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Abstract

The object of this paper is to consider a generalized Ishikawa type iteration
process with errors, which approximate the fixed point of two asymptotically
quasi-nonexpansive mappings in convex cone metric spaces. Our results also
extend, improve and generalize many known results of the existing literature.
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1. INTRODUCTION

In recent years, several convergence results have been proved on iterative methods for
approximating fixed points of non-expansive, quasi-non-expansive, asymptotically
non-expansive, asymptotically quasi-non-expansive, contractive type and Zamfirescu
operators using several iteration schemes, for example see ([3], [4], [8], [15],[26].1t is
worth mentioning that such iterative type methods are known as Mann iterations and
Ishikawa iteration schemes.

In 1967, Diaz and Metcalf [6] introduced the concept of quasi-nonexpansive map-
pings. In 1972, Goebel and Kirk [2] coined the term asymptotically nonexpansive
mappings who proved that every asymptotically nonexpansive self-mapping of
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nonempty closed bounded and convex subset of a uniformly convex Banach space has
fixed point. In this connection many authors have been studied the convergence of
Ishikawa iterates of asymptotically quasi-nonexpansive mappings on convex metric
spaces. The convergence theorems for some iterates of nonexpansive mappings,
quasi-nonexpansive mappings and their generalized types have been proved in metric
and Banach spaces (see, e.g., ([7, 17, 28, 29, 30]).

Recently, a class of two-step approximation schemes, which includes Mann and
Ishikawa iterative schemes for solving common fixed points in Banach and Hilbert
spaces is obtained. In 1973, Petryshyn and Williamson [25] gave necessary and
sufficient conditions for Mann iterative sequence [23] to converge to fixed points of
quasi-nonexpansive mappings. In 1997, Ghosh and Debnath [9] extended the results
of Petryshyn and Williamson [25] and gave necessary and sufficient conditions for
Ishikawa iterative sequence to converge to fixed points for quasi-nonexpansive
mappings.

In 2001, Liu [22] extended results of [9, 25] and gave necessary and sufficient
conditions for Ishikawa iterative sequence with errors to converge to fixed point of
asymptotically quasi-nonexpansive mappings.

In 1970, Takahashi [33] first introduced a notion of convex metric space which is
more general space. It should be pointed out that each linear normed space is a special
example of convex metric space, but there exist some convex metric spaces which
cannot be embedded into normed space [33]. In recent years, asymptotically
nonexpansive mappings and asymptotically quasi-nonexpansive mappings have been
studied extensively in the setting of convex metric spaces ([7, 14, 35, 22, 28]).

Recently, a cone metric space [12] in Banach spaces, which is a cone version of the
usual metric in R is very applicable in applied mathematics including nonlinear
analysis by joining it with convex structures. In 2013, Lee [21] extended an Ishikawa
type iterative scheme with errors to approximate a common fixed point of two
sequences of uniformly quasi-Lipschitzian mappings on convex cone metric spaces
and many other authors are also proved some fixed point theorems for contractive-
type mappings in cone metric spaces.

1.1.  Brief Introduction of Various Iteration Schemes: Let K be a nonempty
convex subset of a linear space E and T:K — Kbe a mapping. The Mann iteration
schemes(see [23]) for a mapping T:K — K are defined by

Xl =X OEK
1.1
{><n+1=(1-ocn)xn +a,TX,,neN (1.1

where {a,} isin (0,1). It is well-known that Picard iteration scheme converges for
contractions but do not converges for nonexpansive mapping whereas Mann iteration
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scheme converges for nonexpansive.

The Ishikawa’s iteration process [13] which is defined recursively by

XI’H—l =anxn +(1_an)Tyn1 (12)
Y, =BX, +(1-B,)TX,,neN,

where  {a,}and {B,} are sequences in the interval [0,1].

In 2007, Agrawal et al. [1] introduced the following iteration process:
Xn+1:(l'an)Tan+anTnyn ! (13)
Yn = (1'Bn)xn +BnTan ,neN,

where {a.,}and {B, } are in (0,1). They showed that this process converges at the rate
same as that of Picard iteration and faster than Mann iteration for contractions.

