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Abstract

In this paper, a new class of set called - | -closed set is introduced. Some of
the basic properties of these sets in the ideal topological spaces are studied and
also its relationship with the already existing generalized closed set namely
[~ -closed set is brought about.
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I. INTRODUCTION

Local function in topological space using ideals was introduced by Kuratowski [10].
Since then the properties of generalized closed sets in ideal topological spaces
denoted by (X, 7,1) has been the topics for study for many researchers. Dontchev et
al[3] were the first to introduce lg—closed sets. In 2007, Navaneethakrishnan and
Paulraj Joseph [16] further investigated and characterized g-closed sets in ideal
topological spaces. Khan and Noiri [9] introduced semi-local functions in ideal
topological space and using that a new class of sets called gr-closed sets in ideal
topological spaces, which is a new generalization of lg-closed sets were studied in
2010 by them. In this paper another generalization of Ig-closed sets namely

gﬂ*| -closed set is defined using semi-pre local function. In 2012, J. Antony Rex

Rodgio and et al[2] introduced 3" -closed sets in topological spaces and studied their
properties. The aim of this paper is to investigate the properties of these sets in the
ideal topological spaces. In this paper, it will be shown that in ideal topological

spaces, a set which is both o | -closed set and semi-pre dense setisa 3" -closed set.
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Il. PRELIMINARIES

An ideal | on a nonempty set X is a collection of subsets of X which satisfies the
following properties: (i) A<l and B < Aimplies Be I .

(i)  AelandBel implies AUBel

An ideal topological space is a topological space (X,7) with an ideal 1 on X, and is
denoted by (X, 7, 1). Let Y be a subset of X. Then 1, ={I,NY [I, €I} is an ideal on

Y and the ideal subspace is denotedby (Y, z/Y, 1, ).
Given a topological space (X, ) with an ideal 1 on X and if P(X) is the set of all
subsets of X, a set operator (.)* : P(X) = P(X), called a local function [10] of A with

respect  to T and I is defined as  follows: forAc X,
A(1,7)={xeX/UNAgI forevery

U e z(x)jwhere 7(x) = {U e z|x €U jwhen there is no chance for confusion A*(l, 7)

is denoted by A*. For every ideal topological space (X, 7, I ), there exists a topology
r * finer than 7, generated by the base B(1,7)={U\I /U ez and | el}. In general

B(1,7)is not a topology [7]. We will make use of the basic facts about the local

functions [10] without mentioning it explicitly. A Kuratowski closure operator cl*(.)
for a topology 7 *(l, 7), called the * -topology, finer than 7 is defined by cl*(A) =

AUA(1,7) [15]. An ideal space | is said to be codense[4] if z N | = {¢} .If Ac X,

cl(A) and int(A) will, respectively, denote the closure and interior of A in (X, 7) and
cl*(A) and int *(A) will respectively denote the closure and interior of A in (X, 7 *). A
subset A of a space (X, 7) is « -open [15] (resp. semi-open [11], pre-open [12],
£ -open or semi-pre-open [1]) set if Acint(cl(int(A))) (resp. A ccl(int(A)), A <
int(cl(A)), A <cl(int(cl(A)))). The complement of an « -open (resp. semi-open , pre-
open , 8 -open or semi-pre-open) set is « -closed(resp. semi-closed, pre-closed, /3 -
closed or semi-pre-closed). The semi closure (resp. semi-pre-closure) of a subset A of
X, denoted by sclA (resp. spclA) is defined to be the intersection of all semi closed sets
(resp. semi-pre-closed sets) containing A. A subset A of an ideal space (X,7,l) is
*-closed [7] (resp. *-dense in itself [5]) if A* <A (resp. AcC A¥).

Definition-2.1: A subset A of a topological space (X, 7) is said to be
i) w-closed set [6] if cl(A) = U whenever AcU and U is semi-open.

ii) B -closed set [2] if spcl(A)cintU whenever Ac U and U is @ -open.
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Definition-2.2[9]: Let (X, 7,lI) be an ideal topological space and A a subset of
X.Then

A(l,7)={xeXIUNAgI forevery U eSO(X,x)}is called the semi-local
function of A with respect to | and 7, where SO(X,x) ={U e SO(X,x)/ xeU} , we
will write simply A. for A(1,7).

