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Abstract

In this paper, we discussed Triple Layered Fuzzy graph and we introduced
Intuitionistic Triple Layered Simple Fuzzy graph (ITLFG). We established
vertex degree of Cartesian product of Intuitionistic Triple Layered Simple
Fuzzy graph.
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I. INTRODUCTION

The concept of a fuzzy relation was defined by Zadeh in 1965[10] and it has many
applications in the analysis of cluster patterns. In 1975 Rosenfeld considered fuzzy
relations on fuzzy sets and find the structure of fuzzy graphs[12]. In 1983 Atanassov[1]
described the concept of intuitionistic fuzzy sets as a generalization of fuzzy sets[10].
Fuzzy set gives the degree of membership of an element in given set while intuitionistic
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fuzzy set gives both the degree of membership and non-membership which are more or
less independent from each other. The condition is the sum of these two degrees should
not exceed one. In [3] Karunambigai M. G. and Parvathi R, introduced intuitionistic
fuzzy graph as a special case of Atanassov’s Intuitionistic Fuzzy graph.

The operations on Intuitionistic fuzzy graph was introduced by R. Parvathi, M. G.
Karunambigai and K. Atanassov [4]. Degree, Order and Size of Intuitionistic Fuzzy
Graph was introduced by A. NaggorGani and S. ShajithaBegum [5]. The degree of a
vertex in fuzzy graphs was introduced by A. NagooorGani and K. Radha [2]. The
Double Layered Fuzzy graph was introduced by T. Pathinathan and J. Jesintha Rosline.
They described some of the properties of triple layered fuzzy graph [9]. The vertex
degree of Cartesian product of intuitionistic double layered fuzzy graph was introduced
by T. Pathinathan and J. Jesintha Rosline[14]. In this paper, L. Jethurth Emelda Mary
and R.Rajalakshmi introduced Intuitionistic Triple layered fuzzy graph (ITLFG). The
Cartesian product of vertex degree of ITLFG is defined under certain condition. This
relationship is illustrated with examples.

I1. PRELIMINARIES
In this section we collect some of the basic definitions and notions.
2.1 Fuzzy graph

A fuzzy graph G is a pair of functions G: (c,u) where o is a fuzzy subset of a non-empty
vertex set S and p is a symmetric fuzzy relation on ¢. The underlying crisp graph of G:
(o,p) is denoted by G*: (o*,u*)

2.2 Intuitionistic Fuzzy Graph
An intuitionistic fuzzy graph is of the form G: (V,E) .Where ,

(H)V={v1,v2,v3,....,vn} such that p1:V—[0,1] and vi:V —[0,1] denote the degree of
membership and non-membership of the element v; € V respectively and 0 < p1(vi)+ v
(viy<1lforeveryv;, €V, Vi=1,2,....n

(i) Ec V x V where y2 : E — [0,1]and v 2: E — [0,1] are such that
w2 (v, Vj) < min(p, (vy), g1 (v;)) and v, (vs, Vj) < max(v1(vy), v1 (Vj))

and 0 < uy(v;,v;) + vo(vy,vj) < 1forevery (viv)) EEVi,j =123, ..,n
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2.3 Order of Intuitionistic Fuzzy Graph

Let G: (V,E) be an IFG. Then the order of G is defined to be 0(G) = (0u(G), 0v(G))
where Op(G) = Xyey 1 (v) and Ov(G) = Ypey v1 (V)

2.4 Size of Intuitionistic Fuzzy Graph

Let G: (V,E) be an IFG. Then the size of G is defined as S(G) = (Su(G), Sv(G))
where Su(G) = Ypey 42 (w, v) and Sv(G) = Ypey v2(u, v)

2.5 Degree of Vertex of Intuitionistic Fuzzy graph

Let G = (V, E) be an Intuitionistic Fuzzy graph. The degree of a vertex v is defined by
d(v) = (du(v): d,(v)) Where du(v) = Zu;tv p2(u,v) and d, (v) = Zu:#v v, (u, v)

