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Abstract

An edge-magic total labeling on a graph G with vertex set V(G) and edge set
E(G) is one-to-one function A from V (G) U E(G) onto the set of integers 1, 2,
3, ..., [V (G)| U [E(G)| with the property that for every edge (X, y), Mx) + My) +
Mxy) is called (a, d)-edge antimagic total labeling of G if the edge weights
w(xy) = Mx)+My)+Mxy) form an arithmetic progress with initial term a and
common difference d.

An (a, d)-edge antimagic total labeling is called super (a, d)-edge-antimagic
total iIf M(V (G)) ={1, 2,3, ..V (G)[} .

In this paper, we find Super (a, d)-edge antimagic property of C,,0k,, C,0Kj,
(n,2) — Kite andK, U C,

if nis even.
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1. INTRODUCTION

We consider finite undirected graphs without loops and multiple edges for other
definitions see [7]. In [4]Kotzig and Rosa and Wallies et al [6] proved the edge-
antimagicness of cycles C, and some variants of C, . Also Enomoto et al [2]
established that a cycle C, is super edge magic if and only if n is odd. Further M Baca
et al [1] obtained that a cycle C, is super (a, d)-edgeantimagic total labeling. An (n,
2)-Kite is acycle of length n = {va, vz, ..., vo-1x} with a 2-edge path x — y — z (the tail)
attached to one vertex say X. In [6], Wallis et al proved that (n, 1)-Kite is edge magic
if and only if n is even.

The edge-weight of an edge xy under a labeling is the sum of labels of edge and the
vertices X, y incident withxy. By an (a,d)-edge-antimagic total labeling is defined as a
one-to-one mapping from V (G) U E(G) into the set {1, 2, ..., |V (G)| + |[E(G)|}, so that
the set of edge-weights of all edges in G is equal to {a, a + d, ..., a + (JE(G) — 1))d},
where integers a > 0 and d > 0. An (a, d)-edge-antimagic total labeling f is called
super (a, d)-edge antimagic total if f(V (G)) = {1, 2, ...|V (G)|} . A graph G is called
super (a, d)-edge antimagic total if there exists a super (a, d)-edge-antimagic total of
G. Simanjuntak et al [8] introduced (a, d)-edge antimagic total labeling and super
(a, d)-edge antimagic total labeling and give constructions of (a, d)-edge antimagic
total labelings for cycles and paths.

In this paper we study super (a, d)-edge-antimagic properties of certain classes of
graphsincludingcorona
CmOky, ChoKy, (n,2)—Kiteand C, UK,.

2. MAGIC CORONATION OF N-CROWN C,,0k,,

n-crown Cp,o0k, m > 3,n > 1 a cycle C,, with n pendant edges attached at
each vertex. It has vertex set. V(C,,0k,,) = {w;/1 <i<m} U {y;/1<i<
m,1 < j < n}and edge set.E(G) = {u u;,} U {yjuj41/1 <i<m-1} U
{wu;j/1<i<m,1<j<nj.

Thus |V(Cnoky)| = mn+ 1),|E(Crok, )| = mn +1)

Theorem 1. If n-crown G = C,,0k,, is a super (a, d)-edge-antimagic total labeling
then common difference d < 2.
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Proof. Suppose G has a super (a, d)-edge antimagic total labeling

f:V(G) VE(G) =»{1,2,....,2m (n+1)}

Thus

fwuv):uv € E(G)} ={a,a+d,....a + (m(n + 1) — 1)d}is the set of edge
weights. The sum of all theedge-weight is

m(n+1)
2

1) 2Zweewv) = 2a+ (mn+1) — Dd)

In the edge weights of G, each edge label used once and the label of vertices m used
n+2 times eachand label of vertices mn used once each. The sum of all vertex labels
and edge labels is.

