decomposition.

A new direction in the study of graded ideals as well as an integration study of that
done for the graded ideals had given in [95]. They believed that this work will lead to
constructive ideals which introduce good tools for solving open problems of primary
ideals and primary decomposition by turning them over into graded prime ideals and
graded primary ideals and graded primary G-decomposition. Where G is non finitely
generated abelian group. This work given in [95] be the primary ground to initiate more
useful studies concerning the graded primary ideal and graded G-decomposition. They
[95] had defined the graded primary G-decomposition of graded ideal and studied the
uniqueness of this decomposition.

Several characterizations for the linearity property for a maximal Cohen-Macaulay
module over a local or graded ring, as well as proofs of existence in some new cases have
been given in [45] and also the proof of the existence of such modules is preserved when
taking segre product, as well as when passing to veronese subring in low dimensions has
been formed in [45]. One can study the radical theory of graded rings ([37], [120]). Two
graded radical α∗ and α− of graded rings introduced in [100] Which can be associated
with a given radical α of ordinary associative rings, and proved some result relating to
them. A special graded class also defined in [100].

Let G be a finite group and let � = ⊕g∈G�g be a strongly G-graded R-algebra,
where R is a commutative ring with unity. Authors [13] proved that if R is a Dedekind
domain with quotient field K , � is an R-order in a separable K-algebra such that the
algebra �1 is a Gorenstein R-order, then � is also a Gorenstein R-order. Further, proved
that the induction functor ind : Mod�H → Mod� in [13], for a subgroup H of G,
commutes with the standard duality functor. Aoki [12] have shown that the graded ring
of Siegel modular forms of �0(N) ⊂ Sp(2, Z) has a very simple unified structure for
N = 1, 2, 3, 4, taking Neben-type case (the case with character) for N = 3 and 4. All
are generated by 5 generators, and all the fifth generators are obtained by using the other
four by means of differential operators, and it is also obtained as Borcherds products.
The necessary and sufficient condition on a graded ring of finite support to be semiprime
is given in [28]. Let G be a monoid with identity e, and let R be a G-graded commutative
ring. Here Shahabaddin, Ching Mai studied the graded prime submodules of a G-graded



6834 Pratibha, Ratnesh Kumar Mishra, and Rakesh Mohan

R-module. A number of results concerning of these class of submodules are given in
[15]. While the bulk of this work is devoted to investigate the graded primary avoidance
theorem for modules in [17].

In the context of algebraic geometry, the introduction of homogenous coordinate
rings for toric varities (see [31]) gave new motivation for studying rings which have
grading by general finitely generated abelian group in [34]. In [85], global primary
decomposition of coherent sheaves over a toric variety is compared with graded primary
decomposition of graded modules. The case of grading by torsion free abelian groups
have been covered in [25]. However, for the homogenous coordinate rings one also has
to consider grading by groups with torsion. Authors [86] claimed that a lot of work have
been done on the theory of graded rings (see [22],[30], [64], [79]) a generlization of the
treatment of [25] to the case of grading by finitely generated abelian groups were not
available in their literature review. The aim of their work [86] is to fill this gap. An
analogue of primary decomposition which works when G has torsion has been discussed
in [86]. More precisely, they [86] discussed whether for some G-graded modules M

and N , where N is a submodule of M , there exists a decomposition N =
⋂
i∈I

Qi , where

the Qi are G-graded and ann(M/Qi) are irreducible in a suitable sense. The support
of the ideal J is reducible, i.e. It is the union of two distinct closed proper subset in the
Zariski topology of A1

k. However, it is G-invariantly irreducible, i.e. It is not the union
of two distinct G-invariant closed subset. The right notion for describing G-invariant
irreducible subset in commutative algebra is that of G-prime ideals. A graded ideal
I ⊂ A is G-prime if and only if for every two G-graded ideals J, K , JK ⊂ I implies
J ⊂ I or K ⊂ I . Note that G-prime ideals behave quite naturally, and essentially all
elementary lemmas which hold for the usual prime ideals have a graded analouge for
G-prime ideal. Relative to this idea, the following definition can be found in [86].

Definition 3.5. [86] Let M be a finitely generated G-graded A-module.

• An ideal I ⊂ A is G-associated if and only if I is G-prime and I = ann(x) for
some element x ∈ M .

• ASSGM denotes the set of all G-associated ideals of M .

• M is G-coprimary if ASSGM = {p} for some G-prime ideal p.

• A G-graded submodule N of M is said to be G-primary if the quotient module
M/N is G-coprimary.

