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Abstract

Let G = (V,E) be a simple, finite undirected and connected graph with order p
and size q. A graph G admits an Edge — Even graceful labeling , if there exists
a bijection f from E to {2,4,6,...2q} so that the induced mapping f* from V to
{0,1,2...n-1} given by T X)=X{f(XY/XYe E} mod| 2q| .

In this paper, we have constructed an Edge — Even graceful labeling on
circulant graphs. We already published papers with generating sets
(1,2),(1,2,3) and (1,2,3,4) . Now we have extended the generating sets as
(1,2,3,4,5),(1,2,3,4,5,6),(1,2,3,4,5,6,7) and (1,2,3,4,5,6,7,8) for odd n , ne .

Keywords: Labeling, Graceful labeling, Even graceful labeling, Edge graceful
labeling, Edge — even graceful labeling, circulant graph.
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INTRODUCTION

The study of graceful graphs and graceful labeling were introduced by Rosa in
1967.S.Lo introduced edge- graceful labeling and Gayathri introduced Even- Edge
graceful labeling. Sin-Min Lee, Kuo-Jye Chen and Yung-Chin Wang introduced the
K-edge — graceful graphs.

In this paper, we considered the problem of labeling the edges and the vertices in such
a way that the labeling of the edges and the vertices should be distinct integers.
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We have extended the number of generating sets and constructed an Edge- Even
graceful labeling for circulant graphs.[6],[11].

MAIN RESULTS:
Edge — Even Graceful Labeling on Circulant Graphs.
Theorem 2.1:

For odd n > 11, the circulant graph G = C,,(1,2,3,4,5) admits an edge- even
graceful labeling.

Here (1,2,3,4,5) are the generators of G.

Proof:
Let G = C, (1,2,3,4,5) be the 10- regular graph withn> 11 .
Let V(G) = {Vi/i=0,1,2....n-1} here q=5n.
Define the mapping as follows f:E(G) — {2,4,...2q} by
f(ViVip1)=2i+2 for i=0,1...n-1
f(ViVi2)=n+2i+13  for i=0,1,....n-1
f(VVii3)=3n+2i+13 for i=0,1,....n-1
f(ViViyy)=5n+2i+13  for 1=0,1,....n-1
f(VVii5)=Tn+2i+13  for 1=0,1,....n-1

It can be verified that the edge labeled under the labeling f is a bijection from the
set E of C, (1,2,3,4,5) onto the set {2,4, ...2q}.

For every vertex v € V(G), the vertex- weight f+*(V) of C, (1,2,3,4,5) are
defined as follows,

Case(i) For 1 =0,1,2,3,4
a) Fori=0
ZeEN(Vo)f(e) =

2i+2+n+2i+13+3n+2i+13+5n+2i+13+7n+2i+13+7n+2(n+2)+3
+5n+2(n)+13+3n+2(n-3)+13+n+2(n-4)+13+2(n-5)+2.
= 2+n+13+3n+13+5n+13+7n+13+7n+2(n+2)+3+5n+2(n)+13
+3n+2(n-3)+13 +n+2(n-4)+13+2(n-5)+2.
=42n+78.
f(p) = 540.
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b) Fori=1
Yeenw,) f(e) = 2i+2+n+2i+13+3n+2i+13+5n+2i+13+7n+2i+13+7n+2(n+1)

+13+5n+2(n-4)+13+3n+2(n-5)+13+n+2(n-6)+13
+2(n-6)+13+2(n-7)+2.

= 2+2+n+2+13+3n+2+13+5n+2+13+7n+2+13+7n+2(n+1)

+13+5n+2(n-4)+13+3n+2(n-5)+13+n+2(n-6)+13+2(n-7)+2.
=42n+76.
f(V;) =538.

c) Fori=2
Yeenw,) f(€) = 2i+2+n+2i+13+3n+2i+13+5n+2i+13+7n+2i+13+7n+2(n-1)

+13+5n+2i+13+7n+2i+13+7n+2(n-1)+13+5n+2(n-5)+13+3n
+2(n-6)+13+n+2(n-7)+13+2(n-8)+2.

= 4+2+n+4+13+3n+4+13+5n+4+13+7n+4+13+7n+2(n-1)
+13+5n+2(n-5)+13+3n+2(n-6)+13+n+2(n-7)+13+2(n-8)+2.

