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Abstract

In this paper, we introduce a class of Cayley bipolar fuzzy graphs induced by Loops
and then study its various graph theoretic properties in terms of algebraic properties.
Moreover, we study the concepts of various connectedness of this graph in terms
of algebraic properties. This did not attract much attention in the literature.

AMS subject classification:
Keywords: fuzzy graph, cayley graph, vertex transitive graph, loop.

1. Introduction

Let (V, x) be a group and A be any subset of V. Then the Cayley graph induced by
(V, %, A) is the graph G = (V, R), where R = {(x,y) : x_ly € A}. A fuzzy subset
v of any set X is a function v : X — [0,1]. A fuzzy binary relation on V is a
fuzzy subset won V x V. By a fuzzy relation we mean a fuzzy binary relation given
by u:V xV — [0,1]. Let (V,x) be a group and v be a fuzzy subset of V. Then
the fuzzy relation R defined on V by R(x,y) = v(x~ % y) for all x, y € V induces
a fuzzy graph G = (V, R) called the Cayley fuzzy graph [3] induced by the triplet
(V,*,v). Let V be a nonempty set. A bipolar fuzzy set [7] B in V is an object
of the form B = {(x, Mg(x), Mg(x)) : x € V}, where ,ug and ,ug are respectively
the functions, uk : V — [0, 1] and u : V — [=1,0]. A bipolar fuzzy relation
[71 R = (Mg(x, y), ;,d,g(x, y)) in a universe X X Y is a bipolar fuzzy set of the form
R = {((x,y),uﬁ(x,y),u%(x,y)) : (x,y) € X x Y}, where ,ug X xY — [0,1]
and MII\{ : X xY — [—1,0]. Let V be a non empty set. A bipolar fuzzy digraph
[4] of a digraph (V, E) is a pair (A, B) where A = (,ui, /,LIX) is a bipolar fuzzy set in
V and B = (;Lg, Mg) is a bipolar fuzzy relation on £ C V x V such that ug(x, y) <
min(uh(x), wh (v), pj(x,y) = max(u) (x), ul () forall x, y € V. Let (V, %) be
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a group and let A = (/Li , ,ug ) be a bipolar fuzzy subset of V. Then the bipolar fuzzy
relation R on V defined by R(x, y) = {(Mi(x_ly), Mg(x_ly)) Vx,ye V} induces a
bipolar fuzzy digraph G = (V, R), called the Cayley bipolar fuzzy graph [6]induced
by the triplet (V, %, A). In [3] Madhavan Namboothiri N.M. et al. introduced a class of
Cayley fuzzy graphs induced by groups and studied the properties of Cayley fuzzy graph
in terms of algebraic properties. Also, N. O. Alshehri and M. Akram in [6] introduced
Cayley bipolar fuzzy graphs and discussed its properties in terms of algebraic properties.
In this paper, we generalise the results of N. O. Alshehri and M. Akram and prove that
Cayley bipolar fuzzy graphs could be induced by loops.

2. Cayley Bipolar Fuzzy Graphs Induced by Loops

In this section we introduce a class of Cayley Bipolar Fuzzy graphs induced by Loops
and discuss some of its basic properties.

Definition 2.1. Let (V, *) be aloop and let A = (,ui, ,u% ) be a bipolar fuzzy subset of
V satisfying the condition, Mﬁ(y/x) = ;Lg(ay/ax) and ,u%(y/x) = ,uﬁ'(ay/ax), for
all a, x, y € V, where y/x denote the solution of y = x¢ in V. Then this bipolar fuzzy
subset of V is called scaled bipolar fuzzy subset of the loop (V, *).

Definition 2.2. Let (V, %) be a loop and let A = (,uf;, ,u,g ) be a scaled bipolar fuzzy
subset of V. Define a bipolar fuzzy relation R = (i, ui) by R(x, y) = {(1} (y/x),

i (y/x)),Vx,y € V}. Thatis, ug (x, y) = py (v/x) and u (x, y) = u} (y/x). Then
G = (V, R) is called the Cayley bipolar fuzzy graph induced by the loop (V, %) and
is denoted by Cay Fp(V, A).

