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1. Introduction

In differential geometry, the curvature of a Riemannian manifold (M, g) plays a funda-
mental role as well known, the sectional curvature of a manifold determine the curvature
tensor R-completely. A Riemannian manifold with constant sectional curvature c is
called a real-space forms and its curvature tensor is given by the equation

R(X, Y )Z = c{g(Y, Z)X − g(X, Z)Y },
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for any vector fields X, Y, Z on M . Models for these spaces are the Euclidean spaces
(c = 0), the sphere (c > 0) and the Hyperbolic space (c < 0).

A Sasakian manifold M(φ, ξ, η, g) is said to be a Sasakian space forms if all the
φ-sectional curvatures K(X ∧φX) are equal to a constant c; where K(X ∧φX) denotes
the sectional curvature of the section spanned by the unit vector field X, orthogonal to ξ

and φX. In such a case, Riemannian curvature tensor of M is given by

R(X, Y )Z = c + 3

4
{g(Y, Z)X − g(X, Z)Y }

+c − 1

4
{g(X, φZ)φY − g(Y, φZ)φX + 2g(X, φY )φZ}

+c − 1

4
{η(X)η(Z)Y − η(Y )η(Z)X + g(X, Z)η(Y )ξ

−g(Y, Z)η(X)ξ}.
In 2004, P. Alegre, D. E. Blair and A. Carriazo [1] introduced the concept of general-

ized Sasakian space forms. The generalized Sasakian space forms is defined as follows:
A generalized Sasakian space forms is an almost contact metric manifoldM(φ, ξ, η, g)

whose curvature tensor is given by

R(X, Y )Z = f1{g(Y, Z)X − g(X, Z)Y }
+f2{g(X, φZ)φY − g(Y, φZ)φX + 2g(X, φY )φZ}
+f3{η(X)η(Z)Y − η(Y )η(Z)X + g(X, Z)η(Y )ξ

−g(Y, Z)η(X)ξ},
where f1, f2, f3 are differentiable functions on M and X, Y, Z are vector fields on M

Sasakian space forms appear as natural examples of generalized Sasakian space forms,
with constant functions

f1 = c + 3

4
, f2 = c − 1

4
and f3 = c − 1

4

where c denotes constant φ-sectional curvature.
The idea of a semi-symmetric linear connection on a differentiable manifold was

first introduced by Friedmann and Schouten [6] in 1924. Hayden [7] introduced a semi-
symmetric metric connection on a Riemannian manifold. Duggal and Sharma [5] studied
a semi-symmetric metric connection in a semi-Riemannian manifold. They studied some
properties of the Ricci tensor, affine conformal motions, geodesics and group manifolds
with respect to the semi-symmetric metric connection. The generalized Sasakian space
forms admitting semi-symmetric metric connections by using warped products studied
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by [11]. Motivated by [11], in this paper, we consider generalized Sasakian space forms
admitting semi-symmetric metric connections.

The present paper is organized as follows. In Section 2, we recall some well known
basic formulas and properties of generalized Sasakian space forms. In Section 3, we give
a brief account of semi-symmetric metric connection. In Section 4, we find the curvature
tensor, the Ricci tensor and the scalar curvature in generalized Sasakian space forms with
respect to the semi-symmetric metric connection. A generalized Sasakian space forms
(M, g) whose curvature tensor of manifold is covariant constant with respect to the
semi-symmetric metric connection and M is recurrent with respect to the Levi-Civita
connection is studied in Section 5. The last section gives ξ -conformally flat generalized
Sasakian space forms with respect to the semi-symmetric metric connection.