In 2001, Khan and Takahashi [19] approximated the fixed points of two asymp-
totically nonexpansive mappings S T:K — Kthrough the sequence {x, } given by
Xl =X OE K
Xpi1 = (1-00)X, +can”yn ' (1.4)
Yn = (1-Bn)Xn +BnTan'n eN,

where {o,, }and {B,}are sequence in (0,1).

Recently, Khan et al. [16] modified the iteration process (1.4) to the case of two
mappings as follows:

X1 =XoeK
Xny1 = (1'O‘n)Tan +0‘nSnYn : (1.5)
Yn = (1-Bn)Xn +BnTanvn eN,

where {o, }and {B,}are sequences in (0,1).

The above iterative schemes (1.1 -1.5)were extend to a convex structure and studied
fixed point theory for nonexpansive mappings in a uniformly convex metric space by
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the various authors(see [2, 11, 20, 18, 27]).

1.2. Our Proposed Scheme in Convex Cone Metric Spaces:

Inspired and motivated by the above facts, we construct an Ishikawa type iteration
process which converges strongly to a common fixed point of a asymptotically quasi-
nonexpansive mappings in convex cone metric spaces as below:

Definition 1.1. Let (X,d,W) be a cone metric space with a convex structure
W:x3x 12 X, where | = [0,1] and S, T: X — X be asymptotically quasinonexpansive
mappings with six sequences of real numbers {an}, {bn}, {cn}, {a’n}}, {b.} and {c,}

in[0,1] witha, +bn +ch=a, +b, +c,=1,n=12,.... Forany givenx, e X, define
a sequence {Xn}} as follows:

Xg=X eK
Xpe1 = WX, Ty, Up,a,,b,,Cp)
Y = W(S'X,, T"X,, V8,0, Cp),
(1.6)

where {un}, {vn} are two sequences in X satisfying the following condition: for any
nonnegative integers n,m,1<n<m , if 8(Anm) > 0, then

ngl]ja<xm{” d(X,y)“}:XE{Ui,Vi},yE{Xj ny ’ij ’Syj !uj vvj }}<8(Anm)v
1.7)
where A, =X, Yi, TY,SX;,U;, Vi :n<i<m, 8(A,) = sup [l d(x,y)]l.

X,yEAnm

Then a sequence {xn} is called a generalized Ishikawa type iteration process with
errors for two asymptotically quasi-nonexpansive mappings S and T in convex cone
metric space (X,d).

Putting S" =l in the inequality 1.6, where 1 is identity mapping, we get well known
Ishikawa iteration scheme with errors [5] in convex metric spaces.

Obviously, the Ishikawa iterative sequence is a special case of (1.6) with c, =c'n =0,

u, =v, =0 andS" =1, where | is identity mapping.

1.2.  Convexity of Various Contractive Mappings in Cone Metric Space: Let
(X, d) be a cone metric space with solid one P and T:X— X a given mapping. Let
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F(T) denote the set of fixed points of T (see [10, 32, 34].

Definition 1.2. (i) T is called Nonexpansive if

d(Tx,Ty) < d(x,y),

forall x,y eX.

(i) T is called Quasi-nonexpansive if F(T) = ¢and

d(Tx,p) =< d(x,p),

forall xeX,and p eF(T).

(i) T is called asymptotically nonexpansive mapping if there exist a sequence

k, €[0, ) with lim k, =0such that
n—o

IT%-T"y) <(L+kq) -yl

orall x,y eX and n >1.
(iv) T is called quasi-nonexpansive mapping provided
I T"%-p) <(1+ky) 1x-pl,

forall xeX, p eF(T).and n >1.

From the above Definition , if F (T )= ¢, it follows that an asymptotically
nonexpansive mapping must be asymptotically quasi-nonexpansive, and an
asymptotically quasi-nonexpansive must be uniformly quasi-Lipschitzian where
L =sup{k,,neN} <.

2. PRELIMINARIES:

Throughout this paper, E is a normed vector space with a normal solid cone P . A
nonempty subset P of E is called a cone if P is closed, P={0}, fora, b R™ =[0,«) and
x,yeP, ax+byePand P (-P)=#{0}. We define a partial ordering < in E as x<y if
y-X € P, x <<y indicates that y-x € intP and x<ymeans that x<y butx=y. A
cone P is said to be solid if its interior intP is nonempty.