2.6 Cartesian product of two Intuitionistic Fuzzy Graph

The Cartesian product of two IFG G and G: is defined as a IFG, G:G1x G2= (V’,E’)
where V’=V1xVz and E’ ={ (u1,u2)(v1,v2)/ u1 = v1 and uxv2 € Ez or uz = v2 and uivy €
E1} with ((uy x u1), (v X vi)) (g, up ) = (min(pg (uy), (1 (1)), max(vy (uy), vi (u2))),

for every (uy,u,) € V and

(min(lh (w1), w3 (uy, 772)) ,max(vy (ug), (v2(uz, v2)))
if uyy =viand (u,,v,) € E,
((ug X p3), (v2 X v))(ug, uz) (01, v2) = { (min(pg (up), pa (ug, v1)), max(vi (uy), v, (uy, v1)))
if u, =vyand (uy,v,) € E;
t(0,0), otherwise.

2.7 Double Layered Fuzzy graph

Let G: (o, u) be a fuzzy graph with the underlying crisp graph G* : (¢*, u*). The pair
DL(G): (opy, upy) is defined as follows.

The vertex set of DL(G) be o* U u*,The fuzzy subset oy, is defined as

_ {a(u) ifuedc”

9L = p(uv)  if uv € u’*
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The Fuzzy relation up;, on o™ U u* is defined as
(u(uv) ifu,veo*
J u(ei)/\u(e]-) if the edge e; and ¢; have a node in common between them
HpL =

G(ei)/\u(ej) if the edges e; and e; have a node in common between them

either clockwise or anticlockwise.
0 otherwise

By definition, up, = op,(w)aop,(v) for all u,v in ¢* U u*. Here up, is the fuzzy
relation on the fuzzy subset ap,;, . Hence the pair DL(G): (op, 1py,) is defined as Double
Layered Fuzzy Graph (DLFG).

2.8 Triple Layered Fuzzy Graph

Let G: (o, u) be a fuzzy graph with the underlying crisp graph G* : (¢*, u*). The pair
TL(G): (o7, ury) is defined as follows. The vertex set of TL(G) be ™ U u* U u*. The

. . _ (o(u) ifuec”
fuzzy subset oL is defined as o7, = {Z,u(uv) if uv € '
The Fuzzy relation prLon o U u* is defined as

u(uv) ifu,v € o*
[ u(ei)/\u(e]-) if the edge e; and e; have a vertex in common between them
wrr = § o(u)Ap(e;)if u; € o* and e; € u* and each e; is incident with u; in clockwise direction
o(u)Ap(e;)if u; € o*and e; € p* and each ; is incident with u; in anticlockwise direction
0 Otherwise

By definition, ur, (u, v) < o, (u)aor, (v) forall u,vin o* U u*. Here ug; is the
fuzzy relation on the fuzzy subset o7, . Hence the pair TL(G): (o7, try) IS defined as
Triple Layered Fuzzy Graph (TLFG).

Symbols and its meanings:

(u;, 1, v1) — Degree of membership and non-membership of the vertex ui of Ga.

(eij, 4z, v2) — Degree of membership and non-membership of the edge relation
ejj = (ui,uj) onV of Gy

(v;, u1',v1") — Degree of membership and non-membership of the vertex vi of Gi.

(eij, 12", v2") — Degree of membership and non-membership of the edge relation

el-j = (Ui, U]) onV of GZ
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I INTUITIONISTIC TRIPLE LAYERED FUZZY GRAPH (ITLFG)
Definition 3.1

Let G: ((v;, uy,v1), (€1, 12, v2)) be an intuitionistic fuzzy graph with the underlying
crisp graphG*: (¢*, u*). The pair TL(G): ((vi, tirr,, vri, ) (€ij i, vri,)) is called
the Intuitionistic Triple Layered Fuzzy graph and is defined as follows. The Vertex set
of ITL(G) be (ur., vrL, ) The fuzzy subset (ur,, vry,) is defined as