• Let N be a G-graded submodule of M , then they call an expression N =
⋂
i∈I

Qi a G-

primary decomposition of N in M if and only if the Qi are G-primary submodules
of M with AssGM/Qi = {pi} and pi are G-associated to M/N .
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• A G-primary decomposition N =
⋂
i∈I

Qi of N in M is called reduced if all the pi

are distinct and there exists no i ∈ I such that
⋂
j �=i

Qj ⊂ Qi .

In [86] after introducing G-primary decomposition as a natural analogue to primary
decomposition for G-graded R-modules and above notion they proved the following
them.

Theorem 3.6. [86] Let G be finitely generated abelian group, R a G-graded commutative
Noetherian ring. N ⊂ M finitely generated, G-graded R-modules, and N =

⋂
i∈I

Qi a

primary decomposition of N in M . Then:

• Let Q
′
i be the largest submodule of M contained in Qi . Then Q

′
i is G-primary for

every i ∈ I and N =
⋂
i∈J

Q
′
i .

• There exists a subset J of I such that N =
⋂
i∈J

Qi is a reduced G-primary decom-

position.

• If some Q
′
i corresponds to a G-prime ideal pi which is a minimal element of

AssGM/N , then Qi is grade.

Theorem 3.7. [65] Let K be any field and A Noetherian K-algebra. Let M be G-
coprimary with respect to some G-prime ideal p. Then:

AssM = AssA/p

Z-graded rings A and B. One can ask when the graded module categories gr-A and
gr-B are equivalent. Using Z-algebra, [107] related the morita type results of Ahn-Marki
and Del Rio to the twitting system introduced by Zhang, and proved for example.

Theorem 3.8. [107] If A and B are Z-graded rings, then:

• If A is isomorphic to Zhang twist of B if and only if the Z-algebras A = Li,j∈ZAj−i

an B = Li,j∈ZBj−i are isomorphic.

• If A and B are connected graded with A �= 0, then gr-A isomorphic gr-B if and
only if A and B are isomorphic.

This simplifies and extends Zhang’s results. A research on graded annihilators of
modules over the frobenius skew polynomial ring and tight clousre has been explored in
[105].
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Let R be a commutative ring and let G be an abelian group. A graded ring R is
called gr-Noetherian if it satisfies the ascending chain condition on graded ideals of
R. Equivalently, R is gr-Noetherian if and only if every graded ideal of R is finitely
generated (see[62]). A commutative ring R is called a Q-ring if every ideal in R is a
finite product of primary ideals in R. Khashan [62] gave a generalizations of Q-rings to
graded case and defined the QGR-ring as graded rings in which every graded ideal is a
finite product of gr-primary ideals.

Definition 3.9. [62] Let R be a graded ring. Then R is said to be a QGR-ring if every
graded ideal of R is a finite product of gr-primary ideals of R.

He [62] also proved some basic properties of QGR-ring and then he gave a charac-
terization of gr-Noetherian QGR-ring.

In the book of Nastasescu and Van oystaeyen [75] on group graded rings, two equiv-
alent description of graded Jacobson radical for rings with unity are given. Several
investigations of graded Jacobson radical have appeared (see [1]- [29]) all for rings with
unity. A comprehensive account of special radicals of graded rings without unity was
presented in [18]. Unfortunately the descriptions given in the section for the Jacobson
radical came from [75] on group graded rings with unity. After an extensive literature
search, authors [39] seems that no actual definition of the graded Jacobson radical for
rings without unity has appeared.

Definition 3.10. (Jacobson radical for ring without unity) [39] The graded Jacobson
radical for group graded rings without unity is as the intersection of annihilators of simple
modules.

The definition state above is the most natural one-the intersection of the annihilators
of all simple graded module and it is meaningful more generally for semigroup graded
rings, though for semigroups in general it may not be a graded ideal. As an example of
consequence of this investigation, they have show that 1984 result of Nastasescu [78]
that nJ (R) ⊆ Jgr(R) (for a finite group G of order n ∈ Z+ where R is a G-graded ring
with unity and Jgr is the G-graded Jacobson radical) can be the extended to group graded
rings without unity.