Definition 2.3. Let (V, x) be a loop and let @ € [0, 1]. For any bipolar fuzzy subset
A= (Mi, ,u]X) of V, {x : ,ui(x) > «, and pﬁ(x) < «} is called a-cut of A and {x :
M/I: (x) > «, and ;L]X (x) < a}is called strong a-cut of A and are denoted respectively
by Ay and A}

Theorem 2.4. CayFp(V, A) is vertex transitive.

Proof. Leta,b € Vand b = z,a, z, € V. Define ¥ : V — V by V(x) = zox.
Clearly, W is a bijective map. Foreach x,y € V,

RW@),¥() = (uh(Wx), W), uh W), ¥(y))
g (ZoX, ZoY), 1R (ZoX, 20))

1 (2o /20%), W) (2o /20X))

1A (/2 1) (v/))

= R(x,y).

—~ I~ /~ o~~~
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Therefore, R(W(x), ¥(y)) = R(x, y). Hence W is an automorphism on Cay Fp(V, A).
Also W(a) = b. Hence CayFg(V, A) is vertex transitive. |

Theorem 2.5. CayFp(V, A) is regular.

Proof. Every vertex transitive bipolar fuzzy graphs are regular and CayFp(V, A) is
vertex transitive. Hence Cay Fp(V, A) is regular. |

2.1. Basic Results
Theorem 2.6. CayFp(V, A) is reflexive if and only if ,u,i(l) = 1and ,uIX(l) = —1.

Proof. R is reflexive if and only if R(x, x) = (1, —1) forall x € V. Now, R(x, x) =
(M,IZ (x/x), ,u%(x/x)) = (Mﬁ(l), Mg(l)). Therefore, R is reflexive implies Mﬁ(l) =1
and u'Y (1) = —1. Hence R is reflexive if and only if & (1) = land uf () = —1. W

Theorem 2.7. CayFp(V, A) is symmetric if and only if

(1 (), w) () = (Rh(1/2), wi (1/%)), forall x € V.

Proof. Suppose that Cay Fp(V, A) is symmetric. Then for any x € V,

(nh ),y ) = (h /2, wf (%))
= R(x,xz)
= R(xz,x)
= (i G/x?), 1l (e /x?))
= (uh(1/x), uhy (1/x)).

Conversely, suppose that (ui(x), ,u%(x)) = (uf‘)(l/x), ,ug(l/x)) forall x € V.
Then,
R(x,y) = (uhO/x), 1 (v/x))

(i (2 /x), iy (xt /)
(nh @), u ()
= (na(/n, uy (/)
(nh (e /xt), 1wl (x/x1))
(nh /), ) /)
= R(y,x).
Hence CayFp(V, A) is symmetric. |

Theorem 2.8. CayFp(V, A) is antisymmetric if and only if

[ (h @), u @) = (uh (/0. ul a/x)} = (1)
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Proof. First let R is antisymmetric.

Let x € {x @ (ni(), uy () = (uh(1/x), i (1/2))}. Then py(x) = pi(1/x)
and u? (x) = ulY (1/x). Therefore, R(1, x) = R(x, 1) which implies x = 1. Hence,
s (0, mi 0) = (h (1/2), 1 (1/2)))

= {1}.
Conversely, let {x : (uh (x), u () = (h (1/x), n (1/x))} = {1}. Then,
R(x,y)=R(y.x) & (who/x), ulo/0) = (uhe/y), wlx/y)
& (wa e /x), wi (xr/x)) = (g (e/x0), Wi (x/x1)),
t=y/x

& (uh®.ul ) = (uh /0, W) (1/n)
& =1
< Yy =X

Therefore, R is antisymmetric. Hence the proof. |

Definition 2.9. Let (V, %) be aloop. Let A = (Mi , ;LX ) be a bipolar fuzzy subset of V.
Then A is said to be a bipolar fuzzy sub quasigroup of V if forall x, y € V, ,ui (xy) >

nh o A k() and 1l (xy) < pff (0) v 1l ().

Theorem 2.10. CayFp(V, A) is transitive if and only if A is a bipolar fuzzy sub quasi-
group of V.

Proof. Suppose R is transitive and let x, y € V. Then R? < R. That is M,f;z < ,ug and

Ml}\é = Mll\e]~
Now,
P P P P .