=42n+74.

f(V,) = 536.

d) Fori=3
YeeN(ws ) f(€) = 2i+2+n+2i+13+3n+2i+13+5n+2i+13+7n+2i+13+7n+2(n-3)
+13+5n+2(n-6)+13+3n+2(n-7)+13+n+2(n-8)+13+2(n-9)+2.
=42n+72.
f(V3) = 534.

e) Fori=4
Yeen(, ) f(€) = 2i+2+n+2i+13+3n+2i+13+5n+2i+13+7n+2i+13+7n+2(n-5)
+13+5n+2(n-7)+13+3n+2(n-8)+13+n+2(n-9)+13+2( n-10)+2.
= 42n+70.
f(V,) = 532.
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Case(ii) For i=5,6,...10
Yeen(;) f(€) = 2i+2+n+2i+13+3n+2i+13+5n+2i+13+7n+2i+13+7n
+2(i-1)+13+5n+2(i-2)+13+3n+2(i-3)+13+n+2(i-4)
+13+2(i-5)+2.
= 32n+20i+78.

Thus, we obtained that the sum of the values assigned to all the edges incident to a
given vertex v € V(G) are all distinct integers.

Thus, the vertex — weight induced mapping f* from V onto {0,1, ... 5n — 1} admits an
Edge- Even graceful labeling.

Theorem 2.2 :

For odd > 13, the circulant graph ¢ = C, (1,2,3,4,5,6) admits an edge- even
graceful labeling.

Here (1,2,3,4,5,6) are the generators of G.
Proof:
Let G = C, (1,2,3,4,5,6) be the 12- regular graph withn>13 .

Let V(G) = {Vi/i=0,1,2....n-1} here q=6n.
Define the mapping as follows f:E(G) — {2,4,...2q} by
f(ViVip1)=2i+2  for i=0,1...n-1
f(ViVi)=2n+2i+2 for i=0,1,....n-1
f(ViViy3) =4n+2i+2  for i=0,1,....n-1
f(ViViy)=6n+21+2 for i=0,1,....n-1
f(ViViis)=8nt+2i+2  for i=0,1,....n-1
f(ViVise) = 10n+2i+2  for i=0,1,....n-1

It can be verified that the edge labeled under the labeling f is a bijection from the
set E of C, (1,2,3,4,5,6) onto the set {2,4, ...2q}.

For every vertex v € V(G), the vertex- weight f*(V) of C, (1,2,3,4,5,6) are
defined as follows,
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Case(i) For 1 =0,1,2,3,4,5,6
a) Fori=0
ZeeN(vO)f(e) =

212420 +21+2+4n+21+2+6n+21+2+8n+21+2+10n+21+2+10n+2(n-4)
+2+8n+2(n-3)+2+6n+2(n-2)+2+4n+2(n-1)+2-+2n+2(n+2)+2+2(0)+2.
=70n+8.
f(Vy) =918.
b) Fori=1
ZeEN(vl ) fle) =

21+2+2n+21+2+4n+21+2+6n+2i+2+8n+2i+2+10n+21+2+10n+2(n-8)

+2+8n+2(n-7)+2+6n+2(n-6)+2+4n+2(n-5)+2+2n+2(n-

4)+2+2(n+2)+2.
= 72n-20.
f(Vy) =916.
C) Fori=2
ZeEN(vz)f(e) =

2i+2+2n+21+2+4n+21+2+6n+2i+2+8n+2i+2+10n+2i+2+10n+2(n-9)

+2+80+2(n-8)+2+6n+2(n-7)+2+4n+2(n-6)+2+2n+2(n-

SY+2+2(n)+2.
=T72n-22.
f(V,) =914,
d) Fori=3
Yeenws) f(e) =

2i+2+2n+2i+2+4n+2i+2+6n+2i+2+8n+2i+2+10n+2i+2+10n+2(n-10)
+2+8n+2(n-9)+2+6n+2(n-8)+2+4n+2(n-7)+2+2n+2(n-6)+2+2(n-2)+2.
=72n-24.
(V) =912.
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e) For i=4
ZeEN(v4)f(e) =

2iH2420+2i+2+4n+2i+2+6n+2i+2+8n+2i+2+10n+2i+2+10n+2(n-11)
+2+8n+2(n-10)+2+6n+2(n-9)+2+4n+2(n-8)+2+2n+2(n-7)+2+2(n-4)+2.
= 72n-26.
F(V,) = 910.