The purpose of work in [71] to explore multi-graded analogues of some results in
the algebra of modules, and particularly local cohomology modules, over a commutative
Noetherian ring that is graded by the additive semigroup N0 of non-negative integers.
In 1995, T. Marley [72] had established connections between finitely graded local coho-
mology modules of M and local behaviour of M across Proj(R). For a finitely generated
graded moduleM over a positively-graded commutative Noetherian ring R, Sharp [104]
established in 1999 some restrictions, which can be formulated in terms of the Castel-
nuovo regularity of M or the so-called a∗- invariant of M , on the supporting degrees
of a graded-indecomposable graded injective direct summand, with associated prime
ideal containing the irrelevant ideal of R, of any term in the minimal graded injective
resolution of M . The purpose of [71] is to present some multi-graded analogues of the
above-mentioned work.
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In [108], author considered The first Weyl algebra, A = L[X, Y ]/(XY − YX − 1),
where K is algebracally closed field of characteristic zero, in the Euler gradation, and
completely classify graded rings B that are graded equivalent to A: that is, the categories
gr-A and gr-B are equivalent. This included some surprising examples: in particular, A is
graded equivalent to an idealizer in a localization of A. They obtained this classification
as an application of a general Moritatype characterization of equivalences of graded
module categories and proved:

Theorem 3.11. [108] Let S be a Z-graded ring. Then S is graded equivalent to A if and
only if S is graded Morita equivalent to some S(J, n).

Another ring occurring in Theorem 2.19 is the Veronese ring A(2) = ⊕n∈ZA2n
∼=

S(φ, 2). By Theorem 2.19. A and A(2) are graded equivalent. Of course one expects
that Proj A (in the appropriate sense) and Proj A(2) will be equivalent, but, this is the first
nontrivial example of an equivalence between the graded module categories of a ring
and its Veronese.

Theorem 2.19 is an application of general results on equivalences of graded module
categories. Given a Z-graded ring R, an autoequivalence F of gr-R, and a finitely
generated graded right R-module P , Sierra [108] proved that there is simpler way to
construct a twisted endomorphism ring EndF

R (P ) and proved:

Theorem 3.12. [108] Let R and S be Z-graded rings. Then R and S are graded
equivalent if and only if there are a finitely generated graded projective right R-module P
and an autoequivalenceF of gr-R such that {FnP }n∈Z generates gr-R andS ∼= EndF

R (P ).

In particular, Sierra[108] characterized graded Morita equivalences and Zhang twists
in term of the picard group and analyzed the graded module category of the Weyl algebra
and its Picard group.

They described Sierra [108] the graded K-theory of A, and in particular show that,
in contrast to the ungraded case, if P ⊕ Q ∼= P ⊕ Q′ where P, Q, and Q′ are finitely
generated graded projective modules, then Q ∼= Q′.

Numerical invariants of a minimal free resolution of a module M over a regular local
ring (R, m) can be studied in [99] by taking advantage of the rich literature on the graded
case. The key is to fix suitable m-stable filtrations M of M and to compare the Betti
numbers of M with those of the associated graded module grM(M). This approach has
the advantage that the same module M can be detected by using different filtrations on
it. It provided interesting upper bounds for the Betti numbers and they [99] studied the
modules for which the extremal values are attained. Among others, the Koszul modules
have this behavior.

Oinert [80] gave a review of the basics of graded ring theory and also described
the background to the problems that they have considered. They [80] laid out the gen-
eral theory of (group) graded rings and describe some special cases; skew group rings,
twisted group rings, crossed products, strongly graded rings, pre-crystalline graded rings,
crystalline graded rings and crossed product-like rings.
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In [35] the Betti table of a graded module M over a graded ring R is numerical
data consisting of the minimal number of generators in each degree required for each
syzygy module of M . In their remarkable paper [111], Mats Boij and Jonas Soderberg
conjectured that the Betti table of a Cohen-Macaulay module over a polynomial ring is a
positive linear combination of Betti tables of modules with pure resolutions. They [35]
proved a strengthened form of their conjectures in [35].

A variety X admits homogeneous coordinates if there exists an affine variety Z

together with an action of a diagonalizable algebraic group H and an open subset W such
that X is a good quotient of W by H . Then the coordinate ring S of Z acquires a grading
by the character group of H and S serves as a homogeneous coordinate ring for X with
respect to this grading. This setting comes with a natural sheafification functor F → F̃ ,
which maps a graded S-modules to a quasi-coherent sheaf on X. This generalized the
usual homogeneous coordinate rings for projective spaces and toric varities in [88].

