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Abstract

The small time existence and the regularity of a strong solution to the free
surface problem of primitive equations for the ocean are discussed in this paper.
Following formulations of practical models such as OGCM (Oceanic General
Circulation Model), we impose the kinematic condition on the free ocean
surface, and apply the equation of state in the general form.
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1. INTRODUCTION

This paper concerns the small time existence of a strong solution to the free surface
problem of primitive equations for the ocean, which describes the temporal motion and
state of the ocean [3], [23].

The novelties of this paper are following issues:

(i)  We show that the local-in-time solvability of the free ocean surface model under
some initial and boundary conditions;

(if) the general form of the equation of state is applied,;

Since the memorable contributions to the mathematical argument of the primitive
equations by Lions, Temam and Wang [17] [18], there have been a number of works
concerning the primitive equations for the ocean, the atmosphere, and the coupled
model of the ocean and the atmosphere in the mathematical literature. In the present
paper, we investigate the free surface problem of the primitive equation for the ocean
with the general form of the equation of state and construct a strong local-in-time
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solution in the anisotropic Sobolev-Slobodetskii spaces. In addition, the vertical
velocity, whose regularity was lower than that of the horizontal ones in the preceding
works, is shown to have the same regularity as that of the horizontal ones. We first
consider the problem in the transformed coordinate system, which makes the ocean
region to be fixed and known. In order to show the improved regularity of the vertical
velocity, a new unknown variable n; with a parameter h is introduced. Then, we
consider linear problems for each unknown variables in the fixed region of the
transformed coordinate system. In order to estimate 7, some technical calculations are
necessary, including the estimates in the Sobolev-Slobodetskii spaces defined on non-
cylindrical domains. We finally consider the successive approximation of the problem,
which converges uniformly with respect to h in the desired function space.

This paper is organized as follows: in the next section, we formulate the problem. In
section 3, we define the function spaces used throughout this paper. In Section 4, we
state the main result of this paper, followed by the proof of the main theorem in section
6.

2. FORMULATION OF PROBLEM

Our problem is formulated in the 3-dimensional strip-like region. By x = (x',x3) =
(x1, x5, x3), we denote an orthogonal Cartesian coordinate system with x5 being the
vertical direction. Let the unknown free ocean surface and the known bottom of the
ocean be represented by the equations x; = F(x',t) and x3 = b(x"), respectively.
The initial value Fy(x") of F(x',t) isassumed to satisfy Fy(x') — b(x") > ¢, with
a positive constant ¢, for any x’ € R?. Then the domain Q(t) of the ocean at time
t is represented as

Q(t) = {(x',x3)|x" € R?,b(x") < x5 < F(x',t)}.

The equations that we consider in the present paper are as follows:

(0v ov 0%v 1
ETA +w-V)v+ Wa—g— lylAv+y2 aXSl + foAv = —Q—Vp,
op
6_x3: —09,
ow _
<V ‘U+a—0, (21)

9w w? A6 + 9% =0

65+ V)S + 03
5t @ DS Hwa -

\o =0(p,6,S) x€Q(),t>0.

AS + 625 =0
Us //l6ax§ =0,
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0 -1
1 0
a positive constant due to the f-approximation; ¥ and A are 2-dimensional gradient

and Laplacian, respectively. The horizontal component of the velocity is represented
by v = (vy,v,)T and the vertical one, by w; p, the pressure; o = 0(zy,2,,23), the
density; g, > 0, a constant of the representative value of the density; g, a positive
constant denoting the acceleration due to gravity; 6, the temperature; S, the salinity;
uq and p,, coefficients of turbulent viscosity; (us, 1s) and (us, ug), scaling sums of
turbulent and molecular diffusivities, respectively with u; (i =1,2,...,6) being
positive constants. Note that the equation of state is provided in a general form in
(2.1) 4. Conditions on the free ocean surface I'(t) = {x € R3|x; = F(x',t),t > 0}
are as follows (ses, for instance, [3], [23]):

v B . 0 _ .
Uz ony =T(x, 1), Uy ony = 1,(x, 1),

Here, f,Av is a Coriolis force with A = ( ) and the Coriolis parameter f, is

as (2.2)
Ho g = 91(x,0)S(x, 1), p =po(x,t) x€L(L), t>0.

F

1 (aF oF
J1+|VF|?

is the unit normal vector to I'(t) attime t pointing to the ocean region, and p,(x,t),
the atmospheric pressure at the ocean surface. t; € R? is the wind shear due to the
movement of the atmosphere over the ocean; t, € R, the heat flux on the ocean
surface; g,(x,t), a given function representing the difference of the precipitation and
evaporation rate. In addition, the kinematic condition is imposed ([3], [15], [23]),

np = (ng,ng,n3)" = -7 (2.3)

ox,’ 0x,’

D
E(x3 - F(xl' t)) =0, (24)

D _ @ . . I
where D_tEE-H"V"'WW is an operator known as the material derivative.
3

Following Washington and Parkinson [23], conditions on the bottom of the ocean T}, =
{(x" ,b(x' ))|x €R%} are

bt — 0 ov _ . 90 _ 3
v WES g T Mgy T Hegn, (2.5)

=0, x€T,t>0,

where

n, = (Vb, —1)T

1
J1+|Vb|2
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Initial conditions are

{(v, 0,5)(x,0) = (vg,0p,S0)(x), x€Q=Q(0),

F(x',0) = Fy(x"), x' € R% (2.6)

We apply the transform &: (x, t) — (y,t) of the coordinate system similar to the one
used in the preceding papers [11], [12] to (2.1)—(2.6):

x3 — F(x',t)
b(x') — F(x',1) 2.7)

vy =x', y3=(bXx)—F(x")
+ Fy(x"),

which is similar to that used by Beale [1]. By this transformation, and making use of
the representation

= (s =Fo (NN -F@' 1)
; b(y") = Fo(y")
it is clear that, for an arbitrary T > 0, the regions

L) ccorxien, | ] mxen | roxm

0<t<T 0<t<T 0<t<T

+F, ) = x50,

are transformed onto the regions
Qr=0x(0,T), T,y =T, x(0,T), T =T x (0,7,
respectively, where

Q={0" vy €R? b(y) <ys <Fo(¥)}, [ ={(,y3)|ly' € R% y; =b(y")},
['={0"y)ly' €R? y3 =F,(y"}

We denote the inverse of transposed matrix of the Jacobian matrix by

UlC/MID™ = (V) = @/(F) (i) =123).

