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Abstract 

In this Paper, we prove important results on convex function using 
hyperstructure .we prove theorem on constrained optimization. The purpose of 
this paper is to provide examples of hyperstructures associated with chemical 
equilibrium using convex constrained optimization. 
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1. INTRODUCTION 

Hyperstructures were introduced in 1934 by a French mathematician, Marty 1934 at 
8th congress of Scandinavian mathematics [4] and plays a central role in the theory of 
algebraic hyperstructures .Since then this theory has enjoined a rapid development 
[1,2,6,10].There are many applications of hyperstructures in various areas. In [3], 
Davvaz defined convex function on hyperoperation and proved some results on 
convex function .We obtain proof of theorem in [3] by contradiction method. In this 
paper we provide some theorems on convex function and convex optimization. Also 
we investigate convex optimization of chemical equilibrium of decomposition of 
CaCO3 when heated. 

In the second section, we prove the theorem by Davvaz  [3]  by contradiction. We 
define point wise maximum and composition of two convex functions and prove it as 
convex function.  
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In third section we prove that optimal solution set of the optimization problem is 
convex. 

Results on convex sets and convex functions are useful in understanding some 
important aspects of optimization theory.  

Chemical equilibrium for heterogeneous function is described in [7].In [5], Chemical 
equilibrium is expressed in linear programming problem. In the fourth section, we 
give example of convex function using chemical equilibrium associated to 
hyperstructure. 

 

2. PRELIMINARIES: 
Following definitions are from [3]  

Definition 2.1: a hyperstructure is defined as, 

 : H× H → H  H P*(H) where H is non empty. 

                                                            +: H × H → H  

                                                             ∙ : F×H → H , 

where H ≠  ,  is a commutative hyperoperation such that  (H×H)=HH , ∙  and + 
are commutative binary operations and F is a field.  

Let us define  P*(H)={ x  y ∈ H  H   x ,y ∈X}, where X is a non empty subset in  H. 

Definition 2.2: Let   f: H  H→ R. If x̂   ŷ  ∈ P*(X)   and   f ( x̂  ŷ )   f(x  y) for 

each   x  y ∈ P*(X), then x̂   ŷ   is called a global minima.  If  x   y ∈ P*(X) and 

there exists an ɛ  neighborhood N

  ( x , y ) = {( x  y ) ∈ H   H   x ∈ N

 ( x ), y ∈ 

N

 ( y )} such that  f( x  y )   f(x  y ) for each  x  y ∈ N

  ( x , y ) ∩ P  (X),  then ( x  
y ) is called  a local minima.  

 

3. CONVEX FUNCTION: 

Definition 3.1: Let f: P*(X) R, where X is non-empty convex subset in H .The 

function f is called a convex function P*(X) if  

f ([λ x̂ +(1 λ) x ] [ λ ŷ +(1 λ) y ])   λ f( x̂ ŷ )+(1 λ)f( x y ) 
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for each x̂ , ŷ   , x  , y ∈ X  x̂   ŷ , x   y  ∈ P*(X) and for all 0   λ   1.The function 

is called strictly convex on P*(X) if the inequality is satisfied as strict inequality for 

each distinct  x̂   ŷ , x   y  ∈ P*(X) and 0  λ  1.The function f  is called concave 

on X if    f  is convex on X. 

Definition 3.2: Let f: P*(X) R, where X is a non-empty subset in H. The epigraph of 

f denoted by epi* f   and hypograph is denoted by hypo* f is a subset of HHR 

defined by  

epi* f = {(x , y , z ): x , y ∈ X, z ∈ R,  f(x  y)   z} 

hypo* f = {(x , y , z ): x , y ∈ X, z ∈ R,  f(x  y)  z} 

Following theorem is by Davvaz [3], we prove the following theorem by 

contradiction. 

Theorem 3.3: Let f: P*(X) R, where X is a non-empty convex subset in H. f is a 

convex function if and if   epi*f  is a convex set. 

Proof: Let f be convex.  Suppose epi*f  is not convex. 

There exist ( x̂ , ŷ , f ( x̂ ŷ )),( x , y , f ( x y )) and  λ∈ [0,1] such that 

 f ( x̂ ŷ )  z1  , f( x y )  z2  for all z1, z2 ∈ R   and   

( [λ x̂ +(1 λ) x ],  [ λ ŷ +(1 λ) y ]  ,  λ z1 +(1 λ) z2 ) ∉ epi*f  . 