There exist two kinds of cones-normal (with the normal constant k) and non-normal
ones [6]). Let X be a real Banach space, P —E a cone and < partial ordering defined
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by P . A cone P is called normal if there exists a constant K > 0 such that
0 <x<y implies

I xI<kllyl (2.1)
for all x,yeP. or equivalently, if (for all n) x, <y, <z, and

lim x, = lim z, =ximplies lim y, =X (2.2)
n — o n — o n— o

The least positive number k satisfying (2.1) is called the normal constant of P .

Definition 2.1. Let X be a nonempty set. Suppose the mapping d:XxX — E satisfies:
(d1) 0<d(x, y) forall x,ye Xand d(x,y) =0ifand only if x = y;

(d2) d(x,y)=d(y, x) forall x,yeX;

(d3) d(x,y) <d(x,z)+d(y,z) forallx,y,ze X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space. It is
clear that the concept of a cone metric space is more general than that of a metric
space, because each metric space is a cone metric space where E = R and P =[0,+ ).

Definition 2.2. Suppose {x,} be a sequence in a cone metric space (X, d) and P be a
normal cone with a normal constant K (see [12]). Then

Q) a Cauchy sequence if for every ¢ in E with O<<¢g, then there is an nature
number N such that for all n, m > N, d(x,, x,) << ¢;

(if) a convergent sequence if for every ¢in E with O<<eg, then there is a natural
number N such that for alln >N, d(x, x)<< & for some fixed x in X. A cone metric

space X is said to be complete if every Cauchy sequence in X is convergent in X.

We recall [12] that if P is a normal solid cone, then {x,} € X is a Cauchy sequence if
and only if| d(x,,X,) || =0, as n,m —cMoreover, {x,} € X converges to x e X if
and only if || d(x,,,X) || >0 asn—oo.

In 1970, Takahashi[33] introduced the concept of convexity in a metric space and the
properties of the space.

Definition 2.3. Let (X,d) be a metric space, and | = [0,1]. A mapping
W:XxXxl—Xis said to be convex structure on X, if for any
(x,y,A) € XxXxlandue X, the following inequality holds:
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dOW(X,y,A),U) < Ad(X,u) + (1-A)d(y,u) .

X together with a convex structure W is called a convex metric space, denoted by
(X,d,W). A nonempty subset K of X is said to be convex if W(xy,\) e Kfor

all (x,y,1) e KxKxI.

Remark. Every normed space is a convex metric space, where a convex structure
W(x,y,z,a,B,y) = ax+By+yz, for all x,y,ze Eand «,B,yelwith a+B+y=1. In fact,

d(U, W(X!y!Z; a!Bv’Y)) = ” u- ((XX+[3y+’YZ) ”
<afu=x|l+Bllu-yl+ylu-z]
=ad(u,x) +pd(u,y) +yd(u,z),

for allu e X . But there exists some convex metric spaces which can not be embedded
into normed space.

We recall some Definitions and lemmas in a convex cone metric space (X,d, W)
which will be used in our main results:

Definition 2.4. Let (X,d) be a cone metric space, and | = [0,1]. A mapping

W:X®xl X is said to be convex structure on X, if for any
(x,y,\) e X?x1 andu e X, the following inequality holds:

d(W(x,y,A),u) < Ad(x,u) + (1 - A)d(y,u).

If (X,d) is a cone metric space with a convex structure W, then (X,d) is called a
convex abstract metric space or convex cone metric space (see also [14], [23]).
Moreover, a nonempty subset K of X is said to be convex if W(x,y,A) € K, for all

(xy,0) € K.

Definition 2.5. Let (X,d) be a cone metric space, | =[0,1], and {a,}, {b,}. {c,}real

sequences in [0,1] with an+bntch=1. A mapping W: X3 x1® 5 Xiis said to be convex
structure on X, if for any (Xvy,za,,b,,c,)eX;xl;andue X, the following
inequality holds:

d(W(x y,z,a,,b,,c,),u) <a,d(x u)+b,d(y,u)+c,d(z,u).