f) For i=5
ZeeN(vs)f(e) =

2i+2-+2n+2i+2+4n+2i+2+6n+2i+2+8n+2i+2+10n+2i+2+10n+2(n-12)
+2+8n+2(n-11)+2+6n+2(n-10)+2+4n+2(n-9)+2+2n+2(n-8)+2+2(n-6)+2.
= 72n-28.
f(Vs) =908.

g) For i=6
ZeeN(vG)f(e) =

2i+2+2n+2i+2+4n+2i+2+6n+2i+2+8n+2i+2+10n+2i+2+10n+2(n-13)
+2+8n+2(n-12)+2+6n+2(n-11)+2+4n+2(n-10)+2+2n+2(n-9)+2+2(n-8)+2.
= 72n-30.
f (V) = 906.

Case(ii) For 1=78...
ZeEN(‘Ui)f(e) =

22420+ 2iH2+4n+2i+2+6n+2i+2+8n+2i+2+10n+2i+2+10n+2(i-6)
+2+8n+2(i-5)+2+6n+2(i-4)+2+4n+2(i-3)+2+2n+2(i-2) 2+
2(i-1)+2.
= 60n+24i-18.

Thus, we obtained that the sum of the values assigned to all the edges incident to a
given vertex v € V(&) are all distinct integers.

Thus, the vertex — weight induced mapping f* from V onto {0,1, ... 6n — 1} admits an
Edge- Even graceful labeling.
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Theorem 2.3 :

For odd > 17 , the circulant graph ¢ =C,,(1,2,3,4,5,6,7) admits an edge-
even graceful labeling.

Here (1,2,3,4,5,6,7) are the generators of G.
Proof:
Let G = C,, (1,2,3,4,5,6,7) be the 14- regular graph withn > 17 .

Let V(G) = {Vi/i=0,1,2....n-1} here q=7n.
Define the mapping as follows f:E(G) — {2,4,...2q} by
f(WiViy) =212 for 1=0,l...n-1
f(ViViyy)=2n+2i+2  for i=0,1,....n-1
f(ViVi3)=4n+2i+2 for 1=0,1,....n-1
f(ViViss)=6n+2i+2  for i=0,1,....n-1
f(ViViis)=8nt+2i+2 for 1=0,1,....n-1
f(ViViie)=10n+2i+2  for i=0,1,....n-1
f(ViVi7)=12n+2i+2  for 1=0,1,....n-1

It can be verified that the edge labeled under the labeling f is a bijection from the
set E of C, (1,2,3,4,5,6,7) onto the set {2,4, ... 2q}.

For every vertex v € V(G), the vertex- weight f*(V) of C, (1,2,3,4,5,6,7) are
defined as follows,

Case(i) For 1 =0,1,2,3,4,5,6
a) Fori=0
ZeeN(vo)f(e) =
2i+2+2n+2i+2+4n+2i+2+6n+2i+2+8n+2i+2+10n+2i+2+12n+2i+2+12n
+2(n-7) +2+10n+2(n-6)+2+8n+2(n-5)+2+6n+2(n-4)+2+4n+2(n-3)
+2+2n+2(n-2)+2+2(n-1)+2.
=98n-28.
f(Vy) = 1638.
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b) Fori=1
ZeEN(vl)f(e) =

224204 2iH2+4n+2i+2+6n+2i+2+8n+2i+2+1 0n+2i+2+12n+2i+2+12n
+2(n-9) +2-+10n+2(n-8)+2+8n+2(n-7)+2-+6n+2(n-6)+2+4n+2(n-5)
+242n+2(n-4)+2+2(n+1)+2.
= 98n-34.
F(Vy) = 1632.

c) Fori=2
ZeEN(vz)f(e) =

2i+2+2n+21+2+4n+2i+2+6n+2i+2+8n+21+2+10n+2i+2+12n+2i+2+12n
+2(n-11) +2+10n+2(n-10)+2+8n+2(n-9)+2+6n+2(n-8)+2+4n+2(n-7)
+2+2n+2(n-3)+2+2(n)+2.
= 98n-40.
f(V,) = 1626.