For primary decomposition of sheaves on X it would seem to be sufficient to look
at primary decompositions of graded S-modules. However, it is not clear in [88] that a
graded primary decomposition of some S-module F yields a proper primary decompo-
sition of sheaves of F̃ . One can get the proof in [88] that this at least holds if X is a
geometric quotient of W by H . G is an algebraic group which contains H as a normal

group. Graded G-equivariant primary decomposition over S with
G

HâŁ¢
- equivariant

primary decomposition over X. It has been compared in [88] as an explicit application,
equivariant primary decomposition for sheaves of Zariski diferential over toric varieties
has been constructed in [88].

The local cohomology of finitely generated bigraded modules over a standard bi-
graded polynomial ring which have only one non vanishing local cohomology with
respect to one of the irrelevant bigraded ideals have been studied in [91].

Let G be a group with identity e, R be a G-graded commutative ring, and M be
a graded R-module. Graded primary submodules of graded multiplication modules
characterized in [42] . Second submodules of modules over commutative rings were
introduced in [121] as the dual notion of prime submodules. This submodule class
has been studied in detail by some authors ([8], [10]). Second modules over arbitrary
rings were defined in [4] and used as a tool for the study of attached prime ideals
over noncommutative rings. In [26], second modules have been studied in detail in
the noncommutative ring. The authors [9] have introduced and studied graded second
modules over commutative graded rings. Most of their results are related to [121] which
have been proved for second submodules.

The concept of coprimary module which is generalization of second modules has
been intoduced [68]. They have characterizations and properties of this module class
and study coprimary decomposition of modules.

Secondary modules are generalization of second modules over commutative rings.
In [103] secondary module were considered over commutative graded rings. Sharp [103]
defined graded secondary modules and used them as a tool for the study of asymptotic
behavior of attached prime ideals.

Authors [26] introduced the concept of graded second and graded coprimary modules
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which are different from second and coprimary modules over arbitrary graded rings and
also study graded prime submodules of modules with gr-coprimary decomposition. They
[26] have deal with graded secondary representations for graded injective modules over
commutative graded rings. By using the concept of σ -suspension (σ )M of a graded
module M , they [26] proved that a graded injective module over a commutative graded
Noetherian ring has a graded secondary representation.

Definition 3.13. (Graded second Modules) [26] Let R be a G-graded ring. A graded R-
module M is said to be a graded second (or gr-second) R-module M �= 0 and annR(M) =
annR(M/N) for every proper submodule N of M .

The work presented in [20] has two objectives. First, discussed the application
of the theory developed in [86] for G-associated ideals, that is, the behavior of G-
associated ideal (AssG) with short exact sequences. Second, they introduced strong
Krull G-associated ideal (AssSG) with flat base change of rings, over rings graded by
finitely generated abelian groups, and established a relationship between strong Krull
G-associated ideals and G-associated ideals with the corresponding associated ideals in
polynomial rings by using technique developed in [54]. The reason to discuss the strong
Krull G-associated prime ideals is that for non-Noetherian rings the G-graded primary
decomposition may not exist. They studied the properties of non-Noetherian rings more
closely by using strong Krull G-associated prime ideal. These results have application in
algebraic geometry, for instance for the study of toric varieties which are not neccessarily
Noetherian and which arise in the study of representation of Kac-Moody groups. Using
the theory developed in [20] proved this theorem as an application on polynomial rings.

Theorem 3.14. [20] Let M be a G-graded R-module and T an indeterminate. Then

• AssG(M ⊗A A[T ]) ⊆ AssSG(M ⊗A A[T ]).
• {PA[T ] : P ∈ AssSG(M)} ⊆ AssSG(M ⊗A A[T ]).
• AssG(M ⊗A A[T ]) ⊆ {PA[T ] : P ∈ AssSG(M)}.

In commutative Noetherian ring, every ideal has primary decomposition and this
decomposition can be created as a generlization of the factorization of an integer n ∈
Z into the product of prime powers. For polynomial ring it was proved by Lasker
Notherian. But this is not true in non commutative ring for example the ring of 2 × 2
upper triangular matrices with entries from the field of rational number does not have
primary decomposition (see [65]). If there is primary decomposition but it is not unique,
we can see in [69], Z and ring of polynomial K[X1, . . . , Xn] where K is a field, both
are unique factorization domain. But this is not true for arbitrary commutative rings,
even if they are integral domains for example ring Z[√−5], 6 has two essential distinct
factorizations, 2.3 and (1 + √−5)(1 − √−5). Some types of graded ring appear as
homogenous cordinated ring for toric varieties. Perling [84] has shown that for any
toric variety X there exist a homogenous cordinate ring R = ⊕Rg such that X can be
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identified with set of homogenous prime ideals of R minus certain exceptional subset
although a lot of work has been done in the area of graded ring for the last decades (see
[86]).