(W), vi(w)) ifu€o”

<UTL1,VTL1) = {<U2 (uv),Vz (UU)> if uv € W

where 0 < ur,, +vr,, < 1.
The fuzzy relation (ur,, vry,) ono* U u* U u* is defined as

(Br1yVrL,)
({2 (uv), v, (uv)) if uv €0*
l (2 (e)nus, (ej),vz (e)vv, (ej))if the edge e;and e; have a vertex in common between them

= (uq (uy) A, (ej),v1 (u)vv,(e))if u; € o* and e; € u* and each e; is incident with sigle u ;
k either clockwise or anticlockwise
0 otherwise

By definition 0 < p,(uv) + v, (uv) < 1 forall (u,v) ino* U u* U u* . Here
(Urr,vrL,) is afuzzy relation on the fuzzy subset (ur,, vry,)

Example 3.1

Consider the Intuitionistic fuzzy graph G: (o, 1) with n=3 vertices whose crisp graph
is a cycle.

L4
©8,02)u, e (05,03)

Fig.1. Intuitionstic Fuzzy Graph G: (o, 1)
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Then the Intuitionistic Triple Layered Fuzzy graph is given by

U, (04,05)

Remark:3.1. For each value of n we can get different ITLFG.

IV. DEGREE OF VERTEX IN CARTESIAN PRODUCT OF ITLFGS

In this section we introduced Cartesian product of ITLFG.

Definition:4.1

Let Gy: ((vy, 1, v1), (e, M2, v2)) and Gy: ((vy, g, v1), (eyj, Mz, v,)) be two ITLFGs.
Then the vertex degree of Cartesian product of G1 and G2 is defined by

(

(2 X 1) (U, uz) (01, ), )
J (uq1,uz)(wq,v2)EE

d61x62 (ug,v1) =
(v2 X v3) (ug, up) (vy, v2) J

(uq,uz)(v1,v2)€E
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|( p1 (uy) g (us, Uz),\|
— 4 U1 =v1,(uz,v2)€E1

L v1(ug) vy (uy, Uz)J
Uy =vy,(Uz,Vv2)EE;

(
|
+ 4 Uy =V5,(U1,V1)EE;

L Uy =v,,(Uy,V1)EE;

(

() gty (utz, 1), )
J uq=v1,(uz,v2)EE;

dGlez (ug,v1) = )
v1 () vy (up, v;)
Lu1—171 (uz,v2)€E, J

(

4‘\

’ )
pa' (u) App (ug, v1),

Up=Vg, (ul v1)€EE;

V1 (up) vy (ug, vq)
U=y, (u1 v1)€EE; %

THEOREM: 4.1

py" (uz) g (uy, Ul);\|

v1'(up) vy (ug, vq) J
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The order of Intuitionistic Triple Layered Fuzzy graph is equal to the sum of the order

and size of the intuitionistic simple graph.

Proof :

The vertex set of ITL(G) is (6™ U u* U u*) and the fuzzy subset (ur,, vry,) of 0" U

u* U p*is defined as,

(UrL,vre,) = {(#1(u),v1(u)> ifu€eao*

Order(G) = Yy evurueliry, W), vry, (W)

= Yuev 07, (W) + Xyep o, (W) + Xyep or, (W)

= Yuev {trr, W, vry, W) + Xuer (U, (W), vy, (W)

+ Yuer (U, W), v, (W)

(2 (uv), vo (uv)) if uv € u*
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= Order(G) + Size(G) + Size(G)
Order ITL(G) = Order(G) + 2Size(G)

THEOREM: 4.2

The vertex degree of Cartesian product of Intuitionistic Triple Layered Fuzzy graph is
equal to the sum of the vertex degree of two Intuitionistic Triple Layered Fuzzy
graph.