A X) A g (y) < V{upa(@) Apyxy/z) iz eV}
= V{pg(l,2) Apg(z.xy) iz €V}
= uhk(1,xy)

k. xy)
= phxy)
and

Y@ VN () = Al @ vl (y/z) iz e V)
= A{,u%(l,z) A M%(Z,xy) 7€V}
= (1, xy)

uy (1, xy)
= (xy).
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Therefore, ki (xy) = ki (x) A uf(y) and uf (xy) < ulf (x) v 1 (y). Hence A is a
bipolar fuzzy sub quasigroup of (V, x).

Conversely, suppose that A is a bipolar fuzzy sub quasigroup of (V, x). Forx,y € V,
choose an arbitrary z € V. Then there exist some ¢, 1,,#; € V such that y = xt,z =
xt,, y = zt;. Then,

up@,y) = uh(y/x)
= i ((xto)t /x)
= wh(tot))
py (1) A iy (1)
= wh@/x) A phtot]/to)
= WA (2/x) A pg (o)t /xts)

= uh@/x)ApfG/2).
Therefore, ,u,lg(x, y) > ,ui(z/x) A ui(y/z), for any z € V. That is,

uR@,y) = Viun(@/x) Aph(y/z) iz €V}
= V{up(x.2) Augz y):z eV}
= pha(x,y).

Therefore, pp,(x,y) < wp(x,y). Similarly, uk,(x,y) > u} (x, y). Hence R =
(,u,f;, ,u% ) is transitive. [ |

Theorem 2.11. R is a partial order if and only if A = ([Lg , ,u,g ) is a bipolar fuzzy sub
quasigroup of (V, x) satisfying:
(i) uh (1) = 1and uY (1) = —1.
GD{x: (h (0, iy (0) = (wa (1/2), wy (1/0))} = {1},
Theorem 2.12. R is a linear order if and only if (Mi, ,ug ) is a bipolar fuzzy sub quasi-
group of (V, %) satisfying:
(i) pa (1) = Tand (1) = -1,
@) {x s (A ), wi ) = (A /%), wi (1/0))} = {1} and
(i) {x s ph () v ph(1/x) > 0, puh () Apf (1/x) <0} = V.
Proof. First, suppose that R is a linear order. Then the conditions (i) and (ii) are
satisfied and (u%, ,uﬁ’) is a bipolar fuzzy sub quasigroup of (V, x). Forx € V, (,u§ \

ip-)(1, x) > 0and (uy Apk- (1, x) < 0, whichimplies, up (1, x)V ug(x, 1) > 0,
and p (1, x) Ak (x, 1) < 0. Then p (x) v ) (1/x) > 0and uf) (x) Al (1/x) < 0.
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Thatis x € {x : uf(x) v ul(1/x) > 0, u¥(x) A Y (1/x) < 0}. Hence, condition
(iii) is satisfied.

Conversely, suppose that the conditions (i), (ii), (iii) hold and (u Z , /LX ) is a bipolar
fuzzy sub quasigroup of (V, x). (ui, ,uﬁ ) is a bipolar fuzzy sub quasigroup and the
conditions (i) and (ii) together implies that R is a partial order. For x,y € V, t =
y/x € V. Then by assumption (iii), u%(t) v uk(1/t) > 0and u (t) A Y (1/1) < 0.
But we have, uX (1/1) = uX (x/xt) = u% (x/y). Therefore, u% (y/x) = uk(x/y) > 0
and MX(y/x) A Mg(x/y) < 0, which implies, M]I; (x,y)V M,’Q(y, x) > 0and ,u%(x, YA
uX (v, x) < 0. Thatis, (ug v uh-)(x,y) > 0and (u} A uh-)(x,y) < 0. Thus, R
is a linear order.

Hence the proof. |

Theorem 2.13. R is an equivalence relation if and only if (,uf; , ,u% ) is a bipolar fuzzy
sub quasigroup of (V, %) satisfying:

(i) uh (1) = 1and WY (1) = -1 and
@) (na (), 1wy () = (A (1/x), uy (1/2)) forall x € V.

Theorem 2.14. CayFp(V, A) is a Hasse diagram if and only if it is connected and for
any collection x1, x3, ..., x, of vertices in V withn > 2 and ,uf; (x;) > 0, uf{(x,-) < 0,
fori = 1,2, ...,n we have, uf ((...(x1x2)..)x,) = 0 and p ((...(x1x2)...)x,) = 0.