()  (m+2)X2 f(u) + XEf W) + Zuvere) f(uv) =
dm(n+ 1) + 2]

m(n+1)
2

[((m+1)+

Combining (1) and (2) we get
3) 2a+[m(n+1) -1]d=4mn+5m+3
Since the minimum possible edge weight under the labeling “f" is atleast

1+2 +m(n+1) + 1= m(n+1) + 4,a> m(n+1)+ 4, then from (3),

@4 <2+
mn+m-—1
ifn> landm >3thenmn+m—-1=mm+1)—-1 >0and—=—_<0
m(n+1)-1
Thus d <2,
If n=1 and m =3 the inequality (4) becomes d <2 +;1n__31 =2

(4mn+5m+3)—-(mn+m—-1)d
2

From (3) we geta =

4mn+5m+3

Ifd=0thena=

3mn+4m+4

Ifd=1thena=
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2mn+3m+5

Ifd=2thena=

In (3) R M Figueroa et al obtained super edge magic (ie super (a,0)-edge antimagic)
of Cppoky,

In the following Theorems we proved Super (a,1) edge antimagicness of C,,0k,, and
Super,

(a,2) edge antimagic of C,,0k,, .

Theorem 2. Let m (even) >4 and n > 1 be two integers. Then n-crown G = mok_n, S

super (a,1)- edge antimagic total with magic constant [Bmntd(ml)

Proof. Let G = C,, 0k, be the n-crown with
V() ={u:l <i<miufy:1<i<m1<j<n}and
EG) ={wuiy:1 Si<m—-1U{wu,}U{wv;:1 <i<ml1<j<n}

For even m >4 and n > 1 integers define the vertex labeling and edge labeling

fu) =i 1<i<m

foij)=m+Dj+(-D-G-1, 1<i<m1<j<n

fuui) =25+ 2m — 1<ism-L1<j<n
3mn

fupuy) = ==+ 2m
f(uivl-j)=2m(n+1)+1—i—%(j—1), ;1

3 . . ) .
f(ul-vl-j)=7m(n+1)+1—l—%(]—1), %+1§13m;1S]Sn

—_

<i<Z
2

IA

J<n

we can see that the resulting labeling is total sper (a,1)-edge antimagic and the set of
edge-weights consists of the consecutive integers {m (n+1) + 1, m (n+1) + 2,...., 2n

(n+1) }.

Theorem 3. For every two integers m >3 and n > 1 the n-crown G = Cp,0k,, iS

2mn+3m+5

super ( ,2) edge — antimagic total labeling.

Proof. Let G =C,,0k,, be the n-crown with
V(E) ={u:1 <i<m}ufy;:1 <i<ml1<j<n}and
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E(G) ={ujun U{uu;y:1<i<m—-1ufwu;p1<i<ml<j<n}

. 3mn+3m+5
Sincea=———

odd.

Define the vertex labeling f: V (G) — {1,2,...., m(n+1)} andedge labeling f : E(G) —
{m (n+1) +1,......2m (n+1)}

is a rational number that is not a integer. Thus m must be an

m+1

Such that fw) ===+

i'Tl; 1<i<m,iisodd fuw) =

%; 1 <i<m,iiseven f(vij) =
2m2n+1+(i_1)+m(,-_1); 1<i<m1<j<n fuinipq) =
mn+1)+i; 1<i<m f(ul-vl-j)zm(n+2)+
i_71+m(j— 1);  1<ism1<j<niisodd f(uvy)=mn+2) +2n2+1+
m(G—1); 1<i<m,1<j<n, iiseven

Hence f is a super (a,d)-edge antimagic total labeling with first term222"* 5

common difference 2.
Theorem 4. If C;f,n = 3 is a super (a,d)-edge-antimagic total then d < 3

Proof. Suppose that C;5,n = 3 has a super (a,d)-edge-antimagic total labeling
f:V(CH UE(CH - {1,2, ...,4n}. The minimum edge weight is more than
(2n-1) +2n +4n.

Thusa+(g-1)d=a+(2n-1)d<8n-1
On the other hand the minimum possible edge-weight is atleast 1+2 + (2n + 1)
Since the minimum possible weight is (2n + 4), it gives thata >2n + 3
a+(@—1)d=02n+4)+(2n—-1)d
Thus d <2< 3 foralln > 2.
2n-1

Theorem 5. Let C,f, n = 3 besuper(a,d) — edge — antimagic totallabeling.

If nis even thend = 1 and a = 222

5n+5

If nisoddthen d = 0 anda = gnz—+30rd =2 anda =
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Proof. Assume that a one-to-one and onto mapping f: V(C;) U E(C;)) - {1,2, ... ,4n}
is super (a,d)-edge-antimagic total and

W ={w(e)eecE(CH)}={a,a+d,..,a+ (q—1)d}
is the set of edge-weights.