If (X,d) is a cone metric space with a convex structure W, then (X,d) is called a
generalized convex cone metric space. Furthermore, a nonempty subset K of X is said

to be convex if W(x, y,z,a,,b,.c,) e K, forall (x, y,z,a,,b,,c,)— K*xI°
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Remark. If E = R, P=[0,+0), |.[|H.|then (X,d) is a convex metric space, i.e.,
generalized convex metric space as in [36].

Example 2.6.

(a) [12] Let E = RZ, P={(x y)eR?:x>0,y>0, X =R and d:XxX —E defined by
dx, y)=(x-y|,a|X-y]|), where a>0is a constant. Then (X,d) is a cone metric
space [11] with normal cone P where k = 1.

(b) For other examples of a cone metric spaces, i.e., P-metric spaces one can see
[37].

Example 2.7. Let (X,d) be a cone metric space as in Example 2.6(a). If W(x,y,A) =
Ax+ (1-A)y, then (X,d) is a cone metric space. Therefore, this notion is more general
than that of a convex metric space.

Lemma 2.8. (see [22].) Let {a,}, {b,} and {a,} be sequences of nonnegative real
numbers satisfying the inequality

a,n=00A+a,)a, +b,,n=>1.
If ¥b,<0 and T a, <o . Then
n=1 n=1

(@ lim a, exists.
n—oo

(b) If liminfa, =0, then lima, =0.

n — o n—oo

Lemma 2.9. Let K be a nonempty, closed, convex subset of a complete convex cone
metric space (X,d,W). Let S, T:K— K be an asymptotically quasi nonexpansive

mapping with a sequence {k,}<[0,) Assume thatF=F(S) UF(T)=¢. Let {x,} be
the generalized Ishikawa type iteration process with errors defined by (1.6) and

{u,}, {v,} satisfying (1.7) and let{a,}, {b,} , {c.} . {a,}, {b,yand {c,}be six
sequences in [0,1] with restriction a, +b, +c, =a, +b, +c, =land ¥.c, +¢, <o
n=1

and if F=F(S) UF(T)= ¢then:
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Q) there exists a constant vector v e P{0}such
[d(Xps1, P)<K-A+ AL A, P+ K VA,

for all n € N and for all p € F, where k is the normal constant of a cone P;

(i) there exists a real constant M > 0 such that

n+m-1

4¢P < KM d0¢q P [ +k M. S 2y,

for all n,m e N and for all p € F, where k is the normal constant of a cone P.

Proof. (i) We suppose that p € F. Then, we have

d(X,.1, P)=dW(X,, T" y,,u,,a,.b,.c,).p)
<a,d(x,,p)+b,d(T" y,,p)+c,d(u,,p)
<d(X,,p)+b,(1+k,)dly,,p)+c,du,,p),

and

d(y,,p)=dW(S" x,, T" x,,v,,a, b, ,c,),p)
<a,d(S" x,,p)+b, d(T" x,,p)+c,d(v,,p),p)
<a, (1+k,)d(x,, p)+ by, (L+k,)d(x,,p)+c, d(v,,p)
< (1+ky )@, +by)d(x,,p)+c, d(v,,p)
(2.4)

Substituting (2.3) into (2.4), it can be obtained that

d(X .0, P) <a,0(X,,p)+ b, (1+K,)[(L+K,)(@, +by)d(X,,p)
+¢, d(v,, p)]+ ¢,y d(u,, p)
—a, d(x,,p)+b, (1+k,)[(1+k, )@, +b,)d(X,,p)]
+b, (1+k,)c,d(v,,p)+c,d(u,,p)
<[a, +b,8, (1+k,)*1d(x,,p)+b, (1+k,)c.d(v,,p)+c,du,,p)

<[1+38, (1+ 2k, +k)Id(X,, p)+b, (1+k,)c,d(v,, p)+c,d(u,,p)

<(@+A )X, p)+ A,V

where A, =8, (1+2k, +k2), v= sup {b,(1+k,)d(v,,p)+d(u,,p)}

peF, n>1
andi, =c +c,(heNuU{0}).

Thus, by the normality of P, for the normal constant k > 0, we have

6561

that

(2.3)

(2.5)
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d(Xq.0, PYI<K. L+ AL [ dXq, P) [ +K VA,

foralln e Nand forall p € F.