Definition-2.3[9]: A subset A of an ideal space (X, 7 1) is said to be gl-closed setif
A.cU whenever AcU and U is open in X. The complement of gl-closed setis said
to be gl-open.

Definition-2.4[9]: A subset A of an ideal space (X, 7 ,l) is said to be semi-*-closed if
A cA.

Definition-2.5[2]:A space (X, ) iscalleda T, —space if every w-closed set in it is
closed.

Theorem -2.6[2]:Let (X, 7) be a topological space and A a subset of X.U is @ -open
if and only if whenever Ac U and A is semi closed implies Ac intU.

Lemma-2.7[1]: Let A and Y be subsets of a topological space X. If Y is open in X and
A is semi-pre open in X, then AY is semi-pre openin'.

Definition-2.8[1]: Let (X, 7,l) be an ideal topological space and Abe a subset of
X.Then

A.(1,7)={xeXIUNAgI forevery U e SPO(X,x)}is called the semi-prelocal
function of A with respect to | and 7, where SPO(X,x) ={U € SPO(X,x)/ xeU }

when there is no ambiguity, we will write simply A.. for A.(1,7).

1. | —closed sets
Definition-3.1: A subset A of an ideal space (X, 7 ,1) is said to be o | -closed setif
A..  intU whenever AcU and U is w-open in X. The complement of o | -closed

setis said to be o | -open.
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Lemma-3.2: Let (X, 7,I) be an ideal space and A, B subsets of X. Then, for the semi-
pre local function, the following properties hold:
1. If AcB,then A.cB...

2. A. =spcl (A) < spcl (A)and A.. is semi-pre closed in X.
3. (A.),cA.
4. (AUB),,=A.UB.
Remark- 3.3: Every *-closed set is ﬂ*| -closed but not conversely.
Example - 3.4: Let X ={a,b,c,d} with the topology r ={¢, X,{a,b}} and the ideal

| ={¢.{c}}. The set A={a, c} is gﬁ*| -closedbut it is not *-closed.

Remark-3.5: Every semi *-closed setis .| —closed but not conversely.

B
Proof: Let U be a @-open set in XandAbe semi*-closedsuch that AcU . Then

A. < AU .Since A. issemiclosed, A. cintU .Therefore A.. c A. cintU .

Hence Alis | —closed.

B

Example - 3.6: Let X ={a,b,c,d} with the topology  ={¢, X,{a,b}} and the ideal

| ={¢.{c}}. The set A={a, c} is gﬁ*| -closedbut it is not semi-*-closed.

Remark -3.7:

1. Every member of lis gﬂ*| -closed in an ideal space (X, 7 ,1I).
2. A. isgﬁ*| -closed for every subset A of (X, 7 ,1).

3. If 1 ={g},then A.=spcl(A) and hence gﬂ*| -closed sets coincide with

B~ -closed sets.

Theorem- 3.8:Let (X, 7,1) be an ideal topological space and A a nonempty subset of
X. Then the following statements (1), (2) and (3) are equivalent and (3) implies (4)
and (5) which are equivalent. (3) implies (1) if (X, r)isa T, — space.

(1) Ais o | -closed
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(2) spcl (A) c intU for every w-open set U containing A.
(3) Forall x espcl (A) wcl ({x})NA=¢
(4) spcl (A*)— A contains no non empty @ -closed set.
(5) A..—Acontains no non empty @-closed set.
Proof:
(1)=(2): LetAbe gﬁ*| -closed . Then A.. — intU whenever AcU andU is -
open set in X. So by Lemma 3.2, spcl(A..) cintU whenever AcU andU is -open

setin X . This proves (2).
(2)=(3): Suppose x e spcl(A.). If wcl({x})NA=gthen Ac X —acl({x}). By

2),

spel (A.) < int(X —wcl ({x})). This contradicts the fact that x < spcl (A.). Hence
wcl ({x})NA=4.

(3)=(1): Let(X, r) bea T, —space. Suppose A is not | -closed. There exists a
@ -openset U in X such that AcU and A.. is not contained in intU. Then there exist a
point x € A.. such that x ¢ intU . Thenwe have {x}NintU = ¢ and hence

{x}= X —intU where X —intU is closed and so @-closed. Therefore

wcl ({x}) = X —intU thisimplies wcl ({x})N A=¢. But by Lemma 3.2,

spcl (A) = A.. and so it follows that (3) does not hold. Therefore Ais o | -closed.
(3)=(4): Suppose that F < spcl ( A..)— A where F is a nonempty @ -closed set.
Then there exists xe F . Since F < X—Aand {x}cF, ecl({x})<F then

ocl ({x})NA=4¢.Since xespcl(A.), by (3) wcl({x})NA=g¢.Thisisa

contradiction. This proves (4). It follows from Lemma 3.2 that (4) and (5) are
equivalent.