Then one can easily derive

3 — 13 23 T _ (FO(y,)_F(y,'t))(y3_FO(y,)) ’
@)= @0 )= G0 —Fo 060 - RN
VF(y") VE(y',t) }

OO =1 S R T T - oD

b(y’)_FO(y’) ij , .
, =6; (i=12 j=123),
bO) — FO, ) y (=12 =129

a33(F) =
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dys __ys—b(y") OF
ot b(y")—F(y',t) ot

Ay =A((F) = y',t).

Hereafter §;; stands for the Kronecker’s delta. In the following, we use the notation

a a\
(e, V)" = ULG/MI” ).

(63’1 dy,’ 0y

Hereafter, we simply denote (%, %) by V in the case it is obvious. Except for
1 2

unknown variables, a function f(x,t) after the coordinate transform is denoted by
F® (y,t) in order to represent its dependency on F. For a function defined in the
whole space R3 in the original coordinate system, we use the same notation to the one
restricted on Q(t) ateach t and then transfomed into the new coordinate system.

3. FUNCTION SPACES

Let us introduce the function spaces used in this paper. Let T > 0 and G be a domain
in R™ (n = 2,3). By W}(G) we mean a space of functions u(x), x € G, equipped

with the norm ful?, =Y IID"‘u ”LZ(G) + o lI? where Dy denotes the

wie)™ 1< wiG)’

usual multi-index of derivatives With respect to x, and

|| u IIW o)™ Z | DFu IIfZ(G): z f | D¥u(x)|?dx if [ is an integer,
G

|a|=L |a|=1
D%u(x) — Du(y)|?
< Il u IIW o)™ z J J 1D |?E 2 y|nf2{z§y)| dxdy if [ is a non — integer,

=[]
U=[]+{}, 0<{}<1.

We also define the following function spaces for m > 1:

N Il u IIWm(G)— iuplu(x)|2+ll ul? e g
W, (6) = {ux)

£ IDEU Wgies )< o0

|a|=1

l
Next we introduce anisotropic Sobolev—-Slobodetskii spaces W  ,*(Gr) =
l

WZI’O(GT) n WZO'E(GT) (Gr = G x (0,T)), whose norms are defined by

I 1 f 1, 6) 126, dt+f||u(x P, dx
0

2(GT) W2 (0,1)
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2
=0 o,y HIU I
WZ (GT)

We also define function spaces:

( I 1 = sup | u(x, t)|? \
Wy 2(GT) Gr
—mT +sup lu(,) I? mopm  + sup lu(,t) ";ﬂ"—[m](c)
W, ?(Gr) = u(x,t)| xe¢ w, 2 (or) tE(O T) 2 -
+ ) Ingull? e
\ la]=1 w, E 2 (G ) (D! )

for m > 2, and

.
W, “(Gr)
i
={u(x,t) €W, *(Gr) Tul? m  =lul? L ” P )
W, 2 Gn) Meen 19t

for m > 1.

For the convenience, k times product of a function space W is denoted by W*. We
also denote the product of function spaces W, and W, by

2
l_lwi = Wl X WZ'
i=1

Norms of the vector and product spaces are defined by the standard vector norm and
the sum of the norm of the each space, respectively. Function spaces defined on a non-
cylindrical domain Q, 7 = Ug<t<r(Q(t) X {t}), which are used to solve the free
boundary problems (4.1)—(4.4) in Sections 4, are defined by the local charts (see, [19]).

4. MAIN RESULT

Now, denoting (wv,w,6,S) after the coordinate transform by (u,us,0,5), and
introducing notations U = (u,8,5)T and U, = (v,, 0, S,)T, We rewrite (2.1)—(2.6)
in y-coordinates. Note that the initial data is invariant under the coordinate transform.
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rou ~
E - Ll’Fu == Gl‘F(u, U3, 6, S)
Ju Ju 1
=-A;—— (u-Vp)u—uza3® — — foAdu — — Vg p®,
1 3y (u-Vp)u—uza 3y foAu %0 FD
ap® - -
a33 . = _Q(ﬁ(F)'Q'S)g = égv
dy3
Ju

<Vp'u+a33a—yz=0, (4.1

06 Y 0D

E - LZ,FH == G2,F(u,U3, 9) = —Ala_y3 - (u . VF)G - u3a 6_373’

05 i 05 R .

E - L3'FS == G3,F(u, u3,S) = —Ala_:y3 - (u . VF)S - u3a 6_3 1n QT‘

oF . )

kE+u-|7F—u3 =0 in R7,

{Bn,Fu = uDpu-np = ng), BlZ,Fé = .U4DF§ "Ny = fép), 4.2)
Bl3,F§ = :u6DFS~ "Np = giF)g, ﬁ(F) = ﬁSF) on fT;
{u ‘Veb +uz =0, By pu = uDpu-mny, =0, (4.3)
BZZ,Fg = H4DF§ Ny = O, BZ3,F§ = ’LL6DFS~ ‘N, = 0 on be, .

{Uo()’) = (W,0,8)|t=0 = Wo(¥),00(¥),So(¥)) onQ,

) (4.4)
Fli=o = Fo(y') on R?,

where
a 2
Lip = tai-a Vi + i (a33(F) a—) (i=123),
V3
9]
0y3
Note that F is invariant under the coordinate transform (2.7).

Dp = (Vp, a®*(F)5)".

Now it is to be noted that we can extend (v, 68,,So)(y) into the half space t > 0
preserving the regularity, which is denoted by (i, 50,§0)(y, t) [24]. We also
introduce notations Uy = (itg, 8y, S)T, W = (W', 6,5 T=U-TU, and F' =F —
F,. Then, after solving 5% explicitly making use of (4.1) , and (4.2) ,, (4.1)-
(4.4) becomes the following one for U’.
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(oU’ , , — U, .
? - LFU = gl’u&pu + LFUO - 7 n QT'
{BrU' = GarsUy on Iy, (4.5)

BZ,FUI = g3,Fﬂ0 on l:bT;
Vu’lt=0 = (0' O'O)T

where (,8,5) = (u' + 10,8 + 8,5 + $,), and

LeU' = [Lyp(u— o), Lyp(6 — 50): Lyp(S— §o)]T:

B U = B11,Fu’»B12,F§’»B13,F~§']T: B, rU' = [321,Fu’:Bzz,F§"323,F§’]T;
gl,u3,Fu, =[G r(Wus, 6, 5~), Gy r (W, us, é)' Gsr(U us, g)]T'

GorsUo = [T + po Dty My, Ty
g3,Fﬂ0 = [u2Drtg ‘nb:.u4DF9:0 ) nbuu6DF§O -ny]7,
LUy = [L1,FUto, LZ,FB:O' L3,FS:0]T'

+ 4 D6, - i, §§F)5 + teDrSo - np]”,

— | v
¥ (F) Jyyry (4.6)
‘u(y’, z3,t) dzz in Qp,

!