(i.e) Let Gy: (v, q, v1), (i), 12, V2)) and Gy: (i, ua',v1"), (eij,lizl' v,")) be two
ITLFGs. If uy = pp,vi S vy and pj = pp, vy < vy, then dg, 6, (ug, up) = dg, (uy) +

dg, (uz).
Proof:

Let Gy: (v, 11, v1), (€4, 2, v2)) be an ITLFG.
ZveE1 U (17),}

Then the vertex degree of G1is d.. (v) =
gree of G s de, (v) {zv 5, V2 (V)
Let GZ: ((vi' .ullJ vll); (eijl ,lel, VZI)) be an ITLFG.

ZveEl HZI(V)'}

Yo €E, V2 '(v)

The Vertex degree of Cartesian product of two ITLFG is,

And the vertex degree of Gz is dg,(v) = {

(U X pz)(ug, up) (v, v7),

(uq,uz)(vq,v2)EE

(V2 X v)(ug, uz) (vy, v2)
k (uq,uz)(v1,v2)EE

dc;1><02 =

:{Zu1=v1,(u2,v2)eEl pa (ug) Ay (uy, Vz):}
Zulzvl,(uz,vz)EEl V1 (ul) VVé (uZ: UZ)

e (up) App (ug, 1),

Uz =V3,(U1,V1)EE]

+
vi'(ug) v vy (ug, vp)
ku2=172,(u1'171)EE1
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{Z(uz,vz)EEl o (uz, 172),} 4 {Z(ul,vl)EEl pa (uy, 171),}

Z(uz,vz)eEl vy (Uup, v2) Z(ul,vl)eEl Vo (U, V1)

= dg,(up) + dg, (uq)
dg,x6, = dg,(Uz) + dg, (uy).

We can illustrate the proof of this theorem with the following example.

Example:4.1

Consider the Intuitionistic fuzzy graph Gi with vertices u; = (0.6,0.4), uz = (0.8,0.2),
uz =(0.5,0.3); and edges uiuz = (0.5,0.4), uousz = (0.2,0.3) and usuz = (0.4,0.3).

Also G with vertices vi = (0.8,0.2), v2 = (0.6,0.3), vz = (0.5,0.4) v4 =(0.7,0.1); and
edges vivz = (0.5,0.3), vav3 = (0.2,0.4), vavs = (0.3,0.3) and vav1 = (0.4,0.2).

The ITLFG of Gz is given by,

Ug(OA,OS)

{02,04)

0203 U
8
03
203

08,02 U
3

A J
(0.2,0.3) u5 (0.4,05) ut‘

Fig 1. ITL(Gy)
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The ITLFG of G:is given by,

(0.4, 0.4) v, (0.4,04) Vo (0.5,04)

{zo'zo)

(§0°E°0)

v, (06,03)

(0.3, O.S)V12 V”(o_z, 0.7)

(700

04,04\
5

V6 (0.5,0.4)

(0.5, 0.4)

(£0'T0)

(5'0’¢0

(03,0.5) V, v,(02,07)

Fig. 2. ITL(G2)
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The Cartesian product of two triple layered fuzzy graph is given by

\ A

Vs \ | 7 \ Al

ok, 05) }“\'. opon || ©p.03 4| 0405 \| @e09
I\ - —

A W)Y

Y
' I',‘/VA

.65 04)

uﬂ V‘
(04,05)

YV,
(0.4,0.5)

U Vs
04,05)

u') V‘ u’)vi uﬁl v6 u‘)VY u9 v! U,,V, u"’!ﬂ
{04,05) (04,05) 04,05) (0.2,05) (03,05) 104,05) 10.4,05)

Fig. 3 ITL(G1) x ITL(G2)

A\l Y]
| Vo M| Vie

_'l 0\, |- l'\

u‘Ilvll
(02,0.7)

6535

03,05)
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Enlargement of uivi and its associated vertices and edges are given in following
figure for more clarity.