Proof. Suppose CayFp(V, A) is a Hasse diagram and let x1, x», ..., x,, be vertices in V
withn > 2andu£(x,-) > 0, ,uﬁ(xi) <0,fori =1,2,...,n. ThenR((...(xlxz)...)xi_l) =
(15 (), 1 (x;)), implies 1, x1, x1x2, ...y (...

(x1x2)...)x, is a path from 1 to (...(x1x2)...)x,. Since CayFp(V, A) is a Hasse dia-
gram, we have, R(1, (...(x1x2)...)x,) = 0. Therefore, uf ((...(x1x2)... )x,) = 0 and
1 (Co(x1x2)..)x,) = 0.

Conversely, suppose that Cay Fp(V, A)isconnected and for any collection x1, x2, ..., X,
of vertices in V with n > 2 and uﬁ(xi) > 0, /LX(X,’) <0, fori =1,2,...,n we have,
iy (Coo(xix2)..)x,) = 0 and ply ((...(x1x2)..)x,) = 0. Let (xo, X1, ..., Xx) be a path
in CayFg(V, A) from x, to x, with n > 2. Then, uX(x;) > 0 and uf¥(x;) < 0

fori = 1,2,...,n. Let x; = x.t1, X2 = x1t2, ..., Xy = Xu_1t,. Then, uf\)(t,-) =
wh(xi/xi—1) > 0 fori = 1,2, ...,n. Wehave, x, = xp_1ty = ... = (...(Xot1)12)..)ty =
(o (X (1185) ) )ty = oo = X0 (. ((1185)15)..)2)). Therefore, puh (xo, x,) = ki (xp/x0) =

wh (C.((nth)8)..)e)). We have, ik (1) > 0 and k(1) = uk(0125/11) =

wh (oo (t185) /x011) = ki ((xot)t2 /x0t1) = k(1) > 0. In general, % (t)) = uf 1) >
0 fori = 2,3, ..., n. Therefore, since 71, tl-’ eV,i=23 ..,n,n>2and ui(rl) >
0, uk () > 0, fori = 2,3, ...,n, we have,u b (xo, x,) = pk((..((115)1)..)t) = 0.
Similarly, we can prove that i (xo, x,) = w'Y ((...((t1£5)25)...)t}) = 0, both together
gives R(xo, x,) = 0.

Hence CayFp(V, A) is a Hasse diagram. [ |
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Definition 2.15. Let (V, %) be a loop and let A = (uf\), /Lg ) be a bipolar fuzzy subset
induced by V. Then the sub-loop generated by A is the meeting of all bipolar fuzzy
sub-loops of V which contains A. It is denoted by (A).

Theorem 2.16. Let (V, x) be a loop and A = (,ui, ,ug ) be a bipolar fuzzy subset of
V. Then the fuzzy subset (A) is precisely given by (Mﬁ)(x) = \/{,ui (xp) A Mﬁ(xz) A
e A ,uf:(xn) :x = (...((x1x2)x3)...)x, with a finite positive integer n, x; € V and
ph) > 0fori = 1,2,...,n), (W) = A () v ull () v oo vl (x) -
x = (...((x1x2)x3)...)x, with a finite positive integer n, x; € V and ,u%(xi) > 0 for
i=1,2,..,n}forany x € V.

Proof. Let A’ = (M/I;/, [LIX/) be the bipolar fuzzy subset of V defined by ;Lf;/(x) =
\/{uf;(xl /\,uf;(xz) A... /\uf;(x,,) :x = (...((x1x2)x3)...)x, with a finite positive integer
n, xi € Vand uf(x)) > 0fori = 1,2, ....n}, u (1) = Al @) v ul () v
.V /LJX(xn) : x = (...((x1x2)x3)...)x, with a finite positive integer n, x; € V and
Mg(xi) > 0fori =1,2,...,n} forany x € V. If y € V, by definition of ,ui/ and MX/’
it is clear that ,ui/(y) > ,uﬁ(y) and Mgl(y) < M%(y). Thus, we have ,ui < Mg/ and
uh > ul) Letx,y e V.If uf(x) = 0 or uh () = 0, uh () A pk(y) = 0 and if
uh () = 0or u () = 0, u (x) v 1 (y) = 0. Then, pfy (xy) = 1§ (x) Ay (v) and
M%(xy) < M%(x) A /Lg(y). Again, if Mﬁ (x) # 0 and Mﬁ (y) # 0, then by definition
of uk . we have 18 (xy) = uf () A puf(y) and if uY (x) # 0and 1} (y) # 0, by
definition of MX/, we have M%(xy) < ,u%(x) A ug(y). Hence A’ is a bipolar fuzzy
sub-loop of V containing A.

