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Abstract

The aim of this paper is to prove common fixed point theorem of three self maps in
a complete G-metric space without condition of continuity.
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1. Introduction

In 1922 [1], proved a fixed point theorem in complete metric space called Banach con-
traction principle.Many authors generalized and modified Banach fixed point theorem
in several ways.Inspired by the fact that fixed point theory has many applications in
science and engineering field.Many authors proved various fixed point theorems for
different mappings,contraction satisfying certain conditions.Some Authors generalized
the notion of metric space to obtained more and more generalized structure of metric
space.And starting from Banach contraction principle proved all results in new general-
1zed structure.

In 1992 B.C. Dhage [2] introduced the concept of D-metric space.In the geometric
sense a D-metric D(x,y,z) is the perimeter of the triangle with vertices x, y, z, € R? But
later in 2003, Mustafa and Sims [3] show that some topological properties are not
true.Also the D-metric is not continuous of its variables.
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In 2006 Z. Mustafa and Sims [4] introduced a new structure of generalized metric
space which overcomes the drawbacks of D-metric space. many authors proved fixed
point theorems in this context.

The study of existence and uniqueness of common fixed points of functions which
satisfies different contractive condition has been an interesting field of Mathematics from
1922.

In 1986 Sesa [5] introduced a concept of weakly commuting mappings and obtained
some common fixed point theorems in complete metric space. Then Jungck [6] defined
compatible mappings and proved some common fixed point results.In 2009 Aage C.T. and
Salunke J.N. [7] proved common fixed point results of three maps which are compatible
of type A. The purpose of this paper is to prove common foxed point theorem for three
maps in the context of G-metric space.

2. Preliminaries

Definition 2.1. G-metric Space [4] Let X be a non empty setand G : X 3 - R* which
satisfies the following conditions

1. G(a,b,c) =0ifa=b=ci.e.everya,b,cin X coincides.
2. G(a,a,b) >0 for everya,b,ceX s.t.a #b
3. G(a,a,b) <G(a,b,c), Ya,b,ce Xs.t.c#Db

4. G(a,b,c) =G(b,a,c) =G(c,b,a) = .........
(symmetrical in all three variables)

5. G(a,b,c) <G(a,x,x)+ G(x,b,c), forall a,b,c,x in X
(rectangle inequality)

Then the function G is said to be generalized metric or simply G-metric on X and the
pair (X,G) is said to be G-metric space.

Example 2.2. [4]Let G : X° — R* s.t. G(a, b, ¢) = perimeter of the triangle with
vertices at a,b,c in R, also by taking p in the interior of the triangle then rectangle
inequality is satisfied and the function G is a G-metric on X.

Remark 2.3. G-metric space is the generalization of the ordinary metric space that is ev-
ery G-metric space is (X,G) defines ordinary metric space (X,dg) by dg(a,b)=G(a, b, b)+
G(a,a,b).

Example 2.4. Let (X,d) be the usual metric space. Then the function G : X 3 Rt
defined by
G(a,b,c) =max.{d(a,b),d(b,c),d(c,a)}

for all a,b,c € X is a G-metric space.
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Definition 2.5. A G-metric space (X,G)is said to be symmetricif G(a, b, b) = G(a, a, b)
foralla, be X andif G(a, b, b) # G(a, a, b) then G is said to be non symmetric G-metric
space.

Example 2.6. Let X = {x, y}and G : X3 > Rt definedby G(x, x,x) = G(y, y,y) =
0,G(x,x,y)=1,G(x,y,y) = 2andextend Gtoall of X3 by symmetry in the variables.
Then X is a G-metric space but It is non symmetric. Since G (x, x, y) # G(x,y, ).

Definition 2.7. Let (X,G) be a G-metric space, Let {a, } be a sequence of elements in
X. The sequence {a, } is said to be G-convergent to a
if

lim}’n,n—)OOG(av an, ay) =0

i.e for every € > 0O there is N s.t. G(a, a,,ay,) < € forall m,n > N. It is denoted as
a, > aorlim,_soa, =a.

Proposition 2.8. [4] If (X,G) be a G-metric space.Then the following are equivalent
1. {a,} is G-convergent to a.
2. G(ay,a,,a) > 0asn — o0
3. G(ay,a,a) > 0asn — o0

4. G(ay, ay,a) — 0as m,n — o0.

Definition 2.9. Let (X,G) be a G-metric space a sequence {a,} is called G-Cauchy if,
for each € > 0 there is an N e/ (set of positive integers) s.t.

G(ay,am,a;) <€ foralln,m,l > N

Proposition 2.10. Let (X,G) be a G-metric space then the function G(a,b,c) is said to
be jointly continuous in all three of its variables.