- ——
———— o —— —————
— _——-»-"-—A— T ——%‘ T —:
o
o —
‘C i e “C "‘—C @

u v, u, v, & u, v,
06 U4) {(.::UM (L6U ) Ib4 041 IO: 04) 0.2 UI\ 03 0.5} (04, )4] (0.5, 04\ 0.2,0.7) 0.3,05]
u,v, u, v, u,v, u, v, u, v, u,v, u, v, u, v, uv, u, vy, u, v,
{0.6,0.3) 10.5,0.4) (0.7,0.2) (0.4,0.4) (0.5,04) 0.2,0.7) 10.3,05) (04,04) (0.5,04) 10.2,0.7) {0.3,05)
uy v, Uy Vy UV, Uy Vg u, v, U Vs [T Uy v, Uy v, U vy, UV,
(0.5, 0.3} {0.5.0.4) (0.5, 0.3) (0.4,0.4) (0.5.04) 0.2, 0.7) (0.3,0.5) (04.04) (0.5,04) n2e7) 0.3, 05)
u, v, u, v, u, v, u, v u, v, u, v, u, v, u, v, u, v, u, v, u, v,
{0.5,0.4) {05,04) (05,0.4) (0.4,04) 05,04) 0.2,07) {0.3,0.5) (0.4, 0. d] i0.5,04) [0.2,0.7) 0.3, 05)
u. v, u. v, u.v, u. v, u. v, u.v, u. v, u. v, u. v, u, v, u. v,
{0.2,03) {0.2,0.4) (0.2,03) (0.2,0.4) 0.2, 0.4) 0.2,0.7) {0.2,0.5) {0.2,04) (0.2, 04) 0.2,0.7) 0.2, 0.5)
ugv, u, v, ugv, U, vy u, v, UV, u v, u v, Ug Vo u, vy, u, v,
{0.4,0.5) {04,035 (04,05) (0.4,0.5) 0.4,0.5) 0.2,0.7) {0.3,0.5} {04,0.5) (0.4,0.5]) 10.2,0.7) 0.3, 05])
u,v, u,v, u,v, u, v, u, v, u,N, u, v, u,v, u,v v, u,v,
(0.5, 0.4) {©5,04 (05,0.4) (0.4,0.4) (0.5, 0.4) (0.2,0.7) {0.3,0.5) (0.4,0.4) (0.5, 0.4) 0.2,07) {03, 05)
g v, [TV u.v, U v U v, U, v, u, v, U v, Ug Vo, ug Vo, ug vy,
{0.2,0.3) {0.2,04) (0.2,03) (0.2,04) ©.2,04) 0.2,07) {0.2,05) {0.2,04) (0.2,04) ©0.2,0.7) 0.2, 0.5)
u, v, U, v, ugv, ug v, u, v, u v, u, v, u, v, u,v. u v, u, v,
{0.4,0.5) {04,0.5) (04,0.5) (04,05) (0.4,0.5) 0.2,0.5) {0.3,0.5} {0.4,0.5) (0.4, 0.5) 10.2,07) 0.3, 05)

Hel’e dGl><Gz (ul, Vz) == (4’1,30)

It is verified from the above graph that finding the vertex degree of Cartesian product
of two ITLFG is a complicated one. Since the two ITLFG satisfies the conditionsu; >
Hy, V1 < vy and puy = pp, vy < v, by theorem 4.2, it is verified that dg, «¢, (ug, v;) =
(4.1,3.0) which is equal to dg, (uy) + dg,(v2) = (2.0,1.7) + (2.1,1.3)

= (4.1,3.0)

dGlez (uy,vp) = dc;1 (up) + daz (v2)
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Remark:

The Intuitionistic Triple Layered Fuzzy graph is applicable for only connected cyclic
graph except tree.

V. CONCLUSION

In this paper the Intuitionistic Triple Layered Fuzzy Graph is defined and its Cartesian
product of vertex degree is found under certain conditions and illustrate with some
example. This work can be extended to any other simple Intuitionistic Triple Layered
Fuzzy graph.
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