2. Generalized Sasakian space forms

An odd dimensional manifold M2n+1(n ≥ 1) is said to admit an almost contact structure,
sometimes called a (φ, ξ, η)-structure, if it admits a tensor field φ of type (1, 1), a vector
field ξ and a 1-forms η satisfying

η(ξ) = 1, (2.1)

φ2(X) = −X + η(X)ξ, (2.2)

g(φX, φY ) = g(X, Y ) − η(X)η(Y ), (2.3)

(∇Xη)Y = g(∇Xξ, Y ), (2.4)

g(X, φY ) = −g(φX, Y ), (2.5)

g(X, ξ) = η(X), (2.6)

for any vector fields X, Y on M2n+1. In particular, in an almost contact metric manifold
we also have

φξ = 0, η ◦ φ = 0. (2.7)

Such a manifold is said to be a contact metric manifold if dη = �, where

dη(X, Y ) = �(X, Y ) = g(X, φY ), (2.8)

is called the fundamental 2-forms of M . If, ξ is a Killing vector field, then M is said to
be a K-contact manifold. It is well-known that a contact metric manifold is a K-contact
manifold if and only if

∇Xξ = −φX, (2.9)
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for any vector field X on M . On the other hand, an almost contact metric structure of M

is said to be normal if
[φ, φ](X, Y ) = −2dη(X, Y )ξ,

for any vector fields X, Y, where [φ, φ] denotes the Nijenhuis torsion of φ, given by

[φ, φ](X, Y ) = φ2[X, Y ] + [φX, φY ] − φ[φX, Y ] − φ[X, φY ].
A normal contact metric manifold is called a Sasakian manifold. It can be proved that
an almost contact metric manifold is Sasakian if and only if

(∇Xφ)Y = g(X, Y )ξ − η(Y )X, (2.10)

for any vector fields X, Y.

Moreover, the curvature tensor R of a Sasakian manifold satisfies

R(X, Y )ξ = η(Y )X − η(X)Y. (2.11)

An almost contact metric manifold M is called a trans-Sasakian manifold [10] if there
exist two functions α and β on M such that

(∇Xφ)Y = α[g(X, Y )ξ − η(Y )X] + β[g(φX, Y )ξ − η(Y )φX], (2.12)

for any vector fields X, Y on M . From above equation, it follows that

∇Xξ = −αφX + β[X − η(X)ξ ]. (2.13)

If β = 0 (resp. α = 0), then M is said to be an α-Sasakian manifold (resp. β-Kenmotsu
manifold). Sasakian manifolds (resp. Kenmotsu manifolds [8]) appear as examples of
α-Sasakian manifolds (β-Kenmotsu manifolds), with α = 1 (resp. β = 1). Another kind
of trans-Sasakian manifolds is that of cosymplectic manifolds, obtained for α = β = 0.
From (2.13), for a cosymplectic manifold it follows that ∇Xξ = 0, which implies that
ξ is a Killing vector field for a cosymplectic manifold [3].

Given an almost contact metric manifold M(φ, ξ, η, g), a φ-section of M at p ∈ M

is a section π ⊆ TpM spanned by a unit vector Xp orthogonal to ξp and φXp. The
φ-sectional curvature of β is defined by K(X ∧ φX) = R(X, φX, φX, X). A Sasakian
manifold with constant φ-sectional curvature c is called a Sasakian space forms. Simi-
larly, a Kenmotsu manifold with constant φ-sectional curvature c is called a Kenmotsu
space forms. A cosymplectic manifold with constant φ-sectional curvature c is called a
cosymplectic space forms.

On the other hand, given an almost contact metric manifold M(φ, ξ, η, g), we say
that M is a generalized Sasakian space forms if there exist three functions f1, f2, f3 on
M such that curvature tensor R is given by

R(X, Y )Z = f1{g(Y, Z)X − g(X, Z)Y } (2.14)

+f2{g(X, φZ)φY − g(Y, φZ)φX + 2g(X, φY )φZ}
+f3{η(X)η(Z)Y − η(Y )η(Z)X + g(X, Z)η(Y )ξ

−g(Y, Z)η(X)ξ},



On a Semi-Symmetric Metric Connection in Generalized Sasakian Space Forms 6411

for any vector fields X, Y, Z on M [1]. Such a manifold is denoted by M2n+1(f1, f2, f3).

This kind of manifold appears as a generalization of the well known Sasakian space forms,
which can be obtained as a particular case of generalized Sasakian space forms by taking

f1 = C + 3

4
, f2 = f3 = C − 1

4
.