The uniqueness of a graded primary decomposition of graded over finitely generated
abelian groups has been established in [65]. They also gave a new proof of the main
result in [86] on existence of G- primary decomposition as a by product and also intro-
duced the concept of G-graded primary submodules, G-graded P-primary subodules and
their properties for rings graded over a finitely generated abelian group G. This work is
motivated by articles [25], [63], [79] and [95].

Definition 3.15. [65] A G-graded submodule N of M is called G-graded primary or
G-primary if N �= M and for each a ∈ h(R), the homothety �a : M/N → M/N

defined by λa(x +N) = ax +N is either injective or nilpotent. An ideal I of R is called
G-graded primary ideal if it is a G-graded primary submodule of R.

Definition 3.16. [65] If N is a G-gaded primary submodule of M and P = GrM(N),
then N is called a G-graded P-primary.

Theorem 3.17. (First Uniqueness Theorem) [65] Let M be a finitely generated G-
graded module over a G-graded Noetherian ring R. If N =

⋂
i∈I

Ni is a reduced G-graded

primary decomposition of N, Ni being graded G-graded Pi -primary, then Pi are uniquely
determined by N.

Theorem 3.18. (Second Uniqueness Theorem) [65] Let N =
⋂
i∈I

Ni be a reduced

primary decomposition of N , Ni being G-graded Pi -primary. If Pi is minimal, then Ni

is uniquely determined by N .

Let � be a cancelation monoid with the neutral element e. Consider a �-graded ring
R = ⊕γ∈�Rγ , which is not necessarily commutative. Huishi [51], proved that Re, the
degree-e part of R, is a local ring in the classical sense if and only if the graded two-sided
ideal M of R generated by all non-invertible homogeneous elements is a proper ideal.
He [51] defined a �-graded local ring R in terms of this equivalence, it is proved that any
two minimal homogeneous generating sets of a finitely generated �-graded R-module
have the same number of generators.

In literature review many algebraist studied the graded primary submodules of a G-
graded R-module. A number of results concerning this class of submodules are given in
[16].

The graded primary decomposition of graded module has been studied in [50]. They
have discussed some preliminary results which are extensively used their work. They
[50] established that if M is a graded free R-module and I , a proper graded ideal of R

with graded primary decomposition then a graded submodule IM has a graded primary
decomposition. If N is a graded submodule of M with gr-primary decomposition then
there exists a graded ideal (N :R M) of R with gr-primary decomposition. They [50]
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have proved that if R is a graded ring with gr-dim(R) = 1 and M is gr-Noetherian R-
module then for any gr-submodule N of M , the graded ideal (N :R M) can be expressed
as product of graded primary ideals (Ni : M) of R(i = 1, 2, . . . , k), where Ni is gr-
primary submodule of M .

Let G be a group, R a G-graded ring and M a G-graded R- module. Then the
relation between the category of gr -R - modules and their identity components for
the weak multiplication property studied [2]. Some results concerning graded prime
submodules introduced [2].

In [7], Ansari et al. introduced the notion of graded comultiplication modules and
obtained some related results. Authors [6] introduced the dual notion of multiplication
modules and investigated some properties of this class of modules. Secondary modules,
completely irreducible submodule and p-interior has been given in [11].

Definition 3.19. (Secondary Module) [11] A non zero R-module M is said to be
secondary if for each a ∈ R the endomorphism of M given by multiplication by a is
either surjective or nilpotent.

Authors [11] have got some results concerning second modules by using the notion
of the P-interior of N relative to M . Moreover, they [11] had given some characterization
for secondary module.

A commutative ring is graded by an abelian group if the ring has a direct sum decom-
position by additive subgroups of the ring indexed over the group, with the additional
condition that multiplication in the ring is compatible with the group operation. Johnson
[56] developed a theory of graded rings by defining analogues of familiar properties
such as chain conditions, dimension, and Cohen-Macaulayness. The preservation of
these properties when passing to gradings induced by quotients of the grading group has
been studied in [56].

