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Abstract

By applying the concept of fractional g-caluclus, we investigate convolution pro-
prties and coefficients estimates.
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1. Introduction

Let A denote the class of analytic functions in the open unit disc
U = {z; |z] < 1} of the form

(0.8]
f@=z+) ai" (1.1)
k=2
For —1 < B < A <1, let P(A, B) [4] denote the class of functions which are of the
form
@) = 1+ Aw(z)
PR = 4 Bor)
where w is a bounded analytic function satisfying the conditions w(0) =0 and

lw(z)] < 1.
The g-shifted factorial is defined for «, ¢ € C as a product of n factors by

1 n=0;

(@, q)n :{ (i—a)(l—aq)---(l—aq”_l), neN, (1.2)
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and in terms of the basic analogue of the gamma function

Tyt n)1—g)"

@, — , 0), 1.3
(@ @n I, @) (n > 0) (1.3)
where the g-gamma functions [2, 3] is defined by
. 1 — 1—x
o= LU= 7y, (1.4)

(@5 9o

Note that, if |¢| < 1, the g-shifted factorial ( 1.3) remains meaningful for n = oo as a
convergent infinite product

(@ @)oo = [ [ (1 — ag™).

m=0

Now recall the following g-analogue definitions given by Gasper and Rahman [2].
The recurrence relation for g-gamma function is given by

(1 —4q")

Fp(x + 1) = [x]qu(x), Where, [X]q = W,

(1.5)

and called g-analogue of x.
Jackson’s g-derivative and g-integral of a function f defined on a subset of C are,
respectively, given by (see Gasper and Rahman [2])

f(@) — f(zq)

qu(Z)Zw, (z#0, g #0). (1.6)
/0 F@0dy() =z(1—q) Y q" fzq™). (1.7)
m=0
In view of the relation ..
lim L Dn (1.8)
g—1= (1 —g)"

we observe that the g-shifted fractional ( 1.2) reduces to the familiar Pochhammer symbol
(@), where (@), = a(x+1)---(x+n+1).

n
The binomial theorem (a + b)" = Z (n)akbn_k has a g-analogue of the form is

k
k=0
defined by (Gasper and Rahman [2])

n

(abs q)n =Y [1], @ O ®; @i, where [{],
k=0

_ (q; @n
(@ DG Dn—k
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A function f € Ais said to be in the class S, (A, B) if

2Dy f (2) . 1+ Az
f(@) 1+ Bz

Also we define a function f € A is said to be in the class Kj (A, B) if

Dq(zDqf(2)) 1+ Az
Dy f(2) 1+ Bz

eU,-1<B<A<1,0<gqg<l.

zelUU, -1<B<A<1,0<gqg<l.

Further function f € A is said to be in the class S;(A, B) if

e*zD, f(2) . 1+ Az

-7 b4
, U, -1<B<A<1, —<ri<—,0 1.
@) 1+ Bz Z € < > < <2 <q <

Note that when ¢ — 1~ we get the classes studied by Ganesan [1], Hayami, Owa and
Srivastava [6], Latha [5] and others.

Note that f € K,(A, B) & zD, f € S;,(A, B).
2. Main results

Theorem 2.1. A function f € A is in the class S;(A, B) if and only if

L+ A #0, (2.9)
k=2
where,
Ay = [(@Klg = D + (BIK], - A)g]ak and |¢| = 1.
(B — A)¢

Proof. A function f € A isinthe class S;(A, B) if and only if

2Dy f(2) . I+ Az
f(@ 1+ Bz

But the function
1+ Aw(z)

p(2) = T+ Bo®)’

—-1<B<A<],

. Az
are subordinate to

. They map the unit circle |z| = 1 onto the boundary of the

b4
. . ... 1-A 1+ A .
circle on the line joining and as diameter.
1-B 1+ B
When B = —1, the image of the unit circle is the line

1—A
m{p(z)}:—2 , —1<A<1.
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Further p(z) = 1 at z = 0 and (1, 0) lies inside the image of the unit circle. The
1+ Aw(z)

14+ Bw(z)
point in the interior of the unit disc goes over to an interior point of the image disc. Thus,

f € 8,(A, B)is equivalent to
D f(R) |, 1+ AL

functions are analytic and hence map regions onto regions. Therefore, every

o 7 1+me 1T
That is,
(1+Bf)zDg f(z) — (1 +AL) f(2)) #0
(I+B¢) (Z + Z[k]qakzk> — (14 A?) (Z + Zakzk) #0
oI(c):Z k=2
(B—A)z+ Y [(Klg — D+ (Blkl, — A¢]axz* #0
k=2
[kl — D) + (Blkl, — Ae]
(B—A)§Z<1+l; T @) #o0.
That is,
>\ [k, — D+ (Blkly — A,
H;; TR arF 1 £ 0.
Hence the proof. [ ]

Remark 2.2. It follows from the normalization conditions
apy=0 and a; =1 that
{(B—A)

A,=0and Ay = ———a; =
¢(B—A)

Theorem 2.3. A function f € A isin the class S;‘ (A, B) if and only if

o0
1+ Bt #0,
k=2

where, _ _
_ ([k]g — De™ 4+ ¢ ([k]gBe™ +iBsin i — Acos i)