In a (2n + 1)-dimensional generalized Sasakian space forms M2n+1(f1, f2, f3), we
have the following relations [4]:

R(X, Y )ξ = (f1 − f3)[η(Y )X − η(X)Y ], (2.15)

R(ξ, X)Y = (f1 − f3)[g(X, Y )ξ − η(Y )X)], (2.16)

R(ξ, X)ξ = (f1 − f3)[η(X)ξ − X)], (2.17)

η(R(X, Y )Z) = (f1 − f3)[g(Y, Z)η(X) − g(X, Z)η(Y )], (2.18)

η(R(X, Y )ξ) = 0, (2.19)

S(X, Y ) = (2nf1 + 3f2 − f3)g(X, Y ) − (3f2 + (2n − 1)f3)η(X)η(Y ), (2.20)

QX = (2nf1 + 3f2 − f3)X − (3f2 + (2n − 1)f3)η(X)ξ, (2.21)

S(X, ξ) = 2n(f1 − f3)η(X), (2.22)

S(φX, φY ) = S(X, Y ) − 2n(f1 − f3)η(X)η(Y ), (2.23)

S(ξ, ξ) = 2n(f1 − f3), (2.24)

Qξ = 2n(f1 − f3)ξ , (2.25)

r = 2n(2n + 1)f1 + 6nf2 − 4nf3, (2.26)

where R, S and r denote the curvature tensor, Ricci tensor of type (0, 2) and scalar curva-
ture of the space-forms respectively and Q is the Ricci operator defined by g(QX, Y ) =
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S(X, Y ). We know that [1] the φ-sectional curvature of a generalized Sasakian space
forms M2n+1(f1, f2, f3) is f1 + 3f2.

In a Riemannian manifold of dimension (2n+1) the Weyl conformal curvature tensor
is given by

C(X, Y )Z = R(X, Y )Z − 1

(2n − 1)
[S(Y, Z)X − S(X, Z)Y (2.27)

+g(Y, Z)QX − g(X, Z)QY ]
+ r

2n(2n − 1)
[g(Y, Z)X − g(X, Z)Y ],

for any vector fields X, Y . A generalized Sasakian space forms of dimension greater
than three is said to be conformally flat if its Weyl conformal curvature tensor vanishes.
It is known (see [9]) that a (2n + 1)-dimensional (n > 1) generalized Sasakian space
forms is conformally flat if and only if f2 = 0.

3. Semi-symmetric metric connection

Hayden [7] introduced semi-symmetric linear connection on a Riemannian manifold.
Let M be an m = (2n + 1)-dimensional Riemannian manifold of class C∞ endowed
with the Riemannian metric g and ∇ be the Levi-Civita connection on (Mm, g). A linear
connection ˜∇ defined on (Mm, g) is said to be semi-symmetric [6], if its torsion tensor
T is of the forms

T (X, Y ) = ˜∇XY − ˜∇Y X − [X, Y ]. (3.1)

Satisfies
T (X, Y ) = η(Y )X − η(X)Y, (3.2)

where η is a 1-forms and is a vector field defined by

η(X) = g(X, ξ), (3.3)

for all vector fields X ∈ χ(Mm), χ(Mm) is the set of all differentiable vector fields on
Mm. A semi-symmetric connection ˜∇ is called a semi-symmetric metric connection [7]
if it further satisfies ˜∇g = 0.

A relation between the semi-symmetric metric connection ˜∇ and the Levi-Civita
connection ∇ on (Mm, g) has been obtained by Yano [12] which is given by

˜∇XY = ∇XY + η(Y )X − g(X, Y )ξ . (3.4)

Further, a relation between the curvature tensor R of the Levi-Civita connection ∇
and the curvature tensor ˜R of the semi-symmetric metric connection ˜∇ is given by

˜R(X, Y )Z = R(X, Y )Z + α(X, Z)Y − α(Y, Z)X (3.5)

+g(X, Z)AY − g(Y,Z)AX,
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for all vector fields X, Y, Z on M , where α is the (0, 2)-tensor field and A is a tensor
field of type (1, 1) defined by

α(X, Y ) = (∇Xη)Y − η(X)η(Y ) + 1

2
η(ξ)g(X, Y ), (3.6)

and
α(X, Y ) = g(AX, Y ), ([6]). (3.7)

