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Abstract

In this article we have introduced the notion of pseudo-field and pseudo force. We
have also obtained the explicit formula of Einstein velocity addition under some
continuous and discontinuous pseudo-fields.
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1. Introduction

Lal has proved that every right loop S with identity can be embedded as aright transversal
to a subgroup G of a group G ¢S with some universal property [3]. It is also observed
that any right loop (S, 0) can be deformed to another right loop with the help of a map
g:S— Gg, g(e) =1[5]. Since the right loop (R, @) [6], where & is the relativistic
velocity addition, can be viewed as a right transversal to the subgroup SO (n) x SO(1)
(O(n) x O(1)) in the positive special Lorentz group SO(n, 1)™ [5] (in the positive
Lorentz group O (n, 1)™ [2]), therefore we can deform the Einstein velocity addition @
with the help of amap g : R} — SO (n) x SO(1) with g(0) = 1.

In this article, first we give the notion of pseudo-field and pseudo force, and then
we discuss Einstein velocity addition under some continuous and discontinuous pseudo-
fields.

2. Preliminaries

Most of the results and discussions are taken from [5].
Let S be a right transversal to a subgroup H in a group G. Throughout the article,
a right transversal will be assumed to contain the identity. Then (S, o) is a right loop,
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where {xoy} = SN Hxy, x,y € S. Conversely every right loop can be embedded as a
right transversal in a group with some universal property [3].

Let S be a fixed right transversal to a subgroup H in a group G. In [5], we have
observe that every right transversal to H in G determines and is determined uniquely
by amap g : § — H such that g(e) = e, the identity of G. The right transversal S,
determined by amap g : § — H is given by S, = {g(x)x|x € S§}. § and S, are right
quasigroups with identities with respect to the operation o on S and o’ on S, given by

{xoy}=HxynNs$S

and
{g()x0'g(y)y} = Sg N Hg(x)xg(y)y
respectively. Further H acts on § from right through an action 6 given by {x6h} =

Hxh NS, Vx € §,h € H. As we shall be dealing with right transversals and right
actions, it is convenient for us to follow the convention

(8f)(x) =x0(gf) = (x08)0 f = f(g(x))

for composition of maps.
By Proposition 4.1 [5], we have observed that the right loop (S,, 0) is isomorphic
to the right loop (S, o,) where o, is the operation given by

xogy = x0g(y)oy. (2.1)

If s is a section then the image s(G /" H) is aright transversal to H in G. Conversely
every right transversal S determines a section s given by {s(Hx)} = SN Hx. Let H be
a closed subgroup of a topological group G and S aright transversal to H in G. Suppose
that the section s from the quotient space G/" H to G given by {s(Hg)} = SN Hg is
continuous. Then the binary operation o on § given by {xoy} = S N Hxy and the map
x 1S x 8§ — §given by x(x,y) ox = y are continuous (Here S is given the subspace
topology) (Proposition 4.4, [5]).

It is also observed that if S is the image of a continuous section s : G/"H — G.
Then the right transversal S, = {g(x)x | x € S} corresponding to the map g : § — H
with g(e) = e is the image of a continuous section if and only if g is continuous from S
(with subspace topology) to H (Proposition 4.5, [5]).

Note that the continuity of 0 and x does not imply the continuity of the corresponding
section. Consider, for example, the group R x R with usual addition. Give the product
topology on G by taking the usual topology on the first factor and taking the discrete
topology on the second factor. Then G is a topological group. Consider the subgroup
H = {0} x R and the right transversal § = R x {0}. The quotient space can be identified
with the topological space R with usual topology. S = R x {0} is the right transversal to
H in G which is the image of a continuous section s : R — G given by s(a) = (a, 0).
Since the only continuous map g from S to H with g ((0,0)) = (0, 0) is the constant
map, it follows that S is the only transversal which is image of a continuous section.
However A = {(a, a) |a € R} is also a right transversal to H in G and the transversal
operation induced on A is the usual addition, with respect to which it is a topological
subgroup of G.
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3. Einstein velocity addition under Pseudo-fields

Consider open unit disc R, where R] = {v € R"| ||v|]| < 1}.

Definition 3.1. A map g : Rf — O(n) with g(0) = I,, will be called a Pseudo-field and
the image g(v) of v € R} will be called the pseudo force corresponding to velocity v.