Now let L be any fuzzy sub-loop of V containing A. Then, for any x € V with x =
(..((x1x2)x3)...)x, with a finite positive integer n, x; € V and u (x;) > 0, ul (x;) <0
fori = 1,2,...,n, we have ut (x) > ub (x)) A b () Ao A b () = k) A
nh ) Ao A k() and pl () < wl ) v Y (o) Vol v () < () v
ul (x2) V... v Y (x,) , which implies that u? (x) > v{uh (xp) Ak ) Ao Ak ()
x = (...((x1x2)x3)...)x, with a finite positive integer n, x; € Vand ;Lf; (x;) > Ofori =
1,2, ....n}and uf (x) < Al () v el () v vl ()t x = (e x)x3).0) %,
with a finite positive integer n, x; € V and ,uf((x,-) > (0 fori = 1,2,...,n} for any
x € V. Therefore, ,u,f(x) > uf;,(x) and ,u,g(x) < /LIX, forall x € V. Thatis, (,uf:)(x) =
\/{M/I;(xl)/\uﬁ(xz)/\.../\ui(xn) :x = (...((x1x2)x3)...)x, with a finite positive integer
n, x; € Vand Mﬁ(x,-) > 0fori =1,2,...,n} and (,u%)(x) = /\{,ug(xl) \% MJX(xz) \%
.V ug(xn) : x = (...((x1x2)x3)...)x, with a finite positive integer n, x; € V and
ul (x;) > 0fori =1,2,...n}forany x € V. Thus, A" = (k. 1) = (k. ul)) =
(A). Hence the proof. [
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3. Connectednessin Cayley Bipolar Fuzzy Graphs Induced by Loops

Theorem 3.1. Let (V, %) be aloop and A = (;Lf; , /LX ) be a bipolar fuzzy subset of V.
Then, for any @ € [—1, 1],

+ +
() (h ) = (i)as (h)e) and (Gl ), (0 ) = (ul)d, ()3), where
((,uﬁ o) wﬁ »)) denotes the bipolar fuzzy sub-loop generated by (Mi o [LIX ) and
((Mﬁ), (,u% )) denotes the bipolar fuzzy sub-loop generated by (uf; , ,u]/}' ).

Proof. Observe that

< dxg,x0,..,x,in Ay 2 x = (...(x1x2)...)x,

& d1,x,..,x,inV 5 ,uﬁ(x,-) > «, ,u,%(x,-)
<aVi=12,...,nand x = (...(x1x2)...)x,

& (uh)) = o, (W) () <«

& x € (uhax € (1h)a-

xe ((uh ) )

Therefore, (1} o), () o)) = () )as (1) )a)-

.. + +
Similarly, we can prove that (<,u§a ), <,uga )) = ((uf‘))j{', (ug)j{). [ |

Remark 3.2. Let (V, *) be aloop and A = (/Lf;, ,u]X) be a bipolar fuzzy subset of V.
Then by Theorem 3.1, we have (supp(A)) = supp({A)).

Theorem 3.3. Let A’ be a right associative subset of a loop (V’, ¥) and G' = (V', R')
be the bipolar fuzzy graph with R = {(x, y) : y/x € A}. Then G’ is connected if and
only if (A") D V' —{1}.

Theorem 3.4. CayFp(V, A) is connected if and only if supp(A) 2 V — {1}.

Proof. Suppose CayFg(V, A) is connected. Let x € V — {1}. Since CayFp(V, A) is
connected, there exist a path from 1 to x, say, 1, xq, x2, ..

., X, = x. This implies that, there exist t1, t2, ..., ,, € supp(A) such that x = x,, =
Xn—1ln, Xn—1 = Xp—2ty—1, ..., X2 = x1tp, x;1 = 1.f;. Therefore, x = x,, = x,,_1t;, =
(Xp—2th—Dty = ... = (...((h)13)..)ty, t;i € supp(A), i = 1,2, ...,n, which implies
that x € (supp(A)). Therefore, V — {1} C (supp(A)) = supp(A).