4. Curvature tensor of a generalized Sasakian space forms with
respect to semi-symmetric metric connection

From (3.5), we have

g(˜R(X, Y )Z, W) = g(R(X, Y )Z, W) + α(X, Z)g(Y, W)

−α(Y, Z)g(X, W) + g(X, Z)g(AY, W)

−g(Y, Z)g(AX, W),

using (3.6), (3.7) and (2.4) in the above equation, we obtain

˜R(X, Y )Z = R(X, Y )Z + {g(φY, Z)X − g(φX, Z)Y (4.1)

+g(Y, Z)φX − g(X, Z)φY }
+{η(Y )X − η(X)Y }η(Z)

+{g(X, Z)Y − g(Y, Z)X}
+{g(Y, Z)η(X) − g(X, Z)η(Y )}ξ .

Putting Z = ξ in (4.1), we get

˜R(X, Y )ξ = R(X, Y )ξ + η(Y )φX − η(X)φY,

using (2.15) in the above equation, we have

˜R(X, Y )ξ = (f1 − f3)[η(Y )X − η(X)Y ] + η(Y )φX − η(X)φY. (4.2)

Putting X = ξ in (4.1) and using (2.16), we get

˜R(ξ, Y )Z = (f1 − f3)[g(Y, Z)ξ − η(Z)Y )] + g(φY, Z)ξ − η(Z)φY. (4.3)

Putting Y = ξ in (4.1), we get

˜R(X, ξ)Z = R(X, ξ)Z + η(Z)φX − g(φX, Z)ξ . (4.4)

Putting X = Z = ξ in (4.1), we get

˜R(ξ, Y )ξ = R(ξ, Y )ξ − φY, (4.5)
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taking inner product of (4.1) with ξ and using (2.6) and (2.7), we have

g(˜R(X, Y )Z, ξ) = η(˜R(X, Y )Z) (4.6)

= η(R(X, Y )Z) + g(φY, Z)η(X) − g(φX, Z)η(Y ).

Now putting Z = ξ in (4.6) and using (2.19), we get

η(˜R(X, Y )ξ) = 0. (4.7)

Again putting X = ξ in (4.6) and using (2.7), we get

η(˜R(ξ, Y )Z) = η(R(ξ, Y )Z) + g(φY, Z). (4.8)

Taking the inner product of (4.1) with W , it follows that

g(˜R(X, Y )Z, W) = g(R(X, Y )Z, W) + {g(φY, Z)g(X, W) (4.9)

−g(φX, Z)g(Y, W) + g(Y, Z)g(φX, W)

−g(X, Z)g(φY, W)} + {η(Y )g(X, W)

−η(X)g(Y, W)}η(Z) + {g(X, Z)g(Y, W)

−g(Y, Z)g(X, W)} + {g(Y, Z)η(X)

−g(X, Z)η(Y )}η(W).

Let {e1, . . . , en} be a local orthonormal basis of vector fields in M . Then by putting
X = W = ei in the above equation and taking summation over i, 1 ≤ i ≤ n, we get

˜S(Y, Z) = S(Y, Z) + (2n − 1)[g(φY, Z) + η(Y )η(Z) − g(Y, Z)], (4.10)

putting Y = φY and Z = φZ in the above equation and using (2.22), we get

˜S(φY, φZ) = S(Y, Z) − [2n(f1 − f3) − (2n − 1)]η(Y )η(Z) (4.11)

+(2n − 1)g(φY, Z) − (2n − 1)g(Y, Z),

from (4.11) and (4.12), we get

˜S(φY, φZ) = ˜S(Y, Z) − 2n(f1 − f3)η(Y )η(Z). (4.12)

Again, contracting (4.10) over Y and Z, we get

r̃ = r − 2n(2n − 1),

using (2.26) in the above equation, we find

r̃ = 2n(2n + 1)f1 + 6nf2 − 4nf3 − 2n(2n − 1), (4.13)

where r̃ and r are the scalar curvatures with respect to the semi-symmetric metric con-
nection and the Levi-Civita connection respectively. Putting Z = ξ in (4.10), we get