The Einstein velocity addition & [5] is given by

V4w vww—ww'v
VoW = + w . 3.1)
Il+wvw 14y, 14+WvW

Indeed, we have

Proposition 3.2. [5] The Lorentz boost map B [2] from R’ to S given by

2
\4 t t
Bw=| "t Y (32)
Yvy Vv

is an isomorphism from (R, @) to (S, 0) which is also an equivariant map from (R, %)
to (S, 0) in the sense that B(v x U) = B(v)0U, U € SO(n) x SO(1).

Consider the right transversal S = SO(n, 1) " NH T (n 4 1) to the subgroup SO (n) x
SO(1) in the group SO(n, 1T, Let ¢ be a map from R} to SO(n) x SO(1) with
¢(0) = I,+1. Then, we have a map g = qboB_1 from S to SO(n) x SO(1) with
g(In41) = I,41. The operation o, on S is given by xo,y = x6g(y)oy, where 6 is given
by x60h = h~'xhforx e Sandh € §O(n) x SO(1). We call oy as the the deformation
of operation o under the map g. Thus, we have the following:

Theorem 3.3. Consider R/ as right transversal to the subgroup SO (n) x SO(1) in the
group SO(n, 1) through the Lorentz boost map B. Then any deformation of the Einstein
addition @ is @, for a unique map g : Rf — SO (n) with g(0) = I, where @, is given
byu®, v=ug(v) ®v, u,ve R]. The operation @, is continuous provided that g is
continuous.

Proof. Let¢ : R — SO(n) x SO(1) be amap given by ¢(v) = Diag (g(v), 1), where
g is a map from R} to SO (n) with g(0) = I,,. Then ¢ determines a map = (]boB_1
from S = SO, DT NHT(n + 1) to SO(n) x SO(1). The deformation oy of the
operation o on S (as described above) is given by

B(v)oyB(w) = B(Wv)0y (B(w))oB(w)
= B(V)0¢p(W)oB(w)
= B(vx¢p(w))oB(w) (by Proposition 3.2)
= B(vg(w))oB(w)
B (vg(w) ®w) (by Proposition 3.2)
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The velocity addition &, corresponding to pseudo-field g, thus obtained, is given by
VO, W=vg(W) dw. (3.3)

The last assertion is evident because the Lorentz boost map is homeomorphism from R
to S and the section s with image S is continuous. |

In other words, it asserts that if g : R — SO(n) — O(n) is a pseudo field on R,
then the sum of two velocities v, w will be v, w = vfg(w) ® w instead of v & w. We
call @, as the Einstein velocity addition under pseudo field g.

4. Einstein addition under a Continuous pseudo-field

Since there are several embeddings of R in so(n), the set of n x n skew-symmetric
matrices, depending upon the choices of the n strictly upper diagonal places for the
possible non-zero entries of the matrix. Therefore these composed with the exponential
map exp : so(n) — SO(n) [1] given by

A A?
epr:In—l—ﬁqLE—l—...qL.
will give several continuous maps (and also embeddings) g from R’ to SO (n). Thus, it
determines several pseudo-fields on RY.
In this section we obtain the explicit formula for Einstein addition corresponding to
a pseudo-field g : Rf — SO(n) given by g(v) = exp M (v), where

M) =M({(v1,v,v3,...,0,))

0 0 0 vy v
0 O ... ... 0 v3
= T 4.1)
—-vy 0 ... ... 0 vy
—vy —v3 ... ... —vu, O

The case n = 3 is special and needs special attention. It may also be noted that the
subgroup generated by the image g(R%) 1s SO(3).

Proposition 4.1. Let M be a map from ]R? to s0(3) given by

0O a b
M({a,b,c))=] —a 0 ¢
—b —c O
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Then exp M ((a, b, c¢)) is

I if (a, b, ¢) = (0,0,0)
2+ (Az — C2) CcoS A bc(cosh — 1) +arsindA  ac(l —cosA) + bAsin A
A2 A2 A2
_ _ : 2 2 32 _ :
bc(cosh — 1) —aisink b+ (A b~) cos A ab(cos — 1) 4+ cAsin A otherwise.
e 22 22
ac(l —cosA) —biasinA  ab(cosh — 1) —cAsin A a’+ ()\2 — az) cos A
A2 A2 A2

where A = ++va? + b? + 2.