E+u-\7F’=u3 in R%,

F'lt=o =0 on R?.

4.7)

The following is the main result of this paper.

Theorem4.lLet 1/2 <1<y <1,and T > 0 be an arbitrary number. Assume that

— 2+l 7
() (wo,00,50) € W (R®) x (W, " (R®)> =Wy, Fy € Wy (R?);
(i) By <Hp(x) <oo,and 0 < Sy < Sp(x) < oo with positive constants 6,
and Sy, respectively;

(i) Jygr, 7 - Vo(x',25) dzs € WS (R®);
5
—+1
(iv) be W§+ (R?) and Fy(x") —b(x") > co > 0 on R? with a positive constant

Co»
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2+1 3+1

2412 —3+13
(V) Ty, T2 G1EW, 2 (R3), po €W, "* (R});

(Vi) Q (S C4+ﬁ(g) on g - {Z - (Zl,Zz,Zg) (S R3|Z1 > C'LUZZ > Qo,Zg > §0} With
I<p<1+1/2, iregg (z) = ¢, > 0 with positive constants ¢, and c;, and
VA

sup | Dfo(z)| < M for |a| < 4;
ZEG

(vil) DZpo with |a| = 3 satisfy the HOlder condition with exponent g > /2 with
respect to xs;

3+1

(viii) forany T > 0 and (fy, fs) € (WEH'T(Q,CIT))Z provided, the problem

dp
a_ = _Q(p;fglfs)g X € QI t e (0' T):
X3
p(x',F(x',t),t) = po(x',F(x',t),t) x' € R? t € (0,T),
3+1

— 341 —
has a unique solution p € W2+ 2 (Qyr);
(ix) Forany T > 0, the problem

9
9 _ —0(»,0,S)g x€Q, te(,T),
dxs

p(x',F(x',t),t) = po(x',F(x',t),t) x' € R? t € (0,T),
3413
has a unique solution (p,6,5) € (W, 2 (Qyer))>;
(X) |V-F,—1] =6, >0 on R? witha positive constant &;.
Moreover, the compatibility conditions up to the order 1 for v, 8, S are satisfied.
Then, there exists T* € (0, T] such that (2.1)—(2.6) has a unique solution
(vl Wl 9; SI F) E WX(T*)’

satisfying
Bo So
0<=<60<mo 0<=<S<oo
2 2
Here

3+13+l 3+1 5,5 1

5 —3+l—— ~ =+l
We(T) =W, "2 (Qur))? X Wa 2 (Qur))? X W™ 2(R7).
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5. PROOF OF THEOREM 4.1

In this section, we consider the original nonlinear problem. First, we introduce a new
unknown variable in the original coordinate system, and then consider the problem in
the transformed one. By virtue of the successive approximation, we show the existence
and uniqueness of the desired solution.

5.1. Introduction of new variable

First, we introduce a new variable in the original coordinate system:

X3

Nu(x,t) = f Vi - v(x', 23, t) dzg
b(x")

X3
= f A=t {(v1 (%1 + h, Xy, 23, 1) — v1(Xq, X5, Z3, 1))
b(x"
+(v2 (Xl, X2 + hr Z3, t) %) (xl' X2,23, t))} dZ3,

with A > 0. Note that v is twice differentiable at this time. Then, it is obvious from
(2.1) that it satisfies the following problem:
eun 021y,

_"_ |72 "

a UV R + 1y ox2 )

= Np1(v,w,0,5) + Npo(v) + Nps(w,p) x €Q(L), t>0,

9]

12 _pv xeT(@), t >0, (5.1)
0x;

=0 x€T, t>0,

Fo(x")

Nn(x,0) = f Vi vo(x',2) dz x € Q.
\ b(x")

Here we have used notations

X3

v
Np1(v,w,0,5) = —J V- (- v+ W—ax ) dzs
3

b(x")
X3
[ e Gtz ds,
b(x")
Ni2(0) = (Vg - v)|x3=b(x')l72b +2VDb - (Vn - V)| xy=pxy

M) = —— [ v, V(20 d +(ia—b)2\7—av
n3 U, P =—— hVpP\X,Z3, Z3 h
Q0 Jp(x" S 0x” 70Xz, iy
v v
—p V- =— :
6x3x3=b(x/)

Now, we consider the following problem for (vy, wy, 6y, Sn, Fr)-
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(avh avh azvh 1
7 + (vh . V)vh + Wha_x3 — lllAvh + ,lea—x% +f0Avh = —anh,
0pn
o = —0(Pn On, Sn) 9,
a0, 20, 020h
_n . N _ — | = 5.2
< ot + (vh V)Hh + Wp ax3 [M3A0h +‘Ll4 ax§ 0, ( )
Pn 7)S, + wy oo AS, + 05 =0
at wn - V)Sh Whax3 UsBSp 'u66x§ =0,
Wi = —Uply,=p’y - Vi b = 1
D
\D_t(x3 —F,(x,t)) =0 xe€Qt),t>0.
( avh h
Uz ong, =T1(X, 1), [y on;, = 17,(x, 1),
asy,
9 Hem— = 9106, OSp(x, t), pp=po x €TL(t), t>0, (5.3)
ng,
avh 09h 0Sh
= = =0 e, t>0.
kanb 6nb 6nb x b
{(vh' thsh)(x' 0) = (VOIHO'SO)(x)' X € 'Qr (5 4)
Fy(x',0) = Fy(x"), x' € R®. '

Introducing notations

wy (V1. Y2, Y3) = Va0, Y2 XS P 0, 6,), 0y (01, Y2, ¥3) = 01, 72, X (3, 0), 1),
~ _ F _ ~ ~ ’ _ —_—
$h1 Y2 ¥3) = Suu 2, X5 P (0, 0,8), Un = (wn, O, Sn), Up = Un — T,

we consider (5.1)—(5.4) after the coordinate transform into the y-coordinate system.
We introduce notations ¥, = (uy, Fy), and

1 1

0V, (Fr) 0Vpy
= ! X h !
Peann = | G+ ohey XM 0,0) ot [ GG

+0'hey, XM (v, 1)) do”,
where v, (x,t) = (Vpq, Vp2) (x, t) = up(P(x,t)) with & defined in Section 2,

e; (i = 1,2) are the orthogonal unit vectors in the ith direction in (. Thanks to the
assumption (iii) on v, in Theorem 4.1, we have the extension 7, of
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Fo(y")
finle=0 = o J Pr, vo(¥', 23, ) dz3
b

o
into the region t > 0 conserving the regularity, and are able to consider the problem
for 7j;, = i, — 1, with (4.5)—(4.7).