(i) We know that 1+x<e*for all x>0. Considering it for the condition (i) of
Lemma 2.9, we get

d(Xn+m ) p) i(1+ An +m.1)d(xn+m—l’ p) + }‘“n+m—l 'V
A
-<_e remd )d(xn+m-11 p) + V'7“n+m-1
Anim-
ie rem-l [(1+An+m—2}d(xn+m-2 J p)
+ V"7‘*n+m—2] +V"}”n+m—l
= eAn+m-l+An+m-2 d(Xn+m-2 ! p)

An+m-1tAn+m-2
+€ [7\'n+m—1+7\‘n+m—2]'V

n+m-1
< Md(x,, p)+[M _an].v,
1=n

LA
whereM =e'=t . Hence, (ii) follows from (1.1), since P is a normal cone with the

normal constant k. This completes the proof.

3. MAIN RESULTS

In this section, we propose more generalized convergence theorem regarding
Ishikawa type iteration schemes with errors for approximating a common fixed point
of two sequences of asymptotically quasi-nonexpansive mappings in convex cone
metric spaces.

Theorem 3.1. Let K be a nonempty, closed, convex subset of a complete convex cone
metric space (X,d,W). Let S, T:K— K be an asymptotically quasi nonexpansive

mapping with a sequence{k,}<[0,). Assume thatF=FS)UF(T)=¢. Let
{x,} be the generalized Ishikawa type iteration process with errors defined by (1.6)
and{u,}, {v,} satisfying (1.7) and let{a,}, {b,}, {c,}, {a,}, {b.}, and {c,} be
six sequences in [0,1] with restriction a, +b, +c, =a,+b +c, =1 and
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§(c'n +C,) <. Then, {x,}converges to a common fixed point of S and T if and
n=1
only if liminf | d(x,, F) |=0where || d(x, F) [|=inf{]| d(x,q):qeF}.
n—oo
Proof. The necessity of condition is obvious. Thus, we will only prove the suffi-

ciency. Then from Lemma 2.9(i), we have

[ d(Xpsq, P)<K- X+ AL dX, P KAV -A,
where

A, =8, (1+2k, +k2) v=sup {b,(L+k,)d(V,,p)+d(u,,p)}

peF, n>1

andr, =c, +c, (NneNU{0}) with A, <o and YA, <. Because TA, <o
n=1 n=1

n=1
and XA, <o, it follows from Lemma 2.8 that [lim|d(x,,F)| exists.
n=1 n—o
Now, liminf || d(x,, F) ||=0, therefore, implies that lim || d(x,,F)|=0. Secondly, we
n—o0 n—oo

show that {x,} is a Cauchy sequence in K, for any positive real number ¢, there
exists a natural number No € N such that n > No, we get

82 and XA, <—5——.

KM n=No+1  4K* || v|M

[d(X,,F)[l<
4

In particular, there exists a q € F and an integer n, > N, such that

€
(e, p) Il <—
4K*M

It follows from Lemma 2.9 (ii), that when n > N3, we have

Id(Xnsms PO 1=K g4 4m-ngy - P2 |
n+m-1 (3.1)
<) d(X o P KM d(X,, D) | +k MY T2,

i=ny
and
[1d(Xyy, P) 1=11 (X 1 (nongy - Pl
< d(X s P) IS KM (X, p) I Jrk.M.v.'nilkn :

i=nq

(3.2)

Hence, from (2.1), (3.1) and (3.3), we have
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Id(nms X)) | < K[ d(X o P1) +A(P1, X0 ) ]
< kfld(Xpim s o) [+ K[ d(py, x4) ]

2 2 n+m-1 n-1
<2k® M d(x,, ,py) [I+k .||v||.M[ iZn_Xi+iZn_Xi)
=Nj =Nj
n+m-1

<2k®. M d(x,, . py) [+ 2K [ v][.M. 2,

i=nj
€

.4K2—:€.
[viM

€

<2k?> M. g
KM

+2k% || v].M

Hence {x,} is a Cauchy sequence in closed convex subset K of a complete cone
metric space X. So that it must be convergent to a point in K. Let lim x, =p.We will

N —oo
prove thatp € F. For givene >0, there exists an integer n, such that for alln>n,, we
define

€

2k(2+k,)

€
diX,, P < =————
Id(x, )||<2k(2+k1)

(s, P) <

(3.3)