Proposition 2.11. [4] Let (X,G) be a G-metric space. Then, for any a,b,c,x in X it gives
that

1. if G(a,b,c) =0thena=b=c
2. G(a,b,c) <G(a,a,b)+ G(a,a,c)
3. G(a,b,b) <2G(b,a,a)

4. G(a,b,c) < G(a,x,c)+G(x,b,c)

2
5' G(a’ b9 C) S g(G(a,x7x) + G(bv-xax) + G(Cvx’x))
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Now we begin with the contraction mapping in G-metric space.

Definition 2.12. Let (X,G) be a G-metric space and 7 : X — X be a self mapping on
X.Now T is said to be a contraction if

G(Ta,Tb,Tc) <aG(a,b,c) foralla,b,ceX where() <a < 1

Aage C.T. And J.N. Salunke proved common fixed point theorem for three self maps of
compatible of type A in Complete metric space.

Thoerem 2.13. [7] Suppose S,T and I are three self mappings of a complete metric
space (X,d) satisfying the following conditions.

I. S(X) CcT(X) CI(X).

2.d(Sx,Ty) < ad(Ix, Iy)+Bld(Sx, [x)+d(Ty, Iy)|+yld(Ix, Ty)+d(ly, Sx)],
for all x, yeX and «, B and y are non negative reals such that @ + 28 4+ 2y < 1

3. One of S,T and I is continuous.

4. (S,I) and (T,I) are compatible of type A.Then S, T and I have a unique common
fixed point.

3. Main Result

In this part we prove common fixed point result for three maps in the context of G-metric
space.

Theorem 3.1. Let A,S and T be self mappings on a complete G-metric space X which
satisfies

G(Aa, Sb,Tc) <aG(a,b,c) + BlG(Aa,a,a) + G(b, Sb,b) + G(c,c, Tc)]+

3.1
y|[G(Aa, b, c) + G(a, Sb,c) + G(a,b, Tc)] 4+ 8G(a, b, ¢) G-1)
forall a,b,cin X, where o, 8, y,6 > Oand 1 < o + 38 + 4y + 5. Then any fixed point
of A is a fixed point of S and T and Conversely.Furthermore A,S and T have a unique
common fixed point in X.

Proof. We will prove the theorem in two steps,

Step I

In first step we prove that any fixed point of A is a fixed point of S and T.Assume that
peX be a fixed point of A i.e. Ap=p. Now we prove that Sp=p and Tp=p.We prove this
by method of contradiction.If possible suppose that p # Sp and p # Tp.

G(p,Sp,Tp) = G(Ap, Sp, Tp)
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G(p, Sp, Tp) <aG(p, p, p) + BIG(Ap, p, p) + G(p, Sp, p) + G(p, p, Tp)]
+yI[G(Ap, p, p) + G(p,Sp, p) + G(p, p, Tp)1 +8G(p, p, p)
=B +wIG(p, Sp,p)+G(p,p,Tp)
< @B+ wIG(p.Sp,Tp) +G(p,Sp, Tp)
= (2B +2y)G(p,Sp, Tp)

.". this is a contradiction. .". p=Sp and p=Tp.Similarly we prove that p=Sp and p=Tp.

Step 11

In this step we prove that A,S,T have a unique common fixed point.Suppose ag be
an arbitrary point in X.We construct a sequence {a,} by az,+1 = Aaz,, 342 =
Sazni1,a3p43 = Tazp42,n =0,1,2, ...

Casel

If a, = a4 for some n,with n=3m,then p = a3, is a fixed point of A and,then by the
first step, p is a common fixed point of A,S and T.The same is true if n=3m+1,n=3n+2.
Case II

Now if a,, # a,41 for all neN.

Consider

G(azn+1, A3ny2, a3n+3) = G(Aazy,, Sazpi1, Tazn42)

G(@3n+1, a3n+2, a3n+3) <aG(asu, azp+1, asn+2) + BlG(Aaz,, asp, az,)
+ G(asn+1, Saszn+1, azn+1)
+ G(asn+2, asn+2, Tazn42)] + y[G(Aasn, azn+1, azn+2)
+ G(azn, Sazn+1, azn+2) + G(azn, aznt1, Tazp42)]
+8G(azn, aszn+1, azni2)
= aG(a3n, asn+1, azn+2) + BlG(a3n+1, a3n, azp)
+ G(a3n+1, asn+2, aznt+1) + G(@3n+2, A3n+2, A3p+3)]
+ v[G(asn+1, asn+1, aznt2) + G(a3n, azn42, A3n42)
+ G(azn, azn+1, a3n+3)]
+8G(azn, azn+1, Azni2)
< aG(asn, azn+1, a3n+2) + BLG (a3, aznt1, azn+2)
+ G(asn, azn+1, a3n+2)
+ G(asn+1, asn+2, a3n+3)] + v[G(asn, azn+1, a3n+2)
+ G(azn, azn+1, azn+2)
+{G(a3n, asn+1, a3n+2) + G(a3n+1, A3p+2, A3n43)}]
+ 3G (a3n, asn+1, A3n+2)

1.e.