(0U} aﬂo o
5 — Lp, Up = Grauyr, Un + »CFhuo o0 in Qr,
{Brry Up = gz,Fh,s”huo on [, (5.5)

BZ,Fhu;z = 93,Fhﬂo on fbr,
\Uplt=0 = (0,0,0) on Q,

fanh = aﬁo e
¥ — Ly g, fin = Gap (K Usp, fin) + Lap, Mo — 5; b Qr,
anh 33 af_io j'FO(y ) B
o | P un (2, 8) d ., |
6)’3 — 0ys3 b(y") Fn un(y’,z3,t) dzz only (5.6)
nh =0 on rbT’
\Ainle=o =0 on Q,
Uzp = —Uply,=py"y " Ve, —7in  In Qr, (5.7)

L) = Fo(Xal (v, ) + f s (', Fo ('), 7) dt

(5.8)
—Fo(y',t) in R,
where a3® = a33(F,),
Gy F(Kny Uzp, Tn) = —A1(Fh) + N1 (Fn, uzp) + z Nii (Fn),
i=2
and W, ; (i = 1,2,3,4) represent JV; after the coordinate transform:
- Y3
T nisn) == [, (Cn - Tr it + sna™ () 50, 25,0) i
b(y")
V3

- foAu,(y', z3,t) dzs,
b(y")

ﬁh,z(j(h) = ?Fh(uh)|y3=b(y')‘72b + 2Vb - Pp, (Up)ly,=piy"
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~ 1 y3 ~(F )
Npz(HKp) = —— Pr, Ve, Dy ") (') 23,t) dzg
Qo /b(y"

2
dab auh auh
Y 33 Y%, 33 ogun
+<Z1 53 Pen @ ) 50 ~ haPr, (@ (F) 1)
i=

5.2. Construction of successive approximation

Next, we construct the following successive approximation of the nonlinear problem

For m = 0, we define (U, qny, finmy Ushm) Fiany Onemy) = (0,0,0,0,0(Bo, 0o, So)),

Y3

Tm = [ P @) 73,0) ds
b(y")

~(Frhim))

Prim) and

In addition, let

~ ~ _ ~(F m) ol c —
Onm) = Onemy(¥, ) = Q(Ph(?,i) Y@, ), By @ 0, Shamy 3, ) = 0 Wiy @, 1))

satisfy:

~(Frhim))
33 h(m) ~ X
ah(m) 6—313 - _th(m) m QT' (5.9)

~(Frmm)) ~(Frem)) r ! ™
Bromy lys=rory =B (V' Fo(¥),t) o Tyr,

for m = 0, where a;¢,,) = a®¥(Fyan)). Then we consider:
fa'u;l(mﬂ) , —  9U,
T LFh(m)u;l(m‘l'l) = glr”Sh(m):Fh(m)uh(m) + LFh(m)uO ot
=& inQy,

! 77 — ™~ 510
Bl,Fh(m)uh(m+1) = gZ,Fh(m),S‘h(m)UO = 3;(:;) on Ir, ( )

BZ,Fh(m)‘u;L(m+1) = gS,Fh(m)ﬂo = 5,(:2) on be,
(Unm+1)le=0 = (0,0,0) on 9,
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(0T h(m+1) _ ~ N
ot~ LrnamTThmen) = G, Fp iy Knm+1)s Knny Ush(mys inemy)

= 0770
+L1,Fh(m)n0 at = g(m)

aﬁ;l +1 an Foy")
Q33 D 33 +f Pr, U (y',z3,t) dzz  (5.11)
h(m) ay3 h(m) ay3 O Fh(m) h(m+1) 3 3

in ﬁT,
= 8,(:'51) on Iy,

ﬁ;l(m+1) =0 on [y,

kﬁ;z(m+1)|t=0 =0 on ﬁ,

Ushm+1) = —Unm+)ly,=b(y’y - V0 = fingmsry  in Qr, (5.12)

Fpam+n @5 t) = Fo(X uh(m)(y t))
t
| sy 07, Fa) 1) (513)
— Fo(y',t) in R,
where Kpmy = (Unmy, Fagny) and
Gy Frimy Fnm+1) Knany» Usnmys TThm))
1(Fh(m)) Vs + N1 (Fnamyr Usnem))

+ﬁh,2(%h(m)) + Nh,3 (Knm+1))-

Note that the subindices of variables are chosen so that the iteration process converges.
In order to prove the well-definedness of (5.9)—(5.13), we first consider the linear
problems of them.

Uh(m)

5.3. Linear Problems

In this subsection, we consider linear problems for U’ = (u/,6’,5")T and F'. Each
problem will contribute to constructing the successive approximation of the nonlinear
problem later.

5.3.1. Linear problem for u’

In this subsection, we consider a linear problem for U’. Let a set of functions
(w,d,s, f) beprovided such that (w,8d,s, f) € Wy (T),

W, 8,5, =0 = (g, 60, So, Fy). Now, consider the following problem:
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aou’ , o
(W - qu = ll n QT’
{Bl,f(u’ =1, only, (5.14)

LBZ’fu’ = l3, on I:bT’
U,|t=0 = (0, 0,0) on ﬁ,
where
LU = (Lypu', Lyf0', Ly ST,
Bl’f(u’ = (,uszu' * Ny, H4Df9’ * Ny, I’L6Df'g, : nf)T,
Bz,f’ll' = (,uszu' Ny, H4Df9’ ‘N, ,LLGDfS’ . nb)T,
and ny is provided by (2.4) with F replaced by f.

5
241
Theorem 5.1 Assume the condition (ix) in Theorem 4.1, F, € W22+ (R%), Uy =

—2+1
(o, 80, So) € W, = WZHH(R3) x (W, (R®))2. Let T>0 and f satisfy the
assumption (Ar), and let I; € W;(T) (i = 1,2,3). We also assume the compatibility
conditions up to the order 1:

(ow )
J [W_ ’Cfu ]|t=0 = l1|t=o on (2,
Bl.ful|t=o =llt=0 on T,

LBZ,fu’|t=0 =lzl¢=o on fb-
Then, there exists Ts; € (0,T] and a unique solution U" € W'(Ts,) to (5.14)
satisfying

3
U N < CZ il
i=1

where C is a positive constant depending on || U, g, WD s and

—>+l
wi (R?)

Il Foll s . In addition, if we take a constant M > 0 such that

+1
W2 (R?)

272 (R

Il s,s,p <M
W,

holds, Ts,; dependsonly on M.

Proof. First we show the uniform ellipticity of L, over the short time interval. Indeed,
the characteristic polynomial of L is provided by
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oa’
w{lE'P+ @€ - a*)e +ad-§'E + |ad P + a3a—y3§3} + 1z (a?3)?¢5
' 3z 12 3 da® 33\2 22
=Wl +a’Sl* +ma 0_)1353 + uy(a”?)=¢3.

