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Abstract

Nowadays, power options become widely used in derivative markets on foreign
exchange, which means the combination of quanto option and power option can
be seriously considered on its optimal pricing. Here, we drive full closed-form ex-
pressions for the price of a European power quanto call options with four different
forms of terminal payoff under the assumption of the classical log-normal asset
price and exchange rate model.
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1. Introduction

Power options are a class of exotic options in which the payoff at maturity is related to the
certain positive power of the underlying asset price, which gives the buyer of the option
the potential to receiving a much higher payoff than that from a vanilla option. Since a
small change in the value of the underlying of a power option may lead to a significant
change in the option price, power options are widely used in markets to provide high
leverage strategy.

A quanto is a type of financial derivative whose pay-out currency differs from the
natural denomination of its underlying financial variable. A quanto option is a cross-
currency option which has a payoff defined with respect to an underlying in one country,
but the payoff is converted to another currency for payment. For example, an investor
trades a quanto option on an asset quoted in foreign currency, at maturity, the optionat.™s
value in foreign currency will be converted at a fixed rate into domestic currency. In-
deed, quanto options may have four different forms of terminal payoffs. To mention
each type of payoffs at maturity, it is a foreign equity option converted to domestic cur-
rency, a foreign equity option struck in domestic currency, a foreign equity option struck
in pre-determined domestic currency or an FX option denoted in domestic currency,
respectively.

There have been many researches on pricing power options or quanto options, both
of which are relatively easy under the classical Black-Scholes [1] model. To mention
some references on those subjects, Heynen and Kat [3] and Tompkins [7] focused on
power options both theoretically and from the market point of view. Wystup [9] obtained
various quanto option price formula and introduced three vega positions on hedging of
quanto options, and textbooks of Wystup [8] and Kwok [4] contain general theory of
quanto options.

Since power options become widely used in derivative markets on foreign exchange,
the combination of quanto option and power option can be seriously considered on its
pricing. Although we can not find any previous research on power quanto option pricing,
there is a research paper on pricing power exchange option by Blenman and Clark [2],
on which the authors combine power option and Margrabe [6] type exchange option.

In this paper, we drive full closed-form expressions for the price of power quanto call
options with four different forms of terminal payoff under the assumption of the classical
log-normal asset price and exchange rate model. In section 2, we specify the dynamics
of the processes of underlying asset price and exchange rate in the risk-neutral world. In
section 3, we specify four different types of payoff at maturity and obtain the analytic
expressions for the price of a power quanto call option in each case.

2. Risk-neutral dynamics on currencies

For a dividend paying asset with the dividend yield rate g, let S; be the asset price in
foreign currency X, and let V; be the foreign exchange rate in foreign currency per unit
of the domestic currency with the constant volatilities os and oy, respectively. which
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have the following risk-neutral dynamics:

dS[ = (rf — q) Stdt +O—SS[dB;@f,

; (2.1)
AV, = (rf —rq) Vidt + oy Vid W,
under the risk-neutral probability measure Q/, where Bth and W,Qf are two standard
Brownian motions in foreign currency with the correlation p. Also, r; and ry are the
constant foreign and domestic riskless rates, respectively.
Then from well-known standard procedure (see page 95 of [8] or section 2 of [5]),
we get the risk-neutral dynamics of (2.1) in domestic currency are given by

d
ds; = (rf —q— pO’SO"/) Sydt + O’SstdB[Q ) 2.2)

@d
dVy = (rq —ry) Vidt + oy V;dW,~

d d
where B,Q and WtQ are two correlated standard Brownian motions in domestic currency.

3. Quanto option prices for various quanto payoffs

The following theorems in next subsections give the explicit formulas for the prices of
European power quanto call options with constant foreign and domestic riskless rates
according to four different forms of terminal payoffs mentioned in section 1.

3.1. Typel

The foreign equity power-« quanto call option (struck in foreign currency) converted to
domestic currency has a maturity payoff given by

Vr max (S§ — K¢, 0), (3.1)
where K ¢ is the foreign currency strike price.

Theorem 3.1. Under the assumptions of (2.2) with @« > 0, the price of a European
power-a quanto call option at time ¢ in domestic currency with the payoff (3.1) is given
by

rr—q+ (T—1)
CO (1, 8%, V) = Ve 70 Sf’ea{f e } N (d) — KN (d) |

where

o 20—1)o?
ln%+a{r_f‘—q+(az)ns}(T—t)
dy = , dr=d —aosyT —t
aos/T —t
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and N (-) denotes the cumulative distribution function for the standard normal distribu-
tion.

Proof. We may write C ‘(11) as
CV (1,87, Vi) = e T VB [ Vr max (S5 — K7, 0)| F]

o2 d d
—(T—1)+o (WQ ~wl )
’ T ' max(S%—Kf,O) Fi

= V,e_rf(T_t)EQd e
(3.2)

For a new risk-neutral probability measure Q7 the Radon-Nykodym derivative of Q?
with respect to Q7 is defined by

~ " .
de :e_TVt"‘UVWtQ .
d
Q Fi
. , . . Q? Q4 . .
Then the Girsanov’s theorem implies that B,> = B, — poyt is again a standard

Brownian motion under the domestic risk-neutral probability measure Q?. Moreover,
the dynamics of S under the measure Q7 is given by
(@ —1)o?

dS,O‘:cx{rf—q—l— 5

} $9dt + aosS®dBY . (3.3)

Thus, (3.2) becomes
CsV (1,87, Vi) = Vee T T DR, [max (S — Kr, 0)| F]

(0!71)(72
rp—q+—my-> }(T—t)

T "‘{
= Ve rT7D | 5% N (d) — K¢N (o) |,

where
o — o2
., _lnl‘g—;+a{r.f—q+%}(T—f)
' aos/T —t ’
d=d| —aosvT —t.
|
3.2. Typell

The foreign equity power-o quanto call option struck in domestic currency has a maturity
payoff given by
max (VrS§ — Kq, 0), (3.4)
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where K is the domestic currency strike price.