d) Fori=3
Yeen(ws) f(e) =

2i+2+2n+2i+2+4n+2i+2+6n+2i+2+8n+2i+2+10n+2i+2+12n+2i+2+12n
+2(n-12) +2+10n+2(n-11)+2+8n+2(n-10)+2+6n+2(n-9)+2+4n+2(n-8)
+2+2n+2(n-7)+2+2(n-1)+2.
=98n-46.
f(V3) = 1620.

e) Fori=4
ZeeN(m)f(e) =

2i+2+2n+21+2+4n+2i+2+6n+2i+2+8n+2i+2+10n+2i+2+12n+2i+2+12n

+2(n-13) +2+10n+2(n-12)+2+8n+2(n-11)+2+6n+2(n-10)+2+4n+2(n-
9)+2+2n+2(n-8)+2+2(n-5)+2.

= 98n-52.
F(V,) = 1614.
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f) Fori=5
ZeEN(v5)f(e) =

224204 2iH2+4n+2i+2+6n+2i+2+8n+2i+2+1 0n+2i+2+12n+2i+2+12n
+2(n-15) +2+10n+2(n-14)+2+8n+2(n-13)+2+6n+2(n-12)+2+4n
+2(n-11) +2+2n+2(n-10)+2+2(n-3)+2.
= 98n-58.
F(Vs) = 1608.

g) Fori=6
ZeEN(v6)f(e) =

2i+2+2n+21+2+4n+2i+2+6n+2i+2+8n+21+2+10n+2i+2+12n+2i+2+12n
+2(n-16) +2+10n+2(n-15)+2+8n+2(n-14)+2+6n+2(n-13)+2+4n
+2(n-12) +2+2n+2(n-11)+2+2(n-7)+2.
= 98n-64.
f(Vg) = 1602.

Case(ii) For 1=78...
Yeenw;) f(e) =

22420420+ 2+4n+2i+2+6n+2i+2+8n+2i+2+10n+2i+2+12n+2i+2+12n
+2(i-7) +2+10n+2(i-6)+2+8n+2(i-5)+2+6n+2(i-4)+2+4n
+2(i-3) +2+2n+2(i-2)+2+2(i-1)+2.
= 84n+28i-28.

Thus, we obtained that the sum of the values assigned to all the edges incident to a
given vertex v € V() are all distinct integers.

Thus, the vertex — weight induced mapping f* from V onto {0,1, ... 7n — 1} admits an
Edge- Even graceful labeling.

Theorem 2.4:

For odd > 19 , the circulant graph G = C,,(1,2,3,4,5,6,7,8) admits an edge-
even graceful labeling.

Here (1,2,3,4,5,6,7,8) are the generators of G.
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Proof:
Let G = C, (1,2,3,4,5,6,7,8) be the 16- regular graph withn > 19 .

Let V(G) = {Vi/i=0,1,2....n-1} here q=8n.
Define the mapping as follows f:E(G) — {2,4,...2q} by
F(ViVisy) =242 for i=0,1...n-1
F(ViVisy) =2042i+2  for i=0,1,...n-1
f(ViVi3)=4n+2i+2 for 1=0,1,....n-1
F(ViViss) = 6n+2i+2  for i=0,1,...n-1
f(ViViis)=8n+2i+2 for 1=0,1,....n-1
F(ViVise) = 1004242 for i=0,1,....n-1
f(ViViy7)=12n+2i+2  for 1=0,1,....n-1
F(ViViyg) = 14n+2i+2  for i=0,1,....n-1

It can be verified that the edge labeled under the labeling f is a bijection from the
set E of C, (1,2,3,4,5,6,7,8) onto the set {2,4, ...2q}.

For every vertex v € V(G), the vertex- weight f*(V) of C, (1,2,3,4,5,6,7,8) are
defined as follows,

Case(i) For 1 =0,1,2,3,4,5,6,7
a) Fori=0
Yeen(w,) f(€) =

2i+2+2n+2i+2+4n+2i+2+6n+2i+2+8n+2i+2+10n+2i+2+12n+2i+2+14n
+2i+2+14n +2(n-8) +2+12n+2(n-7)+2+10n+2(n-6)+2+8n
+2(n-5)+2+6n+2(n-4)+2+4n+2(n-3)+2+2n+2(n-2)+2+2(n-1)+2.
= 128n-40.
f(Vy) =2392.
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b) Fori=1
ZeEN(vl)f(e) =

224204 2iH2+4n+2i+2+6n+2i+2+8n+2i+2+1 0n+2i+2+12n+2i+2+14n
+2i+2+14n +2(n-10) +2+12n+2(n-9)+2+10n+2(n-8)+2+8n
+2(n-7)+2+6n+2(n-6)+2+4n+2(n-5)+2+2n+2(n-4)+2+2(n+2)+2.