3
Noting that ltlrr(} al -%53 = 0, Us is uniformly elliptic over the short time interval.
- 3

Then, the regularizer method [16] is applicable if

3) (1t = 0.
63’3 @y
This is achieved since
u Ju
||(‘7 : a3)_ 1+1 < ”V : a3” 1+l 1+1
0yslly 2 @, Wit @ 19yslly, 3 g
and
lim|||7 . a3|| 1+1 = 0.
t—-0 W2 1+l 2 (Qt)

This leads to the desired conclusion. [

5.3.2. Linear problem for F
Here, we consider the linear problem for F:

oF

— : 2
E - WIY3=F0(3/’) VE = l4|3’3=F0(y,) in Rf, (5.15)
F|t=0 == FO on RZ.
Lemma 5.2 For an arbitrary T > 0, under the assumptions w = (w;,w,)T,
3+l,3+l
lLew, 2@, F € W2 (RZ) and TIwl ,,su <& with a positive
Wz 2 (QT)
constant &,, we have a unique solution F(y',t) to (5.15) on a short time interval
] ] ) ~5 lS l
(0,Ts,] with Ts, € (0,T] satisfying F € W, “ 2(RTSZ) and
WFEI s, 5.t < C{1+ (e + CTs)lwll 3+l il | [ e
WZ * Z(RTSZ) 2 (QT52) Wz 2 ('QTsz)
+Tsz 1l L4l e 2
W, (QTsz)

where € isan arbitrary small positive constant, and C,, a positive constant depending
on €.
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Proof. We use the characteristic curve to solve (5.15). For any &’ € R?, a pair of
functions (X,,(t;€"), F(t;§")) = X1 (t:§), Xua (£ €), F(£;€")) € R* X R is
provided by

d
20 Xw(6:8) =wXy (68, Fo(Xw(6:8D), ), Xw(0:87) =<7,

d — —
e L (68D = LX), Fo(Xw(t:9),0),  F(0;87) = Fo (&),

which are equivalent to the following forms of the integral equations:

t
(Xuti6) =67+ [ W@ 6D, oK@ EN, ) e
0
= Fun@E) Kua@ENT, (5.16)
t
(F@6) = R + [ 1@ &), o(Ku@E),0) e
0

Now we show that a mapping @,,: (¢',t) — (X, (t; &), t) is a diffeomorphism on
RZ ateach t onto itself on a short time interval (0, Ts,]. Actually, the Jacobi matrix
of &,, isprovided by

_ (0Xwi(£:€) 19 0 -
A <a—€j>i,j=1,z - [051 (¢ )552 Xw(t:¢ )]'

where the ith component of %XW, denoted by n;;, is provided by
]

to
M08 = 8y + | 5o (68, FaXu(r E), ) dr
]

t an'
0 3

a !
5 X, (t; &) dr. (5.17)

): %
From (5.17), we have
0

aijw(O;E,) = (61, 82))" = dy;

d (')X N (')X .
% a_fj w(tﬂf) - Wa_fj w(tif),

U =12)
Owie | 9wk 9Fp

with a matrix B,, = (ay 373 3y
k 3 l

) . Thus we have
k=12

0
— X, (6:€) = doj exp (¢B,) (j = 12).
OE]
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Now we show that the determinant of A,, is bounded from below on a short time
interval. Adding (5.17) with respectto i = 1,2 vyields

2 ¢ 2
NECGIE 1+f0M(T)2|nij(t;f')| dr,

where

aWk aWk aFO
dx; 0Ox3 0x;

M(t) =2 kr'{l_alx2 {sup )(x,T) |}

=L2xeq

(

Applying the Gronwall’s inequality yields

2 t
Z|77ij(t; &N| < exp (f M (1) dT) < +oo.
i=1 0

Thus again from (5.17) and the assumption T || w || a3t =0 it is possible to

W2 z Qr)

make

<6,

to
fo a_f_wi(Xw(T; &N, Fo(Xy(t;E),7) dt
J

for an arbitrary small positive constant §; on t € (0,Ts,] with Ts, small enough.
This means
2
ta
det (4,) = ]_[{1 + | FEWC ), Ry (E), D) dr}
s 0 i

=1
t

d
- 11 (f 35 KT, Fo (X (56,0 dr>2cl>0r
0 i

1,j=1,2,i%]
with a positive constant c;. Thus X,,, and consequently &,, is a diffeomorphism on

(0,Ts,], and for arbitrary (y’,t), it is able to take (&¢',t) and (X, (¢t; E’),F(t;f’))
satisfying (5.16). Then, F(y’,t) is provided by

t
FOM D) = Fo(Xa' (/1) + fo L (', Fo(y'),7) d.

Since X,'(y, t) =y — fotw(y’,Fo(y’),r) dz, we have the desired estimate with
the aid of the Cauchy-Schwarz inequality, multi-plicative inequality and the trace
theorem. [J
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5.4. Regularity of Pru

Next, we discuss the regularity of Pru.

l+l 5 1
Lemma 5.3 For arbitrary T>0, we W (QT) and f € W2 "I (R2)
l 1+l

satisfying f|,=o = F,, the relationships .‘waeW2 o 2 (@) (i=2,3) hold,
satisfying

|wyvukm;?m)sc¢0fuﬁﬂhg )nwniﬂﬂ (i = 2,3).
T

2 w, "2 (Qr)

Proof. A mapping ®: (x,t) — (y,t) is clearly invertible, and hence

o xst) = o, X (3, 6),0)

IS a one-to-one mapping. Then, v,, = (v, v,) defined by v, (x,t) = w(P(x,t)) is
i+, _ i+,
well-defined from w, and belongs to sz+ 2(Qyr) If WE Wzl 2 Q) (i=23).
Now we introdue a notation
63

D: : =
L k(x) 0x;0x;0xy
for simplicity. Since

02 ov,

"+ ohe ,X(f) Lt
Ty, o, O+ ohen X 0n0))

dxq

N
X
=Dy o1y’ + ohe, X (3, 6)) + Dyiaovi (v + ohey, X (v, ) 52—

Jj

Dy 3001 (v + ohe, X (3, 1)
(Fn) (Fn)
ax3h}ax3h
ay; 2y;

dy ay]

+Dy 3300V (v + ohey, X (3, 1))