Conversely, let V — {1} C supp(A). Let x, y be two distinct elements in V. Then,
there existz # 1 € V suchthaty = xz. Sincez # 1, z € V —{1} C (supp(A)). Then,
there exist z1, 22, ..., Zm € supp(A) such that z = z122...2;,.

Clearly, 1, z1, z122, ..., (...((2122)23)...)Zm = z 1s a path from 1 to z.
Then x, xz1, x(2122), x((2122)23), ..., X((...((z122)23)...) Zm) = xz = y is a path from
x to y. Therefore, Cay Fp(V, A) is connected. [ |

Theorem 3.5. Let A’ be a right associative subset of a loop (V’, ¥) and G’ = (V', R')
be the bipolar fuzzy graph with R" = {(x, y) : y/x € A’}. Then, G’ is weakly connected
if and only if (A"U A}) D V' — {1}, where A}, = {ay : 1 = apa, a € A'}.
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Theorem 3.6. CayFp(V, A) is weakly connected if and only if supp((A v Ag)) 2
V — {1} where Ap(x¢) = A(x), 1 = xpx.

Proof. Suppose that CayFg(V, A) is weakly connected.
Then CayFg(V,A Vv Ay) is connected. Thus by Theorem 3.4, we have V — {1} C
supp({A Vv Ayg)). This completes the proof. [ |

Theorem 3.7. Let A’ be a right associative subset of a loop (V’, ¥) and G’ = (V', R')
be the bipolar fuzzy graph with R" = {(x, y) : y/x € A’}. G’ is semi-connected if and
only if (A") U(A"), 2 V' —{1}.

Theorem 3.8. CayFp(V, A) is semi-connected if and only if

(supp(A)) U (supp(A))¢ 2 V — {1}.

Proof. First assume that CayFp(V, A) is semi-connected. Let x € V — {1}. Since
CayFp(V, A) is semi-connected, there exist a path from x to 1 or a path from 1
to x. Suppose there exist a path 1, x1, x2, ..., x,, x from 1 to x. Then, there exist
1,1, ....,th41 € supp(A) such that x; = 1t1, x» = x1f2, ..., x = Xuty,+1. Then, x =
Xnth+1 = (—1t)tny1 = ... = (((WBR)B)..Ithy1, i € supp(A), i =1,2,...,n+1,
which implies that x € (supp(A)). Or suppose there exist a path x, y1, y2, ..., Y, 1 from
x to 1. Then, there exist k; € supp(A) fori = 0, 1, ..., m such that y; = xk,, y, =
yiki, ey 1 = Ymky. Then, 1 = (...((xko)k1)..Dkm = (..(x(kok]))-.)hm = ... =
x((...(kok})..)k,). Here, k. € supp(A), fori = 0,1, ..., m, since supp(A) is right
associative. This implies 1 = xk, where k = (...((kok})k5)...)k,, € (supp(A)). Hence
x € (supp(A))¢. Therefore, CayFp(V, A) is semi-connected implies (supp(A)) U
(supp(A))e 2V —{1}.

Conversely, assume that (supp(A))U(supp(A)) 2 V—{1}. Letx,y € CayFp(V, A)
be two distinct elements. Then y = xz for some z € CayFg(V,A). Then, z €
(supp(A)) U (supp(A))e.

Ifz € (supp(A)), there existty, to, ..., t, € supp(A) suchthatz = (...((t112)13)...)t,.
Clearly 1, #1, tit2, ..., (...((t112)13)...)t, = z is a path from 1 to z. Then, x, xtq, ...,
x((...((1112)13)...)t,) is a path from x to y. Or else, if z € (supp(A))¢, 1 = zt for
some t € (supp(A)), which implies there exist pi, p2, ..., pm € supp(A) such that
t = pip2..pm- Then, 1 =zt = z2((..(p1p2)P3)--)Pm) = (Z..((P1P2)P3).-) P}y =
o = (.((zp1) P5)--) P)y» DPi € supp(A), since supp(A) is right associative and p; €
supp(A). Let ki = zp1. kp = klpé, ks = kng,...,km = km_lp;n. Then, k,, =
k1P, = ... = (...((zp1)P5)...)p,, = 1. Clearly, z, ki, ko, ..., kyy = 1 is a path from
zto 1. Then, xz, xky, xkp, ..., xk;,, = x is a path from y to x. Thus, for any x,y € V
there exist a path from x to y or a path from y to x, which implies that Cay Fg(V, A) is
semi-connected.