In particular, there exists a p1eF and an integer nz > nz such that
(g P <
"3’ 2k(2+Kk,) "
(3.4)

Then, we obtained

d(Sp,p)= d(Sp,py) +d(py, X, ) +d(X,, . P)
<(1+ky)d(p, Xy )+ (1+ky)d(Xp,  py) +d(py, Xy ) (X, . P)
= (2+ky)d(X, ,p)+(2+ky)d(X,, . Py1)

Now using (2.1), (3.3) and (3.4), we have

d(Sp,p) < K(2+ky)d(X,, ,p)+K(2+Ky)d(X,,, ,Py1)
ted ted
<k@+K,) ———+KQ2+K;)
@+ky) 2k(2+ky) @+ky) 2k(2+k,)

=&

Similarly, we also have| d(Tp,p)||<e. Since ¢ is arbitrary, it follows that
d(Sp,p)=d(Tp,p)=0, thatis, p isa common fixed point of S and T. This completes
the proof.



Two-Step Iteration Scheme with Errors for Asymptotically... 6565

Taking S" = | in Theorem 3.1, where | is identity mapping, we can obtain the
following result immediately.

Corollary 3.2. Let K be a nonempty, closed, convex subset of a complete convex
cone metric space (X,d,W). Let T:K — K be an asymptotically quasi nonexpansive
mapping with a sequence{k,}<€[0,). Assume thatF(T)=¢. Let {x,} be the
generalized Ishikawa type iteration process with errors defined by (1.6) and{u,},
{v,} satisfying (1.7) and let{a,}, {b,}, {c.}, {a.} . {b.}, and {c.} be six

sequences  in  [0,]]  with  restriction a,+b,+c,=a, +b, +c, =1
and z(c'n +C,) <. Then, {x,}converges to a common fixed point of T if and only
n=1

if liminf || d(x ., F) [|= 0 where || d(x, F) ||=inf{]| d(x,q)|: q<F}.

Proof. It follows from Lemma 2.9 and Theorem 3.1 with S" = I foralln>1.

Corollary 3.3. Let K be a nonempty, closed, convex subset of a complete convex
cone metric space (X,d,W). Let T:K — K be uniformly quasi-Lipschitzian mapping
with L>0 and {k,}<[0,). Assume thatF(T)=¢. Let {x,} be the generalized

Ishikawa type iteration process with errors defined by (1.6) and{u .}, {v,} satisfying
(1.7)and let{a,}, {b,}, {c,}, {a,}, {b,}, and {c.} be six sequences in [0,1] with
restriction a, +b, +c, =a. +b_ +c, =1 and r;l(c'n +c,) <o. Then, {x,}
converges to a common fixed point of T if and o;lly if Iinmjorlf | d(X,,F)||=0where

[d(x, F) | =in{|| d(x,q):qeF}-.

Proof. Since {k,,}<[0, ) with k,, — oas n— oon, then there exists L > 0 such that
L=sup{k, :n>1}. In this case S and T are uniformly quasi-Lipschitzian mappings

with L > 0. Put S" =1in Theorem 3.1, where | is identity mapping. Hence, Corollary
3.3 can be proved by Corollary 3.2.

Putc, :c'n =0, u, =v, =0andS" =1, where | is identity mapping in Definition
1.6. We can be found the following result:
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Corollary 3.4. Let K be a nonempty, closed, convex subset of a complete convex
cone metric space (X, d, W). Let T:K—K an asymptotically quazi-nonexpansive

mapping of K (T need not be continuous) with Ekn <oo and F(T)=¢. Suppose that
n=1

{x,}._, is Ishikawa type iterative scheme defined by:
Xo =X eK
Xn+1 :W(Xn’Tnyn'an)
Yo =W(ES"X,, T"X,,by),

where{a,},{b,}<[0,1]; and satisfying all the condition of Lemma 2.9. Then, {x,}
converges to a fixed point of T if and only if liminf d(x,,F(T))=0, where
n— oo

d(y, X) denotes the distance of y to set X, i.e., d(y,X)=inf d(y,x) , forall xe X.

Proof. Corollary 3.4 can be proven by Theorem 3.1. ©
Remark. Our results extend the corresponding results in convex metric spaces [7,36].
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