+Dy 3001 (v + ohey, X (y, 0y 2K

we only show the estimate of
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Iy = ﬁfj Dl,i,j(x)vl(y(l)’ + UhergEf)(y(l),t))
Q70
=Dy, o1 (7P + ohey, X (y @D, 0) 2|y ® — y@|=G+2) qyDdy @,
where |a| =3, and y® = (y@,y) (i = 1,2). Applying the transform of the
variable from y® to q® = (¢@’,¢ ") defined by
yl(i)r + oh— CIY),: yz(i)l s qgi)r’ ng)(y(i)’t) — qgi) (i=12),
we have

L f D11 ;1 (@D, t) = D1 g jnyv1 (@@, )| |0 — q@ |3+
o=

alg Iq(l) — q(2)|3+21 |y(1) — y(2)|3+21

By virtue of some calculations, we have

2
L<oUfl s, 50 Moy ll®  su
Wi Ry w7 (@)

i=1

Other terms are estimated similarly, and we omit them here. Furthermore, we have the
estimate

oy Il 5+ SoUfI s, 5,0 DlMwll 54
w, "2 (Qur) Wit 2(RP) w, "% (@r)
Thus, we have the desired result. [
5.5. Iteration process
For simplicity we hereafter use notations
o s sySiL o
W(T) = Wy (T) X (W, (Qr))* X W, (R7),
3+1 5 5.1
2t

~, _ , 3+l,T ~ 2 ~§+l
W'(T) = Wy(T) x (W, (Qr))* x W,
Knimy = Unany Faamy) ™

The iteration process solving (5.9)—(5.13) is executed as follows.

*(R?),

From (Unmy Ush(mys finemy, Fagmy) € W(T) provided, we first calculate Up 1y €

3+l _SaSyt
w2 (@) and Fugmeqy € W2+ 2(RZ) by virtue of (5.10) and (5.13). Note that
~(Frh(m))

Phim) is calculated in advance. Then, by (5.11) and (5.12), (ugh(m),ﬁ;l(m)) €
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341,3%

w, * (Q7))? is calculated. For (5.10), the unique existence of Up(m+1y ONashort

time interval (0, Ts3] is guaranteed by Theorem 5.1. As will be noted later, Ts; does
not depend on m due to the induction. Making use of Lemma 5.4 below, we shall
estimate the right-hand sides of (5.10)—(5.13). We introduce new notations:

Epmy(©) =N Upemy gy
Engmy () =N Knmy Mwgeey Tl fingmy I owzgt Al e | an

2 2 Qr) 2 2 Qr)

5

=+l
Lemma 5.4 Assume F, € I/I/22+ (R?), Uy = (vy,0,S,) €W, , and there exists
Ts, > 0 satisfying Fpomy(y',t) —b(y") > ¢y > 0 for t € (0, Ts,].

Then, for the right-hand sides of (5.10) and (5.11), following estimates hold for
arbitrarily small e >0 and t € (0, Ts4]:

e (m)“ (< (e cet)¢(||Fh(m)|IW;+l,%+% )||'uh(m)||w TG
(m) ’
e HW(<<@+Ctxrwgu|“l123¢mmmu%?@%mbmummm%m
+ X I 2+lz_+z +C,
w, "% (R})
(m)
” ”w ® s(e+C t)”Fh(m)” —+l +—(R%) +C,
IIS(””II oS <e+cet>¢o(Eh<m)(t))
+PEnem) (O Frgnany I s, 5,8+ Engnany (6)),
w2 2Ry
||e(m)|| s S C(1+ (€ + Cet) Il Frmy | 5”4%2))
2
X (1+" uh(m+1) [ 3+l3+l ),
w, 2 (R?)

where ¢, is a homogeneous polynomial of its argument.

Lemma 5.5 Let T > 0 be provided. Then, we have the following inequality for any
t € (0,T] and m = 0:

Fuomy (V1) = %@n<wwﬂmw_w@ﬁ’

|Framy @', t) = b(y)| = ¢o — TE I Frgmy I 5,5,
2 ‘42 2
2 (RT)
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Proof. This lemma is shown with the aid of the Cauchy—Schwartz inequality and the
Sobolev embedding theorem. Actually,

- 7 ’,t
5t o't

|Fhemy(V'5 1) — Fo(¥")| < f

1
dt < TZ || Fpy |
0 w.

5,,5,1

S+l 45
g 2

22 4 2 (RT)

holds, which yields the first statement. The proof of the second statement is obvious,
and we omit it here. [J

By virtue of Lemma 5.5, the assumptions (AFh(m)) are satisfied with Ts3 and
consequently T, forall m € N.

Now, we show Epu,y (m=0,1,2,..) are bounded from above by a constant
independent of h and m. Suppose

(u;l(m)' U3h(m), ﬁ;l(m): F}Il(m)) € W’(T)

as an assumption of the induction. Note that W'(T) is defined at the beginning of the
subsection 5.5. We have the following estimates for t € (0,Ts4] by using Lemmas
5.2-5.5.

Epgn+1) () < C1(€ + Cet) {1 (Epem) (1))

' (5.18)
+ &2 (Enam) () Epny (0} + C(0),
I ushemeny I 5,300 < Co{ll Upgpany I 5,300+
Wz z (Qt) Wz 2 (Qt) (5 19)

I Ahmeny I 520 +13
Wz 2 (Qt)

~/
” T]h(m'l'l) ” 3+l‘3_+l _
W2 2 (Qt)

< G3{(€ + Cct)P3(Enimy(8)) + Pa(Enmy(®) | Frgmany | sgsd 1}
W2 (Rt)

+¢5(Enam () Epme1) (), (5.20)

1A
I Frimeny I s,5,1
w.

< C{(e + COYUlupemy Il 20 +
W2 2 (ﬁt)
5.21
Il ﬁ;l(m) [ 3Jrl'3_+l _ ) + 1}. ( )
Wz 2 (Qt)

Here ¢;() (i =1,2,..,5) are polynomials of their arguments with positive
coefficients. Especially ¢; is homogeneous, and ¢;(-) (i = 4,5) include positive
constant terms:
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d)l.() 2 CZ > 0 (l = 4‘,5)
Adding (5.19) multiplied by 1/2C, and (5.20), we have

! ~
(M uzpmaeny | 34133 T Thaneny I, 320 )
w, w,

2 2 ~t 2 (ﬁf)

S CH+ (e + Cet)P3(Enamy (D) + Pa(Enamy(O) | Faaneny I s, ;5,1
w2 2 (g

+¢5(Enm) (t)) Enma1) (0)- (5.22)
After adding (5.21) and (5.22) multiplied by (2¢4(Epany(t)))~", we have

I ushomeny | gzt HlApmmen I 300 1 Fpgneny I s,,5,0
W2 2 t W2 2 ('Qt) W22 N Z(R%)
< C+ (e + Cet)ps(Enamy (D)
b5 (Enemy (1)) _, (5.23)
+—— ——Enm+1) (.