Lemma -3.9:Let {A, : & € 3} be locally finite family of sets in (X, 7 ,1). Then

U(A).=(UA).

aeQ) aeQ)
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Proof: A, = U A, implies (Aa)**c(U Aa) VaeQ.So U (Aa)**C(U Aa) :

aeQ) aeQ) acQ) aeQ)

Conversely, let x e( U Aa) and V be any semi-preopen set of X containing x. Since
aeQ) *k

{Aa ‘ae Q} is locally finite, there exists an @ -open set U in X containing x that

intersects only a finite number of members says A, A, ,....A, of {A, Q). But

X e( U Aa)**implies \Y ﬂU)ﬂ(aLEJQAa):

aeQ)

U ((VNU)NA,)e! forevery

aeQ)

V e SPO(X,X) . This gives

LnJ((V NU)NA, ) ¢ | for every V e SPO(X, x) . There exists atleast one

i=1 '

A, €{A,. A,....A,} suchthat(V NU)NA, ¢l ,hence VA, ¢1.This gives

X e (Aaj ) = Xe LnJ(Aa_ ).. and hence x e U (A, )... This completes the proof.

i=1 1 aeQ

Theorem- 3.10:Let (X, 7 ,1) be an ideal topological space. If {A, : & € Q}is a locally

finite family of sets and each A is gﬂ*| -closedthen U A, is gﬂ*| -closed in (X, 7 ,1).
aeQ)

Proof: Let U A, cU where U is @-open in X. Since A is gﬂ*| -closed for each
aeQ)

aeQ, then (A),, cintU.Hence U (A,).. cintU.ByLemma3.9,
aeQ)

(U Aa) cintU. Therefore U A, is | - -closedin X.

aeQ) aeQ) ﬂ
Remark-3.11: The intersection of two o | _closed setsneed not be o | _closed set as
seen from the following example.Let X = {a,b,c,d} with the topology

r={¢,X,{a,b}} and the ideal 1 ={g,{c}}. We see that, the set A={a, b, c}, B={a, b,

dyare - | -closed setsbut ANB ={a,b} isnota o | -closed set.

Lemma -3.12: If A and B are subsets of (X, 7 ,I) then (ANB),, = A.NB..

ok —
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Theorem- 3.13: Let (X, 7 ,I) be an ideal topological space where (X, 7)isa T, —
space. If Ais gﬁ*| -closed set and B is @-closed in X, then AN B is gﬂ*| -closed.
Proof: Let U be a w-open set in Xcontaining AN B. Then AcU U(X —B)where
UU(X -B)is w-open. Since Ais ;- | -closed,we have

A. c int(U U(X - B))gU U(X —B) and soBNA. cU =intU . Using
Lemma-3.12 (AN B),. = A.NB..c A.NB cintU because B is »-closed.

Hence ANB isgﬁ*| -closed.

Definition-3.14: A subset A of an ideal space (X, 1) is said to be semi-pre *-
closedif A. < A.

Remark-3.15 : Every *-closed set is semi-pre *-closedbut not conversely,
since A c A A C A

Example - 3.16: Let X ={a,b,c,d} with the topology 7 ={¢, X,{a,b}} and the ideal
| ={¢,{c}}. The set A={a} is semi-pre *-closed but it is not *-closed.

Definition-3.17: A subset Aof an ideal space (X, 7 ,I) is said to be *-semi-pre dense
initself if Ac A...

Remark-3.18 : Every *-semi-pre dense set in itself is *-dense in itself.

Theorem- 3.19: In an ideal topological space (X, 7,1), a gﬁ*| -closed and *-semi-pre
dense set in itself setis 3 -closed .

Proof: Suppose A is *-semi-pre dense set in itself and o | -closedin X. Let U be any

 -open setcontainingA. Since A is o | -closed A.. — intU and by Lemma-3.9,

spcl (A*) < intU . Since A is *-semi-pre dense A < A..and hence
spcl A < spcl (A.) <= intU whenever AcU. Therefore Ais 3 -closed.
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Theorem -3.20: Let (X, 7,I) be an ideal topological space and Aa o | -closed in X. If

Bis a subset of X such that A< B < A.thenB s gﬂ*| -closed.