˜S(Y, ξ) = S(Y, ξ) = 2n(f1 − f3)η(Y ), (4.14)
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from (4.10), we get

˜QY = QY + (2n − 1)φY + (2n − 1)η(Y )ξ − (2n − 1)Y. (4.15)

Using (3.4), (2.7) and (2.10), it follows that

(˜∇Xφ)Y = g(X, Y )ξ − η(Y )X − g(X, φY )ξ − η(Y )φX. (4.16)

Using (3.4), (2.4) and (2.7), we get

(˜∇Xη)Y = g(X, Y ) + g(φX, Y ) − η(X)η(Y ). (4.17)

Using (3.4), (2.4) and (2.9), implies that

˜∇Xξ = −φX + X − η(X)ξ . (4.18)

Thus, we obtain the following:

Theorem 4.1. For a generalized Sasakian space forms M with respect to the semi-
symmetric metric connection ˜∇

(i) The curvature tensor ˜R is given by (4.1),

(ii) The Ricci tensor ˜S is given by (4.10),

(iii) The scalar curvature r̃ is given by (4.13),

(iv) r̃ = r − 2n(2n − 1)

(v) ˜S(Y, ξ) = S(Y, ξ) = 2n(f1 − f3)η(Y ),

(vi) (˜∇Xφ)Y = g(X, Y )ξ − η(Y )X − g(X, φY )ξ − η(Y )φX.

(vii) (˜∇Xη)Y = g(X, Y ) + g(φX, Y ) − η(X)η(Y ).

(viii) ˜∇Xξ = −φX + X − η(X)ξ .

5. A generalized Sasakian space forms (M, g) whose curvature ten-
sor of manifold is covariant constant with respect to the semi-symmetric
metric connection and M is recurrent with respect to the Levi-Civita
connection

Definition 5.1. A generalized Sasakian space forms M with respect to the Levi-Civita
connection is called recurrent if its curvature tensor R satisfies the condition

(∇WR)(X, Y )Z = A(W)R(X, Y )Z, (5.1)



6416 Abhishek Singh and Shyam Kishor

where A is the 1-forms.

Definition 5.2. A generalized Sasakian space forms M is said to be an η-Einstein man-
ifold if its Ricci tensor S of the Levi-Civita connection is of the forms

S(Z, W) = ag(Z, W) + bη(Z)η(W),

where a and b are smooth functions on the manifold.

Using (1.1), (2.7), (2.8) and (2.10), we obtain

(˜∇WR)(X, Y )Z = ˜∇WR(X, Y )Z − R(˜∇WX, Y )Z

−R(X, ˜∇WY)Z − R(X, Y )˜∇WZ,

(˜∇WR)(X, Y )Z = (∇WR)(X, Y )Z − ◦R(X, Y, Z, W)ξ (5.2)

−η(X)R(W, Y )Z − η(Y )R(X, W)Z

−η(Z)R(X, Y )W + (f1 − f3)[η(X)g(Y, Z)W

−η(Y )g(X, Z)W + g(X, W)g(Y, Z)ξ

−η(Z)g(X, W)Y + η(Z)g(Y, W)X

−g(X, Z)g(Y, W)ξ + η(Y )g(Z, W)X

−η(X)g(Z, W)Y ].
where g(R(X, Y )Z, W) = ◦R(X, Y, Z, W).

Suppose (˜∇WR)(X, Y )Z = 0, then from (4.2), we get

(∇WR)(X, Y )Z − ◦R(X, Y, Z, W)ξ − η(X)R(W, Y )Z (5.3)

−η(Y )R(X, W)Z − η(Z)R(X, Y )W + (f1 − f3)

[η(X)g(Y, Z)W − η(Y )g(X, Z)W + g(X, W)g(Y, Z)ξ

−η(Z)g(X, W)Y + η(Z)g(Y, W)X − g(X, Z)g(Y, W)ξ

+η(Y )g(Z, W)X − η(X)g(Z, W)Y ] = 0.