The sum of all vertex labels and edge labels used to calculate the edge-weights is
equal to

3 vaV(c;{) fw+ zviCV(C;{) fwo+ ZeeE(c;{) 1)

3(1,2, ., +n}+ {(n+ D+ (n+ 2)+...+2n} + {2n+ 1) + 2n + 2)+..... +4n}

The sum of edge-weights in the set W is

Yecrchw(€) =2na+nn—1d............... (2)
Combining (1) and (2) we get

a= §{9n F3 = =D} oo, 3)
By Theorem 1, d < 3 then from (3) it follows:

Ifd=0thena = ?.The parameter a is integer if and only if n is odd.
Ifd=1then a = %andniseven

Ifd=2thena = ?andnisodd.

Theorem 6. For n odd, n > 3, the cycle C;} has super (a,0)-edge-antimagic total
labeling andsuper (a,2)-edge-antimagic total labeling.

Proof. Let the cycleC,t has (C;}) = {vy v, vy vi, v} ..., vt} and

E(CH) » vivipii=1,2,.n =1}V {v,v YU {viv} :i = 1,2, ...,n}

Also define the vertex labeling f; : V(C;) = {1,2,...,n} U {n + 1, ...,2n}

And the edge labeling f5: E(C;Y) = {2n + 1,2n + 2, ... 4n}in the following way:
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i) AW)== 1<i<n,iisodd.
fiv) = nTH+2L 1 <i<n,iiseven
fl(x}))=2n+1-1i, 1<i<n

fo(xixip) =4n—i,1<i<n-1

fo (xpx1) = 4n

1 _ 5n-1  i+1 , ..
fz(xl-xl-) ==+ 71 <i < n,iisodd.

fo(xixt) = 2n+-1 < i < n,iiseven

Combining the vertex labeling f;and the edge labeling f,qgives total labeling. It is
obvious that the labeling the edge-weights of all edges of C,I constitute an AP-
sequence with common difference d =0

(i) Now, construct the vertex labeling f; and the edge labeling f, as follows:

fs(vi) = fi(vy) for l<isn

f3(vl-l)=3nz—+1+ 1%for 1<i<n-2iisodd.
i

f3(v5)=n+1+§for 1<i<n-—1,iiseven

fs()=n+1

falxixip1) =2(n+1)—-1+ifor 1<i<n-1
falxnxy) = 2n+1

o) =X 1zisnod
fo(x,xt)=3n+1

Label the vertices and the edges C,fby fzandf, we can see that the resulting labeling is

total labeling and the set of edge-weights has of the consecutive integers
5(n+1) 5(n+1) 13n+1}

{T,T-F 2, ...,

Theorem 7. For n even, n > 4, the cycle C,; has super (a,1)-edge-antimagic total
labeling.

Proof. Consider V(C;)={v v, . v,} U {vi,v},...., vt } and

E(CH ={wwii=12,..,(n— DIV {mwv}u{vvhi=12,..,n}
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Define the vertex labeling (bisection)
fs:V(CH VE(CH) ={1,2, ... 4n}

fs() =1 for 1<i<n
fs(vf)=n+1 for 1<i<n
fe(xixiy1) =4n+1=ifor 1<i<n-1
fe(nxy) =3n+1

IA
IA

fo (xix}) =57n+1—ifor 1

N3

7 . .
fﬁ(xixil)=?n+1—lfor %+1SlSn
From previous theorems (6) and (7) we get the following Theorem

Theorem 8. The cycle C,; has super (a,d)-edge-antimagic total labeling if and only if
either.

Q) de {0,2} andnisodd,n>3 or

(i) d=1landniseven, n>4

3. ANTIMAGIC OF DISJOINT GRAPH (K, U K>)

Theorem 1. If the graph G = K,, U K, is super (a,d)-edge-antimagic total then d
<3.