This completes the proof. [

Theorem 3.9. Let A’ be a right associative subset of a loop (V’, ¥) and G' = (V', R')
be the bipolar fuzzy graph with R" = {(x, y) : y/x € A’}. Then, G’ is locally connected
if and only if (A") = (A"),.
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Theorem 3.10. CayFp(V, A) is locally connected if and only if

supp(A) = supp(A)q.

Proof. First suppose that CayFp(V, A) is locally connected. Let x € (supp(A)).
Then, there exist xq, x2, ..., X, € supp(A) such that x = (...((x1x2)x3)...)x,. There-
fore 1, x1, x1x2, ..., (...((x1x2)x3)...)x, is a path from 1 to x. Then, since G is locally
connected, there existapath fromx to 1. Letx, z1, 22, ..., z,—1 be apath from x to 1 which
implies there exist ay, as, ..., a, € supp(A) such that z; = xa;, 220 = z1a2, ..., Zn—1 =
Zn—2an—1, 1 = Zp—1a,. Then, 1 = z,_1a, = (Zp—2ap-1)an = ... = (...((xa1)az)...)a,.
Then, we have, 1 = (...(x(a1a}))...)ay = ... = x(...((a1
aé)aé)...)a;, al{ € supp(A). Thatis, 1 = xt, t € (supp(A)), implies x € (supp(A))g.
Thus,

(supp(A)) € (supp(A))¢. (1)

Let x; € (supp(A))¢, which implies there exist an x € (supp(A)) such that 1 =
x¢x. Then, 1, x1, x1x2, ..., (...((x1x2)X3)...)X;;, is a path from 1 to x. Thus, since
CayFp(V, A) is locally connected, there exist a path from x to 1. We have, 1 = x,x =
Xe((oo((X1X2)X3)..) X)) = xe((...(xl(xgxé))...)xm) =..= (...((xgxl)xé)...)x—m’xl €
supp(A), and here x; € supp(A), i = 1,2, ...,m, since supp(A) is right associative.
Now, let 1] = xyx1, th = tlxé, L l=t, = tm—lx,/n- Then, x¢, t1, 12, ..., tyy—1, Ly = 118
a path from x, to 1. This implies that there exist a path from 1 to x,, since Cay Fp(V, A)
is locally connected. Let 1, ky, k», ..., k, = x¢ be a path from 1 to x;. Then, there exist
pi € supp(A), i =1,2,...,r suchthatk; = 1.py, kp = k1 p2, ..., kK, = k,—1p,. Thus,
x¢ =k = k—1pr = (kr—2pr—)pr = ... = (...((p1p2) P3)...) pr» Which implies that
x¢ € (supp(A)). Hence,

(supp(A))e C (supp(A)). (2)

Therefore, from equations (1) and (2) we get (supp(A)) = (supp(A))y.

Conversely, suppose (supp(A)) = (supp(A))e. Let x,y € V and there exist
a path from x to y say x, x, x2, ..., x,—1, ¥y. Then, there exist a; € supp(A) for
i = 1,2,...,nsuch that x; = xay, x» = x1a2, ..., Xp—1 = Xp—2ap—1, Yy = Xp—1apn.
Thus, y = x,—1a, = (xp—2an—1a, = ... = (...((xay)az)...)a,. Therefore, y =
x((...((a1ab)a})...)a),), where a; € supp(A), since supp(A) is right associative, which
implies y/x € (supp(A)). Then, x/y € (supp(A))¢. Now, since k = x/y €
(supp(A))¢ and (supp(A)) = (supp(A))e, k = x/y € (supp(A)). Then, there ex-
ist k1, k2, ..., kp € supp(A) such that k = (...((k1k2)k3)...)k ).
Clearly, 1, ki, k1ka, ..., (...((k1k2)k3)...)k;, = k is a path from 1 to k.
Then, y, yki, y(kikz), ..., y((...((k1k2)k3)...)k,) = yk = x is a path from y to x. Hence
G’ is locally connected. |

Theorem 3.11. [2] A finite digraph has a source if and only if it is quasi-connected.