This implies  

 f ([λ x̂ +(1 λ) x ]  [ λ ŷ +(1 λ) y ])  λ z1 +(1 λ) z2 ≥  λ f( x̂ ŷ )+(1 λ)f( x y ) 

It gives f is not convex. Hence the contradiction. 

Therefore epi*f   is convex. 
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Let us suppose epi*f is convex. Let f is not convex. there exist , x̂ ŷ , x y  ∈ dom(f),                  

λ ∈ [0,1] such that  

f ([λ x̂ +(1 λ) x ] [ λ ŷ +(1 λ) y ])  [λ f( x̂ ŷ )+(1 λ)f( x y ]).  (1) 

If ( x̂ , ŷ ,f ( x̂ ŷ )),( x , y ,f ( x y )) ∈ epi*f   then  

(1) implies ([λ x̂ +(1 λ) x ], [ λ ŷ +(1 λ) y ]  , λ f( x̂ ŷ )+(1 λ)f( x y  ))  epi*f   

A contradiction. 

Therefore f   is convex. 

 

Following theorem is from [3], 

Theorem (Jensen Inequality) 3.4:  Let f: P*(X) → R , where X is a non-empty 

convex subset in H. The function f is convex if and if  

f ([ xi

n

i
i

1
  ]  [ yi

n

i
i

1
 ]  )(

1
yxf ii

n

i
i 


  

for each xi   yi    ,i=1,…..k and  


n

i
i

1
 = 1,   λi 0 . 

Definition 3.5: If f1 and f2  are convex functions then their point wise maximum f 

defined by  

f( x̂ ŷ ) = Max{ f1( x̂ ŷ ),  f2( x̂ ŷ )} with dom f = dom f1  dom f2 with   dom f1  

dom f2     .   

Now we discuss convexity of point wise maximum 

If   0   λ   1 , ( x̂ ŷ ),  ( x y ) ∈ dom f. 
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f ([λ x̂ +(1 λ) x ] [ λ ŷ +(1 λ) y ])  

= Max { f1([λ x̂ +(1 λ) x ] [ λ ŷ +(1 λ) y ]), f2([λ x̂ +(1 λ) x ] [ λ ŷ +(1 λ) y ])} 

  Max {(λ f1( x̂ ŷ )+(1 λ) f1 ( x y  )), (λ f2 ( x̂ ŷ )+(1 λ) f2 ( x y  ))} 

  λ Max { f1 ( x̂ ŷ ) , f2 ( x̂ ŷ )}+(1 λ) Max{ f1 ( x y ) , f2 ( x y )} 

= λ f(x y) + (1 λ) f(x  y) 

Which establish convexity of f. 

 It is easily shown that   f1, f2……………. fm are convex functions then their point 
wise maximum is  

f (x y)= max { f1 (x y), f2(x y)…………..fm (x y)}. 

 

Definition 3.6: If   f1 ,  f2,…….. fn are convex functions and w1,w2,……..wn   0  then 

f (x y) = w1 f1(x y) + w2 f2(x y)+………… w2 f2(x y) is also . 

Now we discuss convexity of f,  

Let   f1,  f2   be convex function . w1, w2   0 ,  ( x̂ , ŷ )   ,( x  , y ) ∈ R  × R  and 
λ ∈ [0,1]  

f ([λ x̂ +(1 λ) x ] [ λ ŷ +(1 λ) y ])  

= w1 f1([λ x̂ +(1 λ) x ] [ λ ŷ +(1 λ) y ])+ w2 f2([λ x̂ +(1 λ) x ] [ λ ŷ +(1 λ) y ]) 

  w1( λ f1 ( x̂ ŷ )+(1 λ) f1( x y ))+ w2 (λ fn ( x̂ ŷ )+(1 λ) f n( x y )) 

= λ (w1 f1 ( x̂ ŷ ) +w2  fn ( x̂ ŷ ))+(1 λ) (w1 f1( x y  ) +w2 fn( x y  )). 
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Definition 3.7:  

In this section we examine conditions on h: P*(X) → R and g: P*(X) → P*(X) that 

guarantee convexity or concavity of their composition  f = h ◦ g : HH → R, defined 

by   f (x  y) =h(g(x  y)),  dom f={ x  y ∈  dom g /g (x  y) ∈ dom h}.  

The composition can be proved directly, as an example, we will prove the following 

composition theorem. 

Theorem 3.8: If g is convex, h is convex, and h is non decreasing, then f = h ◦ g is 

convex.  

Proof:  

Assume that x̂ , ŷ   , x  , y ∈ X, and 0 ≤ λ ≤ 1.  