Using (4.1) in (4.3), we have

A(W)R(X, Y )Z − ◦R(X, Y, Z, W)ξ − η(X)R(W, Y )Z (5.4)

−η(Y )R(X, W)Z − η(Z)R(X, Y )W + (f1 − f3)

[η(X)g(Y, Z)W − η(Y )g(X, Z)W + g(X, W)g(Y, Z)ξ

−η(Z)g(X, W)Y + η(Z)g(Y, W)X − g(X, Z)g(Y, W)ξ

+η(Y )g(Z, W)X − η(X)g(Z, W)Y ] = 0.

Now, contracting X in (4.4) and using (2.1) and (2.7), it follows that

A(W)S(Y, Z) − η(Y )S(Z, W) − η(Z)S(Y, W) (5.5)

+(f1 − f3)[g(Y, Z)W + (2n − 2)η(Z)g(Y, W)

+(2n + 1)η(Y )g(Z, W)]
= 0.
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Putting Y = ξ in (5.5) and using (2.1) and (2.11), we obtain

S(Z, W) = (2n + 1)(f1 − f3)g(Z, W) (5.6)

+2n(f1 − f3)η(Z)A(W) − (f1 − f3)η(Z)η(W).

Suppose the associated 1-forms A is equal to the associated 1-forms, then from (4.6),
we get

S(Z, W) = (2n + 1)(f1 − f3)g(Z, W) + (2n − 1)(f1 − f3)(W)(Z).

Therefore,
S(Z, W) = ag(Z, W) + bη(Z)η(W),

where a = (2n + 1)(f1 − f3) and b = (2n − 1)(f1 − f3).
Thus, we obtain the following:

Theorem 5.3. If an (2n + 1)-dimensional generalized Sasakian space forms whose
curvature tensor of manifold is covariant constant with respect to the semi-symmetric
metric connection and the manifold is recurrent with respect to the Levi-Civita connection
and the associated 1-forms A is equal to the associated 1-forms, then the manifold is an
η-Einstein manifold.

6. ξ -Conformally flat generalized Sasakian space forms with respect
to the semi-symmetric metric connection

The Weyl conformal curvature tensor with respect to the semi-symmetric metric connec-
tion is given by

˜C(X, Y )Z = ˜R(X, Y )Z − 1

(2n − 1)
[˜S(Y, Z)X − ˜S(X, Z)Y (6.1)

+g(Y, Z)˜QX − g(X, Z)˜QY ]
+ r̃

2n(2n − 1)
[g(Y, Z)X − g(X, Z)Y ],

for any vector fields X, Y and Z. where ˜S is the Ricci tensor with respect to the semi-
symmetric metric connection.

Definition 6.1. A generalized Sasakian space forms with respect to the semi-symmetric
metric connection is said to be ξ -conformally flat if

˜C(X, Y )ξ = 0.

In the present section, we study ξ -conformally flat generalized Sasakian space forms.
Let M2n+1(f1, f2, f3) be a generalized Sasakian space forms. Putting Z = ξ in (2.15),
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we obtain

˜C(X, Y )ξ = ˜R(X, Y )ξ − 1

(2n − 1)
[˜S(Y, ξ)X − ˜S(X, ξ)Y (6.2)

+η(Y )˜QX − η(X)˜QY ]
+ r̃

2n(2n − 1)
[η(Y )X − η(X)Y ].

Using (4.2), (4.14) and (4.15) in (5.2), which yields

˜C(X, Y )ξ = [(f1 − f3) − 2n(f1 − f3)

(2n − 1)
+ r̃

2n(2n − 1)
(6.3)

−(2nf1 + 3f2 − f3)

(2n − 1)
+ 1][η(Y )X − η(X)Y ].

Putting the value of r̃ from (4.13) in (5.3), we obtain the following:

˜C(X, Y )ξ = 0. (6.4)

Therefore, the generalized Sasakian space forms with respect to the semi-symmetric
metric connection is ξ -conformally flat. Thus, we obtain the following:

Theorem 6.2. A (2n+1)-dimensional generalized Sasakian space forms M(f1, f2, f3)

with respect to the semi-symmetric metric connection is always ξ -conformally flat.
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