G-graded twisted algebras were introduced in [36], and independently [119], as dis-
tinguished mathematical structures which arise naturally in theoretical physics (see[117],
[118]). From this algebra one can understand the following : In [59] let G denote
a group. An R-algebra W (not necessarily commutative, neither associative) will be
called a G-graded twisted algebra if there exists a G-grading, i.e., W = ⊕g∈GWg, with
WaWb ⊂ Wab, in which each summand Wg is an R -module of free rank one. They as-
sumed that W has an identity element 1 ∈ We, where We denotes the graded component
corresponding to the identity element e of G and required that W has no monomial zero
divisors, i.e., for each pair of nonzero elements wa ∈ Wa , and wb ∈ Wb, their product
must be non zero, wawb �= 0. Besides its interest for physicists, these algebras are nat-
ural objects of study for mathematicians, since they are related to generalizations of Lie
algebras. In [59], methods of group cohomology are used to study the general problem
of classification under graded isomorphisms. A full description of these algebras in the
associative cases, for complex and real algebras. In the nonassociative case, an anal-
ogous result is obtained under a symmetry condition of the corresponding associative
function of the algebra, and when the group providing the grading is finite cyclic.

The positively Z-graded polynomial ring R = K[X, Y ] over an arbitrary field K
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and Hilbert series of finitely generated graded R-modules has been considered in [57].
The central result is an arithmetic criterion for such a series to be the Hilbert series of
some R-module of positive depth.In the generic case, that is, deg(X) and deg(Y ) being
coprime, this criterion can be formulated in terms of the numerical semi group generated
by those degrees.

Let G be an arbitrary group with identity e and let R be a G-graded ring. Graded
semiprime ideals of a commutative G-graded ring with nonzero identity defined in [38]
and they [38] gave a number of results concerning such ideals. Also, they [38] extended
some results of graded semiprime ideals to graded weakly semiprime ideals.

For any graded commutative Noetherian ring, where the grading group is abelian and
where commutativity is allowed to hold in a quite general sense, they [32] established
an inclusion-preserving bijection between, on the one hand, the twist-closed localizing
subcategories of the derived category, and, on the other hand, subsets of the homogeneous
spectrum of prime ideals of the ring.

Let R be a Noetherian local ring. They [89] defined the minimal j - multiplicity
and almost minimal j - multiplicity of an arbitrary R - ideal on any finite R - module.
For any ideal I with minimal j - multiplicity or almost minimal j - multiplicity on a
CohenâŁ“Macaulay module M , they [89] proved that under some residual conditions,
the associated graded module gr1(M) is Cohen - Macaulay or almost Cohen - Macaulay,
respectively. Their work generalized the results for minimal multiplicity.

Let G be a multiplicative group, R a G-graded commutative ring and M a G-graded
R-module. Then various properties of multiplicative ideals in a graded ring are discussed
in [61] and authors extended this to graded modules over graded rings. The set of P

-primary ideals and modules of R when P is a graded multiplication prime ideals and
modules are studied in [61].

Cox [31] introduced the homogeneous coordinate ring S of a toric variety X and
compute its graded pieces in terms of global sections of certain coherent sheaves on X.
The ring S is a polynomial ring with one variable for each one-dimensional cone in the
fan � determining X, and S has a natural grading determined by the monoid of effective
divisor classes in the Chow group An−1(X) of X (where n = dimX). Using this graded
ring, X behaves like projective space in many ways has been shown in [31].

It was shown by Bergman that the Jacobson radical of a Z-graded ring is homoge-
neous. In [110] the analogous result holds for nil radicals namely, that the nil radical
of a Z-graded ring is homogeneous. It is obvious that a subring of a nil ring is nil, but
generally a subring of a Jacobson radical ring need not be a Jacobson radical ring. In
[110], it is shown that every subring which is generated by homogeneous elements in a
graded Jacobson radical ring is always a Jacobson radical ring. It is also observed that a
ring whose all subrings are Jacobson radical rings is nil. Some new results on graded-nil
rings are also obtained in [110].

A new set of invariants associated to the linear strands of a minimal free resolution
of a Z-graded ideal I ⊆ R = K[x1, . . . , xn] introduced in [74]. They also proved
that these invariants satisfy some properties analogous to those of Lyubeznik numbers of
local rings. For the case of squarefree monomial ideals they achieved more insight on the
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relation between Lyubeznik numbers and the linear strands of their associated Alexander
dual ideals. Finally, in [74] proved that Lyubeznik numbers of Stanley-Reisner rings are
not only an algebraic invariant but also a topological invariant, meaning that depend on
the homeomorphic class of the geometric realization of the associated simplicial complex
and the characteristic of the base field.

In [53] the aim is twofold. First, studied generalizations of graded injective modules.
Second, provided a characterization of graded quasi-Frobenius rings in terms of graded
mini-injective rings.