Proof. Letv = (a,b,c) € R?. If v = 0 then exp M (v) = I3. Suppose that v # 0 and

A = ++va? + b% + 2. The eigen values of M (v) are precisely 0, Ai and —Ai. Using the
unitary reduction, we obtain a unitary matrix Uy given by

1 0O 1 1
— 0 i —i ifA=a
V2\ vz 0 o0
( C\/E _ac—i—z)\b —ac—i—z)\b\
U. — | \/Az—az \/)Lz—az
=
1 . )
b—ikc ab +ikc .
— | _p2 a otherwise
kﬁ V4 A2 — a2 V4 A2 — a2
\ av'?2 Vaz—a? Vaz—a2 }

such that —
M(v) = UyDiag (0, Ai, —i) (Uy)".

This in turn gives

exp (M(v)) = exp(UyDiag (0, i, —xi) (Uy)")

= UyDiag (1.¢™, e %) @)

2+ (Az — c2) cos A bc(cosh — 1) +arsinA  ac(l —cos)) + bAsin A

22 22 22

_ be(cosh — 1) —arsini b2 + (A2 — b2) cos A ab(cosk — 1) +chsink |,
B 22 22 22 o

ac(l —cosA) —bAisinA  ab(cosh — 1) —cAsini a’ + (A2 — az) COS A

22 22 22
[ |

Corollary 4.2. Let (a, b, c) € ]R? \ {0}. Then exp M ((a, b, c)) is a rotation about the
axisr = t[c, —b, a], t € R; through an angle ++v/ a2 + b2 + 2.
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Proof. Letv = (a, b, c¢). Since [c, —b, a] is an eigen vector of M (v) corresponding to
an eigen value 0, it is also an eigen vector of exp M (v) corresponding to an eigen value
1. This means that exp M (v) is a rotation about the axis r = t[c, —b, a], t € R. Further,
since trace of exp M (v) is 1 + 2 cos A, it is a rotation with an angle A. |

Corollary 4.3. Let g : R? — SO (3) be a continuous pseudo-field given by g(v) =
exp M (v). Then Einstein addition &, on R? under pseudo-field g is given by

W, v — u ifv=0
&7 = uexp M(v) ®v otherwise.
More concretely, uexp M (v) @ v is given by

1
J1+a+ #{(d2 — AN Ji +aby + acls)

Yv
! D+ b+ -2 bad + B — A2y + beds)

14+aJi +bJy+cJs 13*/"yv
J3+ ¢+ —Y—(cali + cbJy + (> — 1*) 3}

14y,

where v = (a, b, ¢), A = +va? + b2 + ¢2,

2+ (AZ — %) cos A bc(cosA — 1) —alsin A ac(l —cosA) — bisin A
= 5 uj+ > uz+ >
A A A

J] us,

bc(cosA — 1) +aisin A b* + (A% — b?) cos A ab(cosA — 1) — cAsin A
Jr = 2 u+ 2 uz+ 2 us,
and

ac(l —cos)) + bAsin A
u

ab(cosh — 1) 4+ cAsin A a’>+ 02 —a?) cos
22 uat

22 2 A2

3_

1+ us.

Proof. Follows from Eq. 4.2 and Eq. 3.1. |

Proposition4.4. Letv = (v, v2, v3, v4) in R‘f. Then exp M (v) is either a rotation in the
plane W leaving W+ fixed or composition of two rotations, one in the two dimensional
plane W through an angle « and the other in the two dimensional plane W, through an
angle B respectively, where W, W, o and B are given by

V104 V102 (02} —V3 V4
W, = 303_ ’1 ’ ’ ) ’O
V14 ViU Bva  —v3 By
W2: 707_ ’1 ) ) ) ’0 .
(o) @5 25
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and

IVII? = \/lIvI* = 4vfv3 IVIIP 4/ IvI* — 4vfv3
= B = : (4.3)

Proof. If v = 0then exp M (v) = I4. Suppose that v # 0. The eigen values of M (v) are
+«i, £8i, where o and 8 are given by the Eq. 4.3.

Clearly @ = 0 if and only if either vy = 0 or v3 = 0. If v; = v3 = 0 then eigen
vectors of M (v) corresponding to eigen values 8i and —fi are

u = (vz, 0, vg, ,/v% + vf i) and up = (vz, 0, vy, —,/v% + vﬁ i) .

This in turn shows that exp M (v) is a rotation in the plane

W = ({(v2,0, v4,0),(0,0,0, 1)})

through an angle 8 =,/ v% + vﬁ leaving W fixed.