Proof. Assume that G = K, UK,,n >3 is super (a,d)-edge-antimagic total
labeling

fiV(G)VE(G) - {1,2,..,n+ 2}
The maximum edge-weight is not more than (n+1) + (n+2) + (2n+3)
Thusa+ (E(G)—1)d=a+ (n+t1)d < (4n + 6)

On the other hand, the minimum possible weight is atleast 1 + 2 + (n + 2) +1 =
n+6 it follows

thata>n+5
a+(n+1)d=n+6+(n+1)d
Thusn+6+ (n—10d <4n+6
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3n 3
=3-——x3

d<
“n+1 n+1

Theorem 2. Let G = K,, U K, be super (a,d)-edge-antimagic total. If d=1,

a=2n+6andd=2,a=3(nTH)

Proof. Suppose that a bijection f from V(G) U E(G) onto the set {1,2,...,n+2} is
suppose (a,d)-edge-antimagic total and
W ={w(e):eecE(G)}={a,a+d,....,a+ (n+ 1)d}is the set of edge-weights is

5n%2419n+18

(1) 2Ywev ) f (W) + [f (W) + fFW)] + Zecr)f (&) = ——F—— —
[f () + f(w)]
The sum of the edge-weights in the set W is

n(n+1)d
2

(2)  Xeerw(e) =+ Da+
Equating (1) and (2) we get

_5n%+19n+18  [f(v) + f(W)] ",
‘T 2+ o+l 2

Since f(v) <n+2andf(w)<n+1lorf(v) <n+1andf(w)<n+2

5n2+19n+18

(3) Ifd:0,f(U)+f(W):f—a(n+1)=

5n2+19n+18  (5n+6)(n+1)

5 5 n+3

Therefore f(v) + f(w) =n+3

Since f(u) <n+ 2andf(w) <n+ 1orviceversa, f(u),+f(w) <2n+3
Itiseasytoseethat 1 +2 < f(u) + f(w) <2n+3

Implies f(u) + f(w) =n+3

_ 5n*+19+18  fw+f(w) n

Ifd=1,a= -(1)=2n+6
2 n+1 2
2
fd=2a= 5n%+19+18  f(w+f(w) 2(2) _ 3(n+4)
2 n+1 2 2

JiYeon Park et al [8] proved that super magic (ie super (a,0) edge antimagic) total
labeling of C,, U K, with magic constant k = ? where n is even and n # 10.
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In the following Theorem we proved super (a,d) , d = 1,2 edge antimagic total
labeling of C,, U K,

Theorem 3. The graph G=C, U K, has super (2n + 6,1)-edge-antimagic labeling if n
is even.

Proof. Let vy, v,, ....., v, be the vertex sequence of C,and let u and w be the vertices
of K,

V(G) ={vy, vy ... mu,w}and E(G) = {v;v;,1 /0 < i <n—1}U {v,, v} U {uw}
We define a labeling f:V UE - {1,2,...,2n + 3)

Where f(u) =1, f(w) =n+2

f(vyi—1) =i +1, 1<i<n
n
f(UZi):§+1+iﬁ 1<i<n
3n . . n
f(UiUi+1)=7+2+l. 1SLSE—
n
fWiviy)) =n—3+1, ESiSn—l

f(rv) =2n+2
fluw) =2n+3

Combining the vertex labeling and edge labeling gives total labeling. It is easy to
verify that under the total labeling the edge weights of all edges of C,, U K, constitue
an arithmetic sequence with common difference d=1

3(n+4)
2

Theorem 4. The disjoint graph C,, U K, where n >4 even has super ( , 2)-edge-
antimagic total labeling.

Proof. Now consider n >4, n is even

n =0 (mod4)
fw) =1, 1<i<3

n n
f(Uzi)=§+1+i, ZSiSE+1
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n
f(vzi_l):2+i, ZSlSE
n
f(vzi_lvzi):n+2+2i, ZSLSZ_].
f(ni1v2) =n +4
3n
f(v2173)=7+1
n
f(aivpi41) =+ 2i—1, ZSiSZ_
n
f(vivi+1):n+3+i,§—1SiSn
n = 2(mod4)
fv) =1, 1<i<3
n _ on
f(UZi):§+4_lﬁ ZSlSE
n
fais3) =n+2—1i, 1<i<z-1
f(vn+2):n+2
n
fWiviy) =2n+7 -1, 4Si§§+5
) n—3 n—3 ..n
f(Wai_1v3;) = 2n + 4 — 2i, — _OT[ > SLSE
5n ) n—3 n—3 on
f(UZiv2i+1):7_4_Zl: — _or[ 5 SLSE
3n ) i i .
f(vzi—ﬂ’zt) = 7— 4 — 21, EJ or E] <i<L?2

3n
fvv3) = > +1

It is easily see that f is a super (a,2) edge antimagic total labeling K, U C,,.