Let R be a polynomial ring over a field. In [52] authors proved an upper bound for
the multiplicity of R/I when I is a homogeneous ideal of the form I = J +(F ), where J

is a Cohen-Macaulay ideal and F /∈ J . The bound is given in terms of two invariants of
R/J and the degree of F . They have shown that ideals achieving this upper bound have
high depth, and provided a purely numerical criterion for the Cohen-Macaulay property.
Applications to quasi-Gorenstein rings and almost complete intersections are given in
[52].

Emil [40] investigated the graded Brown–McCoy and the classical Brown–McCoy
radical of a graded ring, which is the direct sum of a family of its additive subgroups
indexed by a nonempty set, under the assumption that the product of homogeneous
elements is again homogeneous. There are two kinds of the graded BrownâŁ“McCoy
radical, the graded BrownâŁ“McCoy and the large graded BrownâŁ“McCoy radical of
a graded ring. In [40] proved that the large graded BrownâŁ“McCoy radical of a graded
ring is the largest homogeneous ideal contained in the classical Brown–McCoy radical
of that ring.

In [41] Let I be a homogenous ideal of a polynomial ring S = K[X1, . . . , Xd] over
a field K with usual grading. Bertram, Ein and Lazarsfeld [23] have initiated the study
of the Castelnuovo-Mumford regularity of In as a function of n by proving that if I is
the defining ideal of a smooth complex projective variety, then reg(I n) is bounded by
a linear function of n. Let R = R0[X1, . . . , Xd] be a Noetherian standard N-graded
algebra over Artinian local ring (R0, m). In particular, R can be a coordinate ring of
any projective variety over any field with usual grading. Let I1, . . . , It be homogenous
ideals of R and M a finitely generated N -graded R-module. Ghosh [41] proved that
there exist two integers k, k′ such that

reg(I
n1
1 . . . I

ntM
t ) ≤ (n1 + . . . + nt)k + k′

for all n1, . . . , nt ∈ N.

Using E-algebraic branching systems, various graded irreducible representations of
a Leavitt path K-algebra L of a directed graph E are constructed. The concept of a
Laurent vertex is introduced and it is shown that the minimal graded left ideals of Lare
generated by the Laurent vertices or the line points leading to a detailed description
of the graded socle of L. Following this, a complete characterization was obtained of
the Leavitt path algebras over which every graded irreducible representation is finitely
presented. A useful result is that the irreducible representation V[p] induced by infinite
paths tail-equivalent to an infinite path p (say this a Chen simple module) is graded if
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and only if p is an irrational path [48]. They also have showen that every one-sided
ideal of L is graded if and only if the graph E contains no cycles. Since by [46] every
Leavitt path algebra is graded von Neumann regular, it is natural to consider the subclass
of Leavitt path algebras which are graded self injective. They [48] have shown that L is
graded.

Consider a generalization K
gr
0 (R) of the standard Grothendieck group K0(R) of a

graded ring R with involution. If � is an abelian group, proved K
gr
0 completely classifies

graded ultramatricial ∗-algebras over a �-graded ∗-field A such that (1) each nontrivial
graded component of A has a unitary element in which case we say that A has enough
unitaries, and (2) the zero-component A0 is 2-proper (for any a, b ∈ A0, aa∗ + bb∗ = 0
implies a = b = 0) and ∗-pythagorean (for any a, b ∈ A0, aa∗ + bb∗ = cc∗ for some
c ∈ A0) (see [49]). If the involutive structure is not considered, their result implies that
K

gr
0 completely classifies graded ultramatricial algebras over any graded field A. If the

grading is trivial and the involutive structure is not considered, some well known results
obtained as corollaries.

As an application of their results, proved that the graded version of the Isomorphism
Conjecture holds for a class of Leavitt path algebras: if E and F are countable, row-finite,
no-exit graphs in which every path ends in a sink or a cycle and K is a 2-proper and
∗-pythagorean field, then the Leavitt path algebras LK(E) and LK(F) are isomorphic
as graded rings if any only if they are isomorphic as graded ∗-algebras. Also presented
examples which illustrated that K

gr
0 produces a finer invariant than K0.

Let K be a field, and let R = K[X1, . . . , Xn] be the positively Z-graded polynomial
ring with degXi = di ≥ 1 where i = 1, . . . , n. Consider a finitely dimensional R-
module M = ⊕kMk over R. The graded components Mk of M are finitely dimensional
K-vector spaces and since R is positively graded, Mk = 0 for k << 0. The formal
Laurent series

HM(t) :=
∑
k∈z

(dimkMk)t
k ∈ Z[[t]][t−1]

is called the Hilbert Series of M . Obviously every coefficient of this series is non
negative. Moreover, it is well-known that HM(t) can be written as a rational function
with denominator (1 − td1), . . . , (1 − tdn) (see [67]).