Since  x̂ , ŷ , x , y ∈ X,  we have that  x̂ ŷ  , x y  ∈ dom g and g( x̂ ŷ ), 

g( x y )∈ dom h. Since dom g is convex,  

we conclude that ([λ x̂ + (1 λ) x ] [ λ ŷ +(1 λ) y ]) ∈ dom g, and from 

convexity of g,  

we  have  

g([λ x̂ +(1 λ) x ] [ λ ŷ +(1 λ) y ])  λ g( x̂ ŷ ) +(1 λ)g( x y  ). 

Since   g( x̂ ŷ ), g( x y )∈  dom h,  

we conclude that , 

λ g( x̂ ŷ ) +(1 λ)g( x y  ) ∈  dom h, 

Now we use the assumption that h is non decreasing,  

h( g([λ x̂ +(1 λ) x ] [ λ ŷ +(1 λ) y ]) h( λ g( x̂ ŷ ) +(1 λ)g( x y  ))         (1) 

From convexity of h, we have 

h( λ g( x̂ ŷ ) +(1 λ)g( x y  ))   λ h(g( x̂ ŷ )) + (1 λ)h(g( x y  ))          (2) 

Therefore from the equations   (1) and  (2),we have  

h( g([λ x̂ +(1 λ) x ] [ λ ŷ +(1 λ) y ])  λ h(g( x̂ ŷ )) + (1 λ)h(g( x y  )) 
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4. CONSTRAINED OPTIMIZATION: 

A convex optimization problem (or just a convex problem) is a problem consisting of 

minimizing a convex function over a closed and convex set. More explicitly, a convex 

problem on hyperstructure is of the form 

min   f (x  y) 

              s. t. x, y ∈ X,   (3) 

where f : H  H → R, X is a closed and convex  non –empty set. we will often 

consider more explicit formulations of convex problems such as convex optimization 

problems in functional form, which are convex problems  on hyperstructures  

min   f (x  y) 

s. t. gi (x  y) ≤ 0, I = 1,2,..., m, 

where f , g1,..., gm : H  H → R are convex functions . 

Following theorem is from [3]. 

Theorem 4.1: Let f : P*(X) →R  where X is non empty convex function in H  and                                          

 (A ,B)={ x  y ∈ H  H   x∈ A , y ∈ B }   be a convex function defined over the 

convex set in  H  H, for all convex subsets A and B in H. Consider the (3) and x y  

∈ P*(X) is a local minimum, so we have  

(1) If f is convex , then x y  is a global minimum 

(2) If f is strictly convex , then x y  is the unique  global minimum 

 

Theorem 4.2: Let f : P*(X) →R  where X is non empty convex function in H  and                                              
 (A , B)={ x  y ∈ H  H    x∈ A,  y∈ B }  be a convex function defined over the 

convex set in   H  H  Then the set of optimal solutions of the problem  
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min { f (x  y) : x  y ∈ P*(X) }, 

 which we denote by X∗  , is convex. If, in addition, f is strictly convex over P*(X) , 

then there exists at most one optimal solution of the problem . 

 Proof:   

Let the optimal value by f∗. Let x̂ , ŷ  , x , y ∈ X∗  and λ ∈ [0, 1].  

Then by Jensen’s inequality, 

f ([λ x̂ +(1 λ) x ] [ λ ŷ +(1 λ) y ] ) ≤  λ f ∗ + (1 – λ)f ∗ = f ∗,  

and hence 

[λ x̂ + (1 λ) x ] [ λ ŷ +(1 λ) y ]) is also optimal, i.e., belongs to X∗ , 

This gives the convexity of X∗. 

Suppose now that f is strictly convex and P*(X∗) is nonempty; to show that 

P*(X∗) is a singleton, suppose in contradiction that, 

  There exist x̂ , ŷ   , x  , y ∈  X∗ such that ( x̂ ŷ ) ≠( x y  ). 

 Then ( x̂ ŷ )/2+ ( x y  )/2   ∈ P*(X) and by the strict convexity of f   we have 

f(( x̂ ŷ )/2+ ( x y  )/2) =1/2 f( x̂ ŷ )+1/2( x y ) 

 =1/2 f*+1/2 f* 

= f*. 

Which is a contradiction to the fact that f* is the optimal value.  

 

 

 



Hyper Algebraic Structure Associated to Convex Function and Chemical Equilibrium 6217 

5. CHEMICAL EQUILIBRIUM: A CONVEX HYPERSTRUCTURE 

Sometimes a series of chemical equilibria are related .That is two or more reactions 

add up to find a reaction. 