4. ANTIMAGIC OF (n, 2)-KITE

Theoreml. Let G = (n, 2)-Kite, n > 3. If the graph G is super (a,d)-edge-antimagic
total then d<3.
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Proof. Assume that G has a super (a, d)-edge-antimagic total labeling
f:V(G)VE(G) - {1,2,..,[V(G) + |[E(G)]}.

The maximum edge-weight is no more than

V(@ =1+ V(G) + (VG| + |E(G)]) = 4n+7

Thusa+ (|JE(G)—1))d=a+ (n+1)d <4n+7

On the other side, the minimum possible edge-weight is atleast 1+2+|\V/(G)+1| = n + 6.
The minimum possible edge-weight is n+6, it follows that a> n+5.
Hence

a+(n—1)d<n+6+(n—-1)d<4n+7

3n+1 2
d< =3 - <3
n+1 n+1

Second Method: LetW = {w(e):e € E(G)}={a,a+d,....,a+ (E(G) — 1)d}

The sum of all vertex labels and edge labels used to calculate the edge weights is
equal to

25f ) +3f(¥) + f(2) + Xxyere) [ (XY)

5n? + 23n + 26
e 2n+ S L0 Rl €3 R ¢ §

The sum of edge-weights in the set W is

1 2)d
YryerWY) = (n+2)a + (n );n *2) SRR () |

From (1) and (2)

2

.. (3)

g (5n% +23n+ 26+ 2(f(y) — f(2)) — 2((n + 2)(n + 6))
B (n+1(n+2)
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The label of the vertex y<n+2andz<n-+l ory<n+1

andz<n-+2and f(y)—f(z)>1or-1

3n+4 2
Iff(y) - f(z) = 1thend < ——=3-—<3
3n%+7n 2(n+3)

|ff(y)—f(Z)2—1th€TldSm=3—m<3.

In [8] JiYeon Park show that (n,2)- Kite super edge magic (super (a,0) edge-antimagic

total)total labeling with magic constant d = 22222 jeq = 2212 ' g = 0,
From (3) we get
(n+2)(5n+12) 5n%+23n+26
f@)—fly) = > - >
n+2
f@)—fy) = >
+ 2 4n + 13
putd=1,f(2) — f(y) = e > in(3)we have a = e >
n+2 4n + 11
andd =1,f(y) — f(z) = — > in(3)we have a = e >

In both cases "a is not an integer.
Thus (n, 2)-Kite is not super (a,1)-edge-antimagic total labeling.

Similarly from (3) we getwitha =n+6,d =2

—n2—n+2 n*+n—2

fO-f@D=-———— @D =—

n%4+n-2

putd =2,f(z) —f(y) — in(3)we havea = 2n+5

-n?-n+2

Putd =2,f(y) — f(z) = > in(3)wehavea=n+6

Difference of vertex weights f(y) and f (z) not possible.

Then (n, 2) is not super (a,d) , d > 1 edge-antimagic total labeling.



6406 Mallikarjun Ghaleppa and Danappa G Akka

REFERENCES

[1] M Baca, Y Lin., Miller and R Simanjuntak, New constructions of magic and
antimagic graphs labelings, Utilitas Math. Vol. 60 (2001) 229-2309.

[2] H. Enomoto, A.S. Llado, T. Nakamigawa, G. Ringel, Super edge magic
graphs, SUT J. Math. 34 (1998) 105-1009.

[3] R M Figueroa-centeno, R Ichishima and F A Muntaner-Batle Magic,
Coronation of Graphs(2001)

[4] A Kotzig and A Rosa, Magic valuations of finite graphs Canada, Math. Bull.
Vol. 13 (1970) 451-461.

[5] R Sumanjuntak, F Bertault, M Miller, Two new (a,d) antimagic graph
labelings, in: Proceedingof 11" Australian Workshop of Combinatorial
Algorithm (2000) 179-189.

[6] W.D. Wallis, E.T. Baskoro, M Miller, Slamin, Edge magic total labelings,
Australas J. Combin,Vol. 22 (2000) 177-190.

[7] D.B. West, An Introduction to Graph Theory Prentice-Hall, Inc. Upper Saddle
River, NJ (1996).

[8] JiYeon Park, Jin HyukCnoi and Jae-HyeongBae, On Super edge-magic
labeling of somegraphs Bull Korean Math. Soc. Vol. 45, No. 1 (2008) 11-21.