2c,

Finally, adding (5.18) and (5.23) multiplied by c2¢5(Eh(m)(t))‘1 yields
Epim+1)(t) < C5(8) + (€ + Cet){p6(Enm)(Ts4))
+ &7 (Enmy (T) Engmy (Tsa) },
with polynomials ¢; (i = 6,7) having same properties as ¢; (i = 1,2,...,5). Take
M > 0 suchthat Epny(Tss) < M holds. We first take € so that
€(ps(M) + ¢, (M)M) <M — C3(Ts4)
holds, and then Tgs € (0, Ts4] SO that
CeTss{pe(M) + ¢7 (MM} < M — C3(Tss) — e{ps(M) + 7 (M)M}.

Consequently we obtain Ej,n41)(Tss) < M from the assumption Ejp, ) (Tss) < M.

Note that here M is independent of h. Actually, we can take M independent of h
such that

(5.24)

Enoy <M

holds, and due to the induction process above, M is independent of h for all m. In
addition, it is to be noted that Tss does not depend on m due to Lemma 5.5. By
induction,  {Upmy, Ush(my Frany hamytm=o0 1S Well defined in W'(Tss) and
Epemy(Tss) <M for m=0,1,2, ...

Next, we prove the convergence of successive sequences. Subtract (5.10)—(5.13) with
m replaced by m — 1 from themselves. Then ﬂ;l(m) = Unany — Unn-1); ﬁ;l(m) =
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ﬁ;l(m) - ﬁ;l(m—l)! a3h(m) = u3h(m) - u3h(m—1)’ ﬁ};(m) = F;,'(m) - F;l(m—l)’ satisfies
the problem as follows:

(0Upna1) ~

ot - LFh(m)uh(m+1)

-1 7 . ~
= [g(m) - g(m N+ [['Fh(m) — Ly myy | Unmy In Qg

(5.25

B, Fh(m)uh(m+1) + [Bl,Fh(m) - B1,Fh(m_1)] Upmy on 1 )

_|cm (m-1) ' i
BZ,Fh(m)uh(m+1) - [gh‘fg - Sh‘f;l + [BZ,Fh(m) - BZ’Fh(m—l)] uh(m) on |

\ﬂ;l(m+1)|t=o = (0,0,0) on Q,

(aﬁ;L(m+1) 1
ot “LFremThoms)
I~ -1 . -~
= [Ll,Fh(m) - Ll,Fh(m_l)]nh(m+1) + [g(m) - g(m )] m QTSSJ
aﬁ;z(m+1) Uh(m)
] a?z?m) a—y?) = (a?L?m) ah(m 1)) (5-26)
_1 ~

+END — D] on Ty,

ﬁ;z(m+1) =0 on Tpr,

Lﬁ;l(m+1)|t=o =0 onq,

Usnim+1) = —Unm+1)lys=b * Vb — fnamsy  in Qr, (5.27)

t
~, B , , ) (5.28
Frmens = Folat) = Fotil) + [ onmy 0 Fo(0),0) do i £ %
0

Now we introduce following notations for simplicity:

Enemy(@®) =1 (Uhimy, Fam) bty 1 hamy 1| 4pz8t Fl Gangm | e
w, 2 (@) w, % (@
Epmy (©) =N Ungmy Ny o)
Lemma 5.6 Under the assumptions of Lemma 5.4, following estimates hold for any
t € (0, Tss]:

||g(m) (m 1)||w( < (e + C.t)¢( Z Enciy (t))Eh(m)(t)

i=m-1
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m
-1 ~,
&5 ~ &5 | S € F CDBC D Eniy 0 1 By g
2 i= m 1
gm _ glm-1) < (e+C.t Ency () Il Eyenmy |
h3 h3 (e o ( h) ) | Fpemy I s, 5.
W3(t 2 Z(RZ)
i=m-1 2
(m) (m-1)
8h,4 _Eh,ll- 1+11—+l

WZ z (Qt)
m
< G (Enomy (0)Enminy(©) + (€ + Ce)b( D"y )y (),
i=m-1
'4 Z(F)

{1+ ¢(Eh(m 1 ()} I tipmeay | pne
2 (Qt)

—+

+(e + C.)B( Z Ency () Il Uy | S

i=m-1 (e

=+

[ Fh(m) [ 5,:5,L ’
) 2 £ 2(RD)

Proof. We show the estimate of

1A !
”gl»ush(m)Fh(m)uh(m) - gl,ush(m—th(m—nruh(m—1) ” 1+llT+l(Q )
2

as an example. We easily have

OUp(m) OUp(m-1)
i 555 A

1+

W2 2 (ﬁt)

< (e + C)P( Z 1ol szt )
i=m-1 “(RD)
X ([@hemll sz +||Fh(m)|| Sasl )
w. Q w.

+
2 t 2 4 Z(R%)

where Ay = A1 (Framy). Next, we show a part of the estimate of

I G~4,Fh(m) (Knm+1) Konmy Usnmy Trm))

_G~4,Fh(m_1) (Knmy» Knm-1), Usnm-1) Taam-1)) |, 100
Wz (Qt)

After some calculations, we have

~(Fh(m+1)) ~(Fh(m)) ”

||‘7Fh(m+1)ph(m+1) _VFh(m) h(m) 1+l

1+l——
w, % (Qp)
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m+1

<¢>(Z(Ehm(t)+u Fao | szt )

2 4 Z(RZ)

X (Eh(m+1)+|| Fh(m+1) ||~§ 5.l )
Wz 4— Z(RZ)

Other terms can be verified in the similar manner. From these estimates, we have the
desired result. [

7

=+l
Lemma 5.7 For T > 0 arbitrarily provided, under the assumption F, € W22+ (R?),
For Fh(m+1), following estimates hold for any t € (0,T]:

F

Funonl st
m

<t Z I %p gy VLRI + (e + Ct)C () Il Tzpgmy | 3+z3;’ N

t=m-1 2 ) W, (22¢)

where C(t) goesto 0 as t does.

Proof. Noting that

t
Fh(m) (y t) - FO( uh(m) (y t)) FO( uh(m 1) (y,’ t)) + f a3h(m) (y,’ FO(y,)’T) dT'
0

we first mention that

1
Fo(Xal, ) — Pl ) = f 7 Fo(Xp) - (X, — Xk ) do,

where X, aX,;h -

+(1—-0)X, uh(m N R%.  Under the assumption F,€
7

il .
sz+ (R?), we have the estimate

” FO( uh(m)) FO( "Ih(m 1)) ” +15+£

7 4 2(RD)
< CUNVE(X) Il 5,5,
Wi R (5.29)
I X uh(m) X';h(m 1) I 541541 .
W22 4 Z(Rt)

In order to estimate || VFo(X,) Il s, ;5,1 in (5.29), we note that
WZZ 4 Z(R?)