Theorem 3.12. Let A’ be aright associative subset of a finite loop (V', ). G' = (V', R')
be a bipolar fuzzy digraph with R" = {(x, y) : y/x € A’}. Then G’ is quasi-connected
if and only if it is connected.
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Theorem 3.13. A finite Cayley bipolar fuzzy graph CayFg(V, A), where (V, %) is a
finite loop, is quasi-connected if and only if it is connected.

Proof. Every connected graphs are quasi-connected.

Therefore, if Cay Fg(V, A) is connected then Cay Fg(V, A) is quasi-connected. Now,
suppose that Cay Fp(V, A) is quasi-connected. Note that Cay Fp(V, A) is finite. Thus
by Theorem 3.11, CayFp(V, A) has a source, say z. Then for any x € V with x # z,
there is a directed path from z to x. Let z, zy, 22, ..., Zn, X be a path from z to x. Then,
there exist k; € supp(A) fori =1,2,...,n+ 1suchthatz; = zk1, 20 = 21k2, ..., 7n =
Zn—1kn, x = zZpknt1. Then, x = (...((zk1)k2).. )kn+1 = (..(z(k1kD)).. Dkny1 = ... =
2((...(k1ky)..)k, ). Here, k; € supp(A),fori = 1,2, ...,n+1, since supp(A) is right
associative. Therefore, x/z = (...(k1k5)...)k;, 1) € (supp(A)). Thus it is clear that
x/z € (supp(A)) for every x € V with x # z. Hence (supp(A)) 2 V — {1}. Hence,
by Theorem 3.4, Cay Fg(V, A) is connected. [ |

4. Strength of Connectedness in Cayley Bipolar Fuzzy Graphs
Induced by Loops

In this subsection, we prove the following theorems based on different types of «-
connectedness. Let (V, x) be a loop, A be a scaled fuzzy subset of V and G = (V, R)
be the Bipolar Cayley fuzzy graph induced by (V, %, A). Also, for any @ € [—1, 1], let
A, be the a-cut of A. Then

Ra = (W, g,) = (Wayo ma,) = (6, 3) €V X V1 y/x € A,

Definition 4.1. Let G = (V, R) be a Cayley bipolar fuzzy graph induced by the loop
(V, %). The ,ug-strength of a path x,, x1, x2, ..., X, is defined as min(ug(x,-_l, x;)) for
i = 1,2,...,n and is denoted as S(pvi). The M%—strength of this path is defined as
max(uy (xi—1, x;)) fori = 1,2, ..., n and is denoted as S(u’).

Definition 4.2. Strengthof apath P in G = (V, R), denoted by strength(P’) is defined
to be strength(P') = (S(,u,’é), S(,u%)) and is said to be greater than or equal to « if

S(ug) =« and S(uy) < a.
Let o € [—1, 1]. Then we define the following:

Definition 4.3. Let G = (V, p) be a bipolar fuzzy graph. Then G is said to be: (i) «-
connected if for every pair of vertices x, y € G, there is a path P from x to y such
that strength(P) > «, (i1) weakly a-connected if the fuzzy graph (V, R v R_l) is
a-connected, (ii1) semi a-connected if for every x, y € V, there is a path of strength
greater than or equal to « from x to y or from y to x in G and (iv) locally a-connected
if for every pair of vertices x and y, there is a path P of strength greater than or equal
to « from x to y whenever there is a path P’ of strength greater than or equal to o from
y to x. (V) quasi a-connected if for every pair x, y € V, there is some z € V such
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that there is a directed path from z to x of strength greater than or equal to « and there
is a directed path from z to y of strength greater than or equal to «. (vi) a-complete if
R(x,y) >« forallx,y e V.

Theorem4.4. G = CayFp(V, A) is a-connected if and only if (A), 2 V — {1}, where
(Aa = (1)), (11)a)-

Theorem 4.5. G is weakly a-connected if and only if
(AUAp)e 2V —{1}.
Theorem 4.6. G is semi «-connected if and only if
(Ao U(A)ar 2 V —{1}.

Theorem 4.7. G is locally a-connected if and only if

Theorem 4.8. The fuzzy graph G is «-complete if and only if
Ay 2V —{1}.
Theorem 4.9. If G is finite then it is quasi «-connected if and only if it is a-connected.
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