In this situation , the equilibrium constats are related.  

If equilibrium reactions can be added to give a total reaction, then the 

equilibrium constant for the total reaction is equal to the product of the equilibrium 

constants for the contributing reactions.  

Linyi Gao [9], studied about convex optimization for chemical reaction using 

algebraic structures. 

 In this section, we formulate chemical equilibrium of phases of CaCO3  as 

convex optimization  problem  using hyper algebraic structure. 

A state in which the rates of the forward and reverse reactions are equal and 

the concentrations of the reactants and products remain constant. 

Equilibrium is a dynamic process – the conversions of reactants to products 

and products to reactants are still going on, although there is no net change in the 

number of reactant and product molecules.  

At equilibrium, the mass distribution may be heterogeneous. Consider a 

mixture of CaO with CO2 .Suppose the Phases of the system contains n distinct types 

of species, and  

let x̂ = (x1, x2,………… xn)T ∈ 
 

    ŷ = ( y1, y2,………… yn)T ∈  

Let  xi, yi  be the amount of species i and x̂ ŷ  hyperoperation between  elements                  

x̂ and ŷ  then  

( x̂ ŷ ) = ( x1 y1, x2 y2……………… xn yn  } ∈ P*(X), 0  j  k. 

 and let   x j  be the jth phase ,then  

( x̂ ŷ ) = ( x̂ ŷ ) (1) + ( x̂ ŷ  ) 
(2) +……………. +  ( x̂ ŷ )(k) for some x̂ , ŷ  
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Consider   heterogeneous chemical system in equilibrium, 

Consider the following example from the chapter 6 , which is a hyperstructure 

defined on a hyperoperation . 

Calcium carbonate is strongly heated until it undergoes thermal 

decomposition to form calcium oxide and carbon dioxide.  

It is a three phase and two component system 

                   ∆ 

                                 CaCO3       ↔              CaO                +  CO2    
                                (Solid Phase)                (Solid Phase)                     (Gases phase) 

Composition of any one phase can be expressed only in terms of any two phase 

composition as  if we consider   CaO +CO2  as components.  

CaCO3   →   CaO  + CO2   or  CaCO3   −  CaO − CO2   → 0 

Phase can be considered by using there components.  

Phase CaO composition can be expressed as  

CaO   →  CaO  + 0.  CO2   or CaO −  CaO – 0.  CO2   → 0 

 Phase CO2   Composition  

CO2   →   0. CaO   +  CO2  or   CO2   −  0. CaO  − CO2  → 0 

Hence it is two component system.  

If for each phase CaCO3  contains three elements Ca , C,O .CaO contains Ca 

and  O as elements and CO2 contains C and O as elements . 

 

Chemical reactions: 

Chemical reaction process for the above heterogonous system of n species is  

                                          a11X1 + ………………+a1nXn    0 

http://www.rsc.org/learn-chemistry/wiki/Calcium_carbonate
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. 

. 

. 
     a1mX1 + +…………..+ anm Xn    0 

where a ij   is constant .For each reaction j, j= 1,2,3…..n and  X1= CaCO3  , X2 = CaO, 
X3= CO2 .  

Let   A be the coefficient matrix where Aij = a ij .   

By the conservation of mass,  

(i.e. the mass of the products in a chemical reaction must equal the mass of the 
reactants)  

 =  + A                       (4) 

for some  ˆ ˆ *( )x y P X      and       
∈ P*(X) 

    

The overall composition of the system is the sum of the initial composition  
  and changes caused by chemical reactions   A . 

Physically ŷ represents the quantity of reaction.  The reactions are assumed to 
be reversible.  

So   ŷ    can be either positive or negative.  

 

Optimization: 

                                                       Minimize   f (x y)     

      Subject to  =   + A          (5)  

x  0 . 

Where   RHHf : is a real function and X is any non-empty subset in H.  

  Given a composition, 

Minimize   f1( (x y)(1))  + f2( (x y)(2)) +…….+ fk( (x y)(k))     

Subject to    (x y ) (1)  + (x y)(2) +…….+  (x y)(k)  =  x̂     ŷ      (6) 

and   (x y)(i)         0 . 
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Equation (4) along with the condition (5) is convex problem of chemical equilibrium 
reaction process using hyperoperation. 

Any optimal point  (x y)’  of (5) is an equilibrium composition of the system 

At equilibrium, the composition of each phase of the system is given by 

solving the problems (6). 
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