If vy = 0,v3 # 0. Then eigen vectors of M (v) corresponding to eigen values fi
and —Bi are u; = (v, v3, v4, Bi) and uy = (vy, v3, v4, —Pi) . This in turn shows that
exp M (v) is a rotation in the plane

W = ({(v2, v3, v4,0), (0,0,0, 1)})

through an angle 8 =,/ v% + v% + vz leaving W+ fixed.
Similarly, if v; # 0, v3 = 0 then exp M (v) is a rotation in the plane W determined

by vectors
V14 VU2 Bva B4
——,0,———=,1)and | ——=,0, ————., 1
(Fo-35) = (o505

through an angle 8 =,/ v% + v% + vi leaving W+ fixed.
Suppose that vy, v3 # 0. Then «, 8 # 0. Observe that o, B 7# v1. The eigen vectors
of M (v) corresponding to eigen values «i, —«i, Bi and —Bi are

2

Vivg + avpi  —wsi V1V) — V4l
ul = 2 ) ) s T ) ) 1 )
v — o V] — o

2 2 0 g 2 2

V1V4 — V2l U3 v1V2 + avgl
u2 = — - ’ ’

u V1v4 + Buai  —v3i V1V — Bugl !
3 = 2 P} ) [ 2 2 9
v — B B vy — B
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and
VIv4 — Buoi 3 V1V + Buai 1
u4 = Ty 5 s T o s T Ty 5
vi-p> B vi — B
respectively. The mutually orthogonal real planes determined by u;, u, and u3, uyg are
given by

and

B V14 v Bva  —v3 By
v (| (Fe-5) (E 3 ) )

Thus, the Einstein addition ®4 on ]R‘l1 under pseudo-field g is given by
uG, v u ifv=20
§ uexp M(v) ®v otherwise

where exp M (v) is described as above.
More generally, for n > 4 we have the following:

Proposition 4.5. If v # 0, then exp M (v) represents a rotation in a two dimensional
plane through an angle ¢ in case vy = 0 or ||V||2 = v% + v% + v,% and otherwise it
represents composition of two rotations in two orthogonal planes through angles 6 and
¢, where 6 and ¢ are given by

2 4 2
V2 = /Il = 42 [IVI2 = o} = 03 — 2]

62 4.4
5 (4.4)
and
IVIIZ + JIvI* = 4v? [IVIP — v} —v3 — 2]
¢ = / . (4.5)
2
respectively.

This prompts that the only four dimension is needed for group of motions; that
is, the science has only four legs.
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5. Einstein addition under a discontinuous Pseudo-field

Here we consider Einstein addition under a pseudo-field which is not continuous but
still canonical and have geometric flavour. The usual transitive action of SO (n) on S"~!
gives a natural map g : S"~! — SO (n) (only discontinuity at —e,) given by

go(v) = S.D)

- (V’ e1>2 _ <V’ 61> <V’ e2> . (V, el)
1+ (v, ep) 14 (v, enz>
_ ('v','e1> — (.v.,.ez) (v., .e.n>
I, ifv=—ep.

This, in turn, determines a pseudo-field g : RT — SO (n) given by

I, ifv=0
8V = 80 (”V—“> otherwise (5-2)
4

Theorem 5.1. Let g : R — SO(n) be a pseudo-field given by Eq.(5.2). Then the
Einstein addition @, under pseudo-field g is given by

\4
v ev ifv£0 andm #+ —ep
v
udev = udv ifv#0 andﬁ:—en (5.3)
v
u if v=0
where i"" component u} of u* is given by

ur = (5.4)

(u, &) — [<u v >—|—(u,en)} fori=1.2.....n—1
R AT

<u, L> fori =n.
[Iv]]

The operation @, is continuous everywhere except on the line segment {—7e, | 0 <
t < 1}

Proof. The Einstein addition @, is given by u @ v = ug(v) ® v. The case v = 0 is

trivial. Suppose thatv # 0. If ”V—” = —e, then go (ﬁ) =Il,andsou®,v=udv.
v v
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Suppose that ﬁ # —e,. Using Eq. (5.1) and Eq. (5.2), the it component u; of
v

discontinuity of g on the line segment {—re, | 0 < ¢ < 1}. Thus the operation @, is
continuous everywhere except on the line segment {—te, | 0 < < 1}. [

v
ut = ug <—”) is given by Eq. (5.4). The discontinuity of go at —e, implies the
v
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