= 128n-46.
F(V,) = 2386.

c) Fori=2
ZeEN(vz)f(e) =

212420 +21+2+4n+21+2+6n+21+2+8n+21+2+10n+2i+2+12n+2i+2+14n
+2i+2+14n +2(n-11) +2+12n+2(n-10)+2+10n+2(n-9)+2+8n
+2(n-8)+2+6n+2(n-7)+2+4n+2(n-6)+2+2n+2(n-5)+2+2(n-1)+2.

= 128n-50.
f(V,) =2382.
d) Fori=3
ZeEN(v3 ) fle) =

2iH+24+2n+2i+2+4n+2i+2+6n+2i+2+8n+2i+2+10n+2i+2+12n+2i+2+14n
+2i+2+14n +2(n-13) +2+12n+2(n-12)+2+10n+2(n-11)+2+8n
+2(n-10)+2+6n+2(n-9)+2-+4n+2(n-8)+2+2n+2(n-7)+2+2(n+1)+2.
= 128n-58.
F(Vs) = 2374.

e) Fori=4
Yeenw,) f(€) =

21+2+2n+21+2+4n+2i+2+6n+2i+2+8n+2i+2+10n+2i+2+12n+2i+2+14n
+2i+2+14n +2(n-15) +2+12n+2(n-14)+2+10n+2(n-13)+2+8n
+2(n-12)+2+6n+2(n-11)+2+4n+2(n-10)+2+2n+2(n-9)+2+2(n+4)+2.
= 128n-64.
f () = 2368.
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f) Fori=5
ZeEN(v5)f(e) =

224204 2iH2+4n+2i+2+6n+2i+2+8n+2i+2+1 0n+2i+2+12n+2i+2+14n
+2i+2+14n +2(n-16) +2+12n+2(n-15)+2+10n+2(n-14)+2+8n
+2(n-13)+2+6n+2(n-12)+2+4n+2(n-11)+2+2n+2(n-10)+2+2(n)+2.

= 128n-70.
F(Vs) = 2362.

g) Fori=6
ZeEN(v6)f(e) =

2i+ 24204 2i+2+4n+2i+2+6n+2i+2+8n+2i+2+10n+2i+2+12n+2i+2+14n
+2i+2+14n +2(n-17) +2+12n+2(n-16)+2+10n+2(n-15)+2+8n
+2(n-14)+2+6n+2(n-13)+2+4n+2(n-12)+2+2n+2(n-11)+2+2(n-4)+2.
= 128n-76.
F(Ve) = 2356.

h) Fori=7
Yeen(w,) f(e) =

2242042+ 2+4n+2i+2+6n+2i+2+8n+2i+2+1 0n+2i+2+12n+2i+2+14n
+2i42+14n +2(n-18) +2+12n+2(n-17)+2+10n+2(n-16)+2+8n
+2(n-15)+2+6n+2(n-14)+2+4n+2(n-13)+2+2n+2(n-12)+2+2(n-8)+2.
= 128n-82.
F(V,) = 2350.

Case(ii) For 1=8,9....
ZeEN(Ui)f(e) =

2i+2+2n+21+2+4n+2i+2+6n+2i+2+8n+21+2+10n+2i+2+12n+2i+2+14n
+2i{+2+14n +2(i-8) +2+12n+2(i-7)+2+10n+2(i-6)+2+8n
+2(1-5)+2+6n+2(i-4)+2+4n+2(1-3)+2+2n+2(1-2)+2+2(1-1)+2.
= 112n+32i-40.
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Thus, we obtained that the sum of the values assigned to all the edges incident to a
given vertex v € V(G) are all distinct integers.

Thus, the vertex — weight induced mapping f* from V onto {0,1, ... 8n — 1} admits an
Edge- Even graceful labeling.

CONCLUSION:

In this paper, we obtained an Edge — Even graceful labeling on circulant graphs with
generating sets (1,2,3,4,5)(1,2,3,4,5,6)(1,2,3,4,5,6,7) and (1,2,3,4,5,6,7,8).
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