1Xe(y1,8) = X5 (¥2, )

1
< Cli =i+ CAHIRl s, ) Z lug I zm
2

i=m-1 Z(Q)
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Therefore, we have

1
| D*Fy(X,) (1) || S{A+eZAHNF Nl 5, ) lugll 20 P
(RZ) w2 (R?) w, % (@)

% f | D4F0(Xo(y(1)l» t) — D*Fo(Xs(y @', 1)|?
R? JR?
X | X (v, 6) — X (@, £)|7(+2D dy D' dy @,

In order to calculate the integrand in the right-hand side of the above estimate, let us
introduce the transform of the variable y®' = X;(¢®) (i = 1,2), where ¢ € R?,
whose Jacobian is estimated from above as follows:

Wy
dy ou, 6u0. dF, J aua ou, d0F,
= 1-
1& o -a- [ G2 aga - [(Grea et an
ou 6u 0F, ou, OJu aF
f( cr o O f( O' 4 0) dr
0xy 6x3 dx 1 6x3 dx,
SCP lug I s (11 Fy || iy )%
w, ? (Or) Wy (R

and we have

f 2 f 1D3Fo0Xo(4,0)) = DFo(Xo (v NP IXo (41, 8) = Xo (v 017420 lyfcly
R R

< Ct? | Uy " 3+1 (I+I Fo I 3. )2-

w, " @) Wi R

In addition, since fizpm)lc=0 = 0, it is obvious that

w, ENCR w, on)

t
] a3h(m) (y, T) dr 3+l < ((6 + Cet) + t)||ﬁ3h(m)” 3+l_3T+l _
0

O

Now, for the solution to (5.25)—(5.28), we have the following inequalities for any t €
(0,Ts5) by virtue of Lemmas 5.6-5.7:

Ehneny(®) < Ce+CSC ) Engy Tss))Enomy(®, (530)

i=m-1

e | pam < (64 C)d( Z Eay (Tss))$o(Engmy ()
w, @)

2 i=m-1

+( Z By T W ey 2,154

i 4 Z(RZ)
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m+1
(D Eny Tss)) Erneny (), (531)
i=m-1
”a3h(m+1)” 34138
W2 2 t
< C(”ﬁh(m+1)||wz3+l,37“(ﬁt) (5.32)
+Fnensnll oz )
w, 2 t
||F”(m“)||w§“5+%mg)

i=m-1 w, Q) (5.33)

~7
M aznemy I gzt )
Wz (Qt)

m
< (e+CP( ) Engy Tss)) Ty | o0+

By the similar process to the derivation of (5.24), we have from (5.30)—(5.33),

m+1

Enonen(®) < (4 C)9s( ) Eny TssDEam(®)  (6:34)

i=m-1
for any t € (0,Tsg]. Take e small enough so that egg(3M) < 1 holds, and then
Ts6 € (0,Ts5] sothat C.Tsepg(3M) < 1 — egpg(3M) holds. Then we have

Engne1y(t) S tEpany(t), 1= (€ + CcTs6)pg(2M) € (0,1), t € (0,Tsg].
Thus we can verify that
{(Uhmy wanemy Tngmy Fram)),_
is a Cauchy sequence in W' (Tse). Therefore, the limit
(Up, uzp, Tip, Fp) = rllilrgo(u;z(m)'uSh(m)'ﬁh(m)' Frimy)

exists in W’ (Tse). Uniqueness of the solution can be proved by virtue of an analogous
inequality to (5.34). Since (U, usp, 7y, Fy) is bounded from above by a constant M
independent of h and continuous with respect to h, it is possible to take a limit
}li%(u;l, Usp, Ty, Fr) = (W, us, 7', F"). Then, noting that

limPy u, =V -u
h=0 Fp %h F y

(U',us, 7', F") obviously satisfies the following problems:
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(a—u’—wazg u'+Lﬂ—% in O
ot F 1us,F Flo = 5¢ Tse’
4 Bl,Ful = gZ,F,SﬂO on FT56'

ByrU' = g3,Fﬂ0 on f‘sty

\U'| ;=0 = (0,0,0) on §,

(aﬁ’ ~/ ~ A & = 6770 L=
Frn Ly pf]" = Gop(u,us3,,0,5) + Ly pilo — P Qr,,,
on' aﬁo -
9 a33(F)a—y3 = —a33(F)a—y3+ VF ‘U on FTSG’
" =0 on Iyr,,
i

\ Ilt—O =0,

Us = ~Uly,opy Ve =7 in O,
t

Fﬁmo=%a$@n»+fuuyﬂmmmwh—m in RZ, .
0

3+1
Now that u € W, i (§T56), and the unique solutiuon 7j is consistent with

1 V3
a33 (F) b(y')

Thus, (U, us, F) = (U + Uy, us, F' + Fy) is the solution of (4.1)—(4.4). By virtue of
the similar arguments in the proof of Lemma 5.3, (v,w,6,S) defined by

(v,w,0,5)(x,t) = (u,u3,8,5)(P(x,1))
is well-defined from (u,us,6,5),and (v,w,6,S,F) belongsto W, (T).

VF * u(y,, Z3, t) dZ3.

Now we shall show 0<8,/2<8(y,t)<o and 0<S,/2<S(y,t) <o by
taking the time interval small enough again. Indeed, since ' =8 —6, €

3413

VVZ 2 (ﬁTsa)’

8(7,) = Bole=0) — (18' 3, O + 1863, £) — By (v, 0)1)

> 6 — t(sup | 6', )| + sup | B (v, )|,
yE yeQ

where |f|§”) stands for the Holder coefficient of f with respect to ¢ with exponent



6798 Hirotada Honda

0<y< é— i. Since Sobolev embedding theorem implies

sup |6’ I <08 1 50, suplB I <0G N 5
yEQ w, "2 (ﬁ'rsé) YEQ w, "2 (ﬁTSG)
if we take

o 3+l
2 2 ('QTSG) W, 2 (QT56)

1

11/ _ Y

Ts; =602 V(10" 11, 30 +6p I, 3+ :

w.
then we have 6,/2 < 8(y,t) <o on [0,Ts,]. A similar argument holds for S.
Denote again the time interval by [0, Ts,] on which both 8,/2 < 8(y,t) <  and
So/2 < S(y,t) < oo hold. T* = min {Tss, Ts,} provides the desired result, since the
boundedness is invariable under the coordinate transform. This completes the proof of
the main theorem.
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