In [67] authors discussed a result on formal Laurent series and some of its implications
for Hilbert series of finitely generated graded modules over standard-graded polynomial
rings: For any integer Laurent function of polynomial type with non-negative values
the associated formal Laurent series can be written as sum of rational function of the

form of
Qt

j

(1 − t)j
, where the numerator is Laurent polynomials with non negative integer

coefficient. Hence any such series is the Hilbert series of some finitely generated graded
module over a suitable polynomial ring K[X1, . . . , Xn]. They have given two further
applications, namely an investigation of the maximal depth of module with a given Hilbert
series and characterization of Laurent polynomials which may occur as numerator in the
presentation of Hilbert series as a rational function with powers of (1−t) as denominator.
In fact, in the standard graded case i.e (d1 = · · · = dn = 1), these two properties
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characterize the Hilbert series of finitely generated R-module among the formal Laurent
series Z[[t]][t−1], (see [114] Cor.2.3).

In the non-standard graded case, the situation is more involved. A characterization
of Hilbert series was obtained by Fernandez and Uliczka in [57]:

Theorem 3.20. (Mayano-Uliczka) [67] Let P(t) ∈ Z[[t]][t−1] be a formal Laurent
series which is rational with denominator (1−td1), . . . , (1−tdn). Then P can be realized
as Hilbert Series of some finitely generated R-module if and only if it can be written in
the form

P(t) =
∑

I⊆{1,...,n}

QI(t)∏
i∈I (1 − tdi )

(2)

with non negative QI ∈ Z[t, t−1]. However, it remained an open question in [67] if the
condition of the Theorem (2.15) is satisfied by every rational function with the given
denominator and nonnegative coefficient. They [57] answered this question to negative
and they provided example of rational function that do not admit a decomposition (1)

and are thus not realizable as Hilbert series (see [67]).

Example 3.21. [67] Consider the rational function

P(t) := 1

(1 − t2)(1 − t5)
− t4

(1 − t3)(1 − t5)

= 1

2
(1 + t2 + t6

1 − t2
+ 1 + t6

1 − t5
+ t12

(1 − t3)(1 − t5
)

P (t) can not be written as a non negative integral linear combination. On the other hand,
the second line gives a rational number decomposition. This shows in particular that the
coefficient of the series of P are non negative.

On the other hand, claimed that the answer is positive by showing the following
theorem:

Theorem 3.22. [67] Assume that the degrees d1, . . . , dn are pairwise either co-prime
or equal. Then the following holds:

• If n = 2, then every rational function P(t) ∈ Z[[t]][t−1] with the given denom-
inator and nonnegative coefficients admits a decomposition as in 1 of Theorem
(2.15).

• In general, the same still holds up to multiplication with a scalar.

Moreover, they have provided following example:

Example 3.23. [67] The condition that degree δ1, . . . , δr are pairwise co-prime is
essential, as the following example shows. Consider the rational function

P(t) := 1 + t − t6 − t10 − t11 − t15 + t20 + t21

(1 − t6)(1 − t10)(1 − t15)
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= 1 + t + t7 + t13 + t19 + t20

1 − t30
.

One can read off from the second line that P(t) can not be written as a sum with
positive coefficients and the required denominator: The coefficient of t0.

The Weyl algebra over a field K of characteristic 0 is a simple ring of Gelfand-Kirillov
dimension 2, which has a grading by the group of integers. All Z-graded simple rings
of GK-dimension 2 classified in [21] and show that they are graded Morita equivalent
to generalized Weyl algebras as defined by Bavula (see [21]). More generally, Bell et al
studied Z-graded simple rings R of any dimension which have a graded quotient ring of
the form K[t, t−1; σ ] for a field K . By some further hypotheses, classified all such R in
terms of a new construction of simple rings which is introduced in [21]. In the special
case GKdimR = tr.deg(K/k) + 1, they [21] have shown that K and σ must be of a
very special form. They [21] defined the new simple ring study from the perspective of
non commutative geometry.

In [5] if R is a graded ring then defined a valuation on R induced by graded structure,
and proved some properties and relations for R. Later they [5] have shown that if R is a
graded ring and M a graded R-module then there exists a valuation on of M which was
derived from graded structure and also proved some properties and relation R. They [5]
gave a new method for finding the Kurll dimension of a valuation ring.
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