By,
cosA(B — A)¢

ag
and || = 1.
Proof. Since, f € Sy(A, B),

7D, f(2) ..
e“\( ]?(Z) >_181n)”7$1—|—A§
1+ B¢

COS A
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Thatis,
(1+ By)ezDg f(2) — (1 + BY)i sin A f(2)

—(1+ Ag)cosif(z) #0,

which implies

(1+ Bg)e'™ <z + Z[k]qakzk) — (1+ Bg)isinA (Z + Zakzk)

—(1 4+ AZ)cos A <z + Zakzk> #0

k=2

[(1 + Bo)e'* — (1 + Bo)i sink — (1 + AZ) cos Az

+ Z[(l + B;)em[k]q — (1 + B¢)isinA — (1 + A¢) cos A]akzk # 0
k=2

cosAl(B — A)z

+ > [(Ikly — De'™ + ¢ ([klyBe™ +iBsin A — Acos \)laxz* # 0
k=2

(cosAZ(B — A)z)

- Z ([kl; — De'™ + ¢ ([klyBe'™ + iBsin . — AcosA) i1
k=2

cosA(B — A)¢ k=
£0
. i [([k]q _ 1)elk 4+ é—([k]delk +iBsinA — Acos )L)]akzk_l
P cosA(B — A)¢
£0.

3. Coefficient Conditions

Theorem 3.1. If f € A satisfies the following condition

i=1 \j=I

- i i—)G—j— i(k—i—

6425
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k

Z Z(—l)i—j([j]qB —A) [?_j]q q(ifj)u';jfl)aj [km—i]q g 2z ||=<B-A,

i=1 \j=1
(3.10)
where, n, meNand —1<B <A<1,0<g <1,then, feS,(A, B).

Proof. We note that for (—z;¢q), # 0 and (z;¢)m #0 (n, m € N)

(1 + ZAkzk_1> (=29 q)m 0, (z €&, n, m e N). (3.11)

k=2
If (3.11) holds true, then we have

o0
1+ Ak #0,
k=2

which is the relation ( 2.9) of the Theorem 2.1.
Equation ( 3.11) is equivalent to

m

(1 " ZAkzk‘1> (Z(—l)k (a7 ”zk) ( (1,47 “zk> £0, (12
k=2 k=0 k=0

Using the Cauchy product of the first two factors, we can write the expression ( 3.12),

(1 +chz"“> (Z [(],a " ”z") #0, (3.13)
k=2

k=0

where,
k
_; koitk=j=)
Ci =Y (=1 A, [g_j]qq o
j=1

Further, by applying the Cauchy product again in ( 3.13), we find that

00 k i
(et

k=2 \i=1

Equivalently, we have,

00 k i
i~j 4 [n izi=i=0) \ 0, keiteion |
3|3 (e [ o cen
k=2 | i=1 \j=1

If f € A satisfies the following inequality

i
o i—ji—j—1) k—i(k—i—1)
(e m 5
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that is, if
o £ i li—j . 1 Bl i A n ifj(izfjfl) m k—i(kz—i—l)
= A)]; ; ,;(_) (/lg =+ Bl A [1] a (], a5
k
i— i—.i(iz—j—l> m kfi(kz—ifl)
P D {2(2 Wl = ey [ a )[k,-]qq
. i—ji—j— ik
iy (z R LR Re e
i=1 =1

for —-1<B<A<1,0<qg<1,¢e€C,|¢|=1, then feSq(A, B)
which establishes the result. [ |

Theorem 3.2. If f € A satisfies the following condition

i

00 k
> e it = D[] 0 e | [,

=2 | |i=1 \j=I

k—i(k—i—1)
2

>~

k—i(k—i—1)

k i o
Z Z( 1)1 J[J]q([]]qB A) [l /L (i— J><2 1>aj [T—i]qqiz < B-—A,

Where,n,meNand —1<B<A=<1,0<gqg <1, then, fekKy(A, B).

Theorem 3.3. If f € A satisfies the following condition

i
i(k—i—1)

00 k
Z Z Z(_l)i—jeik([]‘]q —1) |:?_J'j|qql J(l—z D [Zl_i]qqk——z +

k=2 | li=1 \j=1

i

> | 0B g — Acos o+ Bisinal[1] ¢ T | [, 4

q

k—i(k—i—1)
2
i=1 \j=1
(3.14)
< cosA(A — B), where,
mneNand —1<B<A<1,0<gqg<l,
then f € S)(A, B).
Proof. Applying the same method as in the proof of the Theorem 3.1, we see that f is
in the class Sy (A, B) if

i
i(k—i—1)

00 k i -
BIDIA DIC il (10 W el E-S H CR L)

k=2 |i=1 \j=1
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By using the Theorem 2.3, it follows from the inequality ( 3.15) that

1 o0
cosA(B — A) Z —
: : 7y i—jl—j=1 k—i(k—i—1)
Z Z( l)l J [Bé [jly — AcosA + BisinAla; [l j] g z [l];n_i]qqf

i j=1
<1 -—z<x<z iZl=1)
<l -3 5 :

: i i—ji—j-1 itkeie

+1¢]

which implies that, if f satisfies the (3.14), then, f € S;(A, B). [ |
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