Theorem 3.2. Under the assumptions of (2.2) with « > 0, the price of a European
power-« quanto call option at time ¢ in domestic currency with the payoff (3.4) is given
by

(')s

|:—rf+oz{rf q+

(T—1)
CP (1,8, V,) = V,Ste i N (dy) — Kae TN (dy) ,

where

2
In ¥ ’ +[rd—rf+a{rf—q+posov+(a l)os}—i-%v](T—t)
d) =

b

\/(aza_% + 0‘2, + 2paosov) (T —1)

dy) =dy — \/(aZG§ + 0} 4+ 2paosoy) (T —1).
Proof. We may write C flz) as
CP (1. S¢ Vi) = e T B [ max (87 — Ka. 0)| 7). (3.5)

where S7 = V7 S7. We note that the risk-neutral dynamic of S, in domestic currency is
given by

(@ —1)o?

5 sl o 1 pQ & 2w @
dSt = rd—}"f—|—0[ I"f—q-|— > Stdt+OlUSStdBt +UVS;th

from (2.2) and (3.3). Thus, (3.5) becomes

(a— l)a
—r.-+a{r.~—q+ }]( —1)
CP (1,8, V;) = V,Sf‘e[ Y N (d)) — Kge " T=ON (dy) ,
where
, (a— l)as ol
In +[rd—rf—|-a{rf—q+,oc750v+ }—I—T](T—t)
dy = :

\/(042052 +of + 2pacsoy) (T —1)

d) =dy — \/(azasz + a‘% + 2,00{050\/) (T —1).
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3.3. Type Il

A aforeign equity power-a quanto call option struck in pre-determined domestic currency
has a maturity payoff given by

Vomax (S5 — K, 0), (3.6)
where V) is the some fixed exchange rate and K ¢ is the foreign currency strike price.

Theorem 3.3. Under the assumptions of (2.2) with « > 0, the price of a European
power-« quanto call option at time ¢ in domestic currency with the payoff (3.6) is given
by

)O'S

rp—q— posoy+2

(T—1)
CP (. 8%) = Voe 01 | e { } N (d) — K¢N (d) |,

where

Qa— l)as

ln +a{rf q — posoy + }(T—t)

dy = ,
! OlO’S\/ —

d=d| —aosvT —t.

Proof. We may write C ;3) as

CY (1, 8%) = Voe T VEqa [ max (S5 — Ky, 0)| F]

(a—1)o
(x{rf—q—posav—l— 5 S

(T—-1)
= Voe 1T DEq | SPe } N (d)) — K¢N (dp) |,

where
ln +a{rf g — posoy + Qa— 1)05}(T_t)
“= aos/T —1 ’
d» =dy — aasx/ﬁ.
[ |
34. TypelV

An FX power-« call option denoted in domestic currency is an equity-linked foreign
exchange option which has a maturity payoff given by

S% max (Vr — K., 0), 3.7
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where K, is the strike price on the exchange rate.

Theorem 3.4. Under the assumptions of (2.2) with « > 0, the price of a European
power-« quanto call option at time ¢ in domestic currency with the payoff (3.7) is given
by

a(a—l)ag} j|
ayrf—q—posoy+ 5 —rq [(T—1)
cP (¢, 8%, V) :S“e[ {

q s D s Vi t

x {VieCumrrtrmse)T=0N @) — KN (@)}

where

2
. ln%—k(rd—rf—i—posov-i—%")(T—t)
1= ,
oyT —t

d=dy —oy~T —t.

Proof. We may write C 4(14) as

CW (¢, 8%, ;) = e T DEgy [ S§ max (V7 — Ko, 0)| F/]

(@—1)03
o ¥ rf—q—posoy+—s; —rq |(T—1)
=S/e

0{202
——3(T=1)+aos

(575
BY — B
xEqa | e max (Vr — K., 0)| F;

(3.8)

For a new risk-neutral probability measure Q?, the Radon-Nikoym derivative Q¢ with
respect to Q¢ is defined by

2.2 d
a~o
— e—Tst—i—aaSB,Q )

dQ?
dQ?

Fi

: ; ST Q Q Q Q
Then the Girsanov’s theorem implies that B, = B, —aogstand W, = W,° —paost
are again standard Brownian motions under the domestic risk-neutral probability measure
Q?. Moreover, the dynamics of V; under the measure Q7 is given by

~ Nd
dv, = (i’d -1+ pO’SGv) Vidt + oy V,thQ .
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Thus, (3.8) becomes

P (1, 8¢, Vi) = & 4"V gu [ S5 max (Vr — Ko, 0)] ]

2
(oz—l)trS

ayrf—q—posoy+ }—r ](T—t)
= Sfl€|: { f oV 2 d ]E@d

[max (V7 — K., 0)| F/]

ut(ozfl)ag
o |¢ rf—q—posoy+ 5 —rq |(T—t)
= e
t

x {vte“d—’f”“sav)”—”zv (d)) — K.N (d2>} ,

where
Vl U‘%
y lnfe—i—(rd—rf—i—,oagav-i—T)(T—t)
1= ,
oyT —t
d=d| —oy~T —t.
[ |
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