(I =B —y)G(azn+t1, a3n42, a3p43) < (@ + 2B + 3y + 6.)G(az,, A3n+1, A3042)
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Hence,
G(azn+1, A3n+42, a3n4+3) < AG (a3, A3p41, A3p42)
where

L @+28+3y +3)
B (1-=8-y)

as 0 < A < 1. In the same way it can be shown that

G(azn+2, A3n43, A3n4+4) < AG(A3441, A3n42, A3543)

also

G(azn+3, 3nt4a, A3n45) < AG(a3p42, A3043, A3p+4)

Therefore for all n,

G(an+1, an+2, an+3) <AG(ay, an+1, n42)

< e, < A" Gag, ar, ar)

Therefore for all [, m, n with [ > m > n,

G(an, am, a;) <G(an, an+t1, ant+1) + G(an+1, Ant2, An+3)
o + G(aj_1,a;—1, a;)
< G(an, an+1, an+2 + G(an+1, Ant2, An+3)
+ . + G(aj—3,a;—1, a;)

A+ A6 a, ar, ar)

n

A

< T /\G(ao,al, ap)

The same is true if / = m > n and if /| > m = n then we have

n—1
G(ag, a1, a
Y (ao, ai, ay)

G(an, am,a;) < ]

letting limit as n, m,l — oo, this gives G(a,, an,a;)) — 0 .. {a,} is a G-Cauchy
sequence.Since X is a complete .. there exists ue X s.t. {a,} converges to u, as n — oo.
Now we claim that Au=u.We prove this by the method of contradiction, suppose Au # u.



On Common Fixed Points of three Maps in Generalized Metric Space 6435

Now consider
G (Au, azpy2, azn+3) =G (Au, Saznt1, Tazn42)

= aG(u, aznt1, azn42) + BIG(Au, u, u)
+ G(azn+1, Sasn+1, azn+1)
+ G(asn+2, asn+2, Tasn12)1 + y[G(Au, azpt1, azn+2)
+ G(u, Sazp+1, azn+2)
+ G(u, azny1, Tazn42)] + 8G (U, azn+1, azn42)
= oG, azpt1, azny2) + BIG(Au, u, u)
+ G(asn+1, a3n+2, A3n+1)
+ G(a3n+2, a3n+2, a3n+3)] + v[G(Au, aznt1, azn+2)
+ G(u, azp+2, azn+2)
+ G(u, azpy1, a3n43)1 + 8G (U, azpq1, Azn42)

letting limit as n — oo, we have

G(Au,u,u) < (B+y)G(Au, u, u)

This is a contradiction and hence Au # u is wrong .". Au=u.Similarly we can prove that
Su=u and Tu=u.

To prove uniqueness, If possible suppose that v is another common fixed point of A,S
and T, Then

G(u,v,v) =G(Au, Sv, Tv)
<aG(u,v,v)+ BlG(Au,u,u) + G(v, Sv,v) + G(v, v, Tv)]
+ v[G(Au, v,v) + G(u, Sv,v) + G(u, v, Tv)] +6G(u, v, v)
=aGu,v,v)+ BIGu,u,u) + G, v,v)+ G(v, v,v)]
+v[G(u,v,v)+ Gu,v,v) + Gu,v,v)]+38G(u, v, v)
=(a+3y +6)G(u,v,v)
This is not possible .. G(u,v,v)=0, .. u = v. Hence u is a Unique Common fixed point

of A,Sand T. [ |

Corollary 3.2. Let A,S and T be self mappings on a complete G-metric space X which
satisfies the following conditions.
G(A"a,S"b, T"c) <aG(a,b,c)+ BIG(A"a, a,a) + G(b, S"b,b) + G(c,c, T"¢)]
+vI[G(A™a,b,c) + G(a, S"b,c)+ G(a,b, T"c)] + 8G(a, b, c)
(3.2)
for all a,b,cin X , where o, 8, ¥,8 > Oanda +38+4y + 6 < 1. Then A,S and T have

a unique common fixed point in X.Furthermore, any fixed point of A is a fixed point of
S and T and conversely.
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Proof. Using Theorem (1) A™, S and T™ have a unique fixed point p. as A(p) =
A(A™(p)) = A" (p) = A™(A(p)),

S(p) = S(8"(p)) = $" ' (p) = $™(S(p)), and

T(p)=TT"(p)) =T"(p) = T"(T(p)),

This gives Ap,Sp and Tp are also fixed points A™, §" and T™ is unique, we deduce
that p=Ap=Sp=Tp.We know that every fixed point of A is fixed point of S and T and
conversely. [

4. Conclusion

Thus we have proved common fixed point theorem for three maps without condition of
continuity, compatibility,weakly compatibility.
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