Proof: Let U be any @-open set in X containing B. Then Ac U. Since A is g | -

5
closed A.. c intU . By Lemma 3.2, B..= (A\*)** < A.. < IntU hence B is

.
o closed.

Theorem- 3.21: Let (X, 7 ,1) be an ideal space and AcY < X , where Y is open in
X.Then A.(ly, z/Y)=A.(1,7)NY .

Proof: Assume that x e X —(A*(I,r)ﬂY). Then either xeY or x eV .

Case-1: xeY.Since A.(ly, z/Y)<=Y , xe A.(l,, z/Y).

Case-2: xeY .Since x & A. (I, 7), there exists a semi-pre-open set V in X
containing x such that V (N1 A< | . Since xeY and Y is open in X, we have by
Lemma-2.7Y NV e SPO(Y, z/Y )suchthat xeY NV and (Y (V)N Ae | hence

(YNV)NAel,.Consequently x & A.(1,, z/y). Hence we get

A.(1l,, /Y )<= A.(1,7)NY . Conversely,consider x & A..(l,, z/y).
Then for some semi-pre-open set V in (Y , /Y )containing X, there exist

U e SPO( X, x) such that

V =UNY andwe have (UNY)NAel, .Since AcY,UNAel, <1 gives
UNAel for some semi-preopen set U in (X, r) containing x. This proves

xeA.(l, 7).

Theorem -3.22: Let (X, 7 ,I) be an ideal space where (X, r)isa T, —space and
AcY c X . IfAisa g/;*l -closed in (Y, z/Y, 1, )and Y is open and semi-pre
*-closed in X, then Aiis - | -closed in X.

Proof: Let U be any w-open setin X and AcU. Then
Aek(|y,T/Y)I&(|,T)HYCUﬂY.ThenwehaveYCUU(X—&(I,r)),
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Since Y is semi-pre*-closed we have A..cY..cY cU U(X - AL (1, r)) . This

proves A. (1, z) cU =intU . Hence A s - | closed.

Theorem- 3.23: Let (X, 7 ,I) be an ideal space where (X, r)isa T, —space and

AcY c X . IfAisa gﬂ*| ~closedin (X, r,l)and Y €7 ,thenAisa gﬂ*| -closed in

(Y, z/Y, 1,).
Proof: Let U be any w-opensubset of (Y, z/Y ) and AcU.Since Y €7, Uis o-

openin X. Thus A. (1, z)<intU . By Theorem 3.21,
A.(1,,z/Y)=A.(1,7)NY cUNY =Uand A.(ly, z/Y)cintU.Hence Aisa

gﬂJ -closed in (Y, z/Y, 1,).

Corollary- 3.24:Let (X, 7,1) be an ideal space where (X, 7)isa T, —space and

AcY < X where Y is a regular open subset of X. Then A is o | -closedin

(Y, z/Y, 1,)ifandonlyifAisa | -closedin X.

Theorem- 3.25: Let (X, 7,I) be an ideal space and Ac X. If Ais gﬂ*| -closed then
AU(X = A.)is ;| -closed .

Proof: Suppose A is o | -closedin X. Let U be a @ -open set such that

AU(X —=A.)cU . Then X —U = X —(AU(X —A.))=A.—A.Since Ais

o | -closed , by Theorem 3.8, it follows that A.. — Acontains no nonempty  -closed

set. This implies X —U =¢ or X =U . Hence X is the only open set containing

AU(X —A.). This gives(AU(X - Aa))** c X =int X', Therefore

AU(X = A.)is ;| closed.

Theorem- 3.26: Let (X, 7,1) be an ideal space. Then AU(X —A..)is gﬂ*| -closedif

and only if A.—A'is gﬂ*| -open.
Proof:Since X —(A.—A)=AU(X —A..), the proof follows immediately.
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Theorem 3.27: Let (X, 7,1) be an ideal space. Then every subset of X is o | -closed

if every @ -open set is open and semi-pre*-closed.
Proof: Suppose that every @ -open set is open and semi-pre*-closed. If Ac X and
U is an w-open set such that Ac U , then A.. cU.. cU =intU . Hence A is

o | ~closed.
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