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Abstract

In this paper we consider f(z) and g(z) are two transcendental entire functions
defined in the open complex plane C and taking iteration of these functions we
study the growth of iterated entire functions in terms of order which improve some
earlier results. We also give example supporting theorem.
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1. Introduction, Definitions and Notation

Let f(z) and g(z) be two transcendental entire functions defined in the open complex
plane C. It is well known [2], {[12], p-67, Th-1.46} that

T(r’ ng) _ . T(ra ng) _
=00 and lim =
=00 T(r, f) o0 T(r,g)
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In 1985 Singh [8] proved some comparative growth properties of log T'(r, f,g)
and T'(r, f) also he raised the problem of investigating the comparative growth of
log T (r, fog) and T'(r, g).

Song and Yang [10] established that f and g are any two transcendental entire func-
tions of positive lower order and finite order then

loglog M (r, f,g) . loglogM(r, f,g)
im =00 = lim .
r—oo loglog M (r, f) r—oo loglog M(r, g)

(1.1)

In 1991 Singh and Baloria [9] asked whether for sufficiently large R = R(r)

lim sup loglog M(r, fo8) < oo and lim sup loglog M(r; fo8) <
r—oo loglog M(R, f) r—oo loglog M (R, g)

Singh and Baloria [9] proved under the assumptions of (1.1) that for each positive constant

A
loglog M(r, fog) . loglog M(r, fo8)
im =00 = lim .
r—oo loglog M (r4, f) r—oo loglog M(r4, g)

They also proved that if R = exp(r”/), where p (< 00) is the order of f,

. loglog M (r, fo8)
lim inf
r—oo loglog M(R, f)

:Oforpf > g

Lahiri and Sharma [5] worked on the question of Singh and Baloria, and proved the
following theorems.

Theorem A. Let f, g be two entire functions such that 0 < Ay < p, < oo and
0 < Xy < pg < 00. Then for any positive number A and every real number «

| loglog M (r, f,g)

im

r—oc {loglog M (r4, f)}I+*

.o . IOgIOgM(T, fog)

(ii) lim 5 7
r—oc {loglog M (r4, g)}1+*

)

o0,

Theorem B. Let f, g be two entire functions of finite orders and Ay > 0. Then for
p > 0 and each @ € (—00, 00)

{loglog M (r, fo@)}'
r—oo loglog M (exp(r?), f)

=0ifp> (1 +a)p,.

Theorem C. Let f be meromorphic and g be entire such that0 < Ay < p, < oo and
Pg < 0. Then for p > 0 and each @ € (—00, 00)

[ {log T(r, fug) + loglog M(r. £)}"+*
r—co log T (exp(rP), f)

=0if p > (1 +a)p,.
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Theorem D. Let f be meromorphic and g be entire such that0 < p, < coand0 < Ay.
Then

1' logT(r’ fog)

im sup

r—oo log T'(exp(r*), g)
In 1997 Lahiri and Banerjee [4] form the iterations of f(z) withrespectto g(z) as follows:

= oo where 0 < u < p,.

i@ = fQ©@
L@ = fk)=rf(gk)
@) = f(f@)) = flg) = fg(fi(2))

fa@) = fg(fo..... (f(z) or g(2))e..e.... )),

according as n is odd or even,

= fgn-1(2)) = f(g(fn—2(2)))

and so

g1z = g
8@ = g(f@@)=2¢g(f/12)

gn(z) = g(fu-1(2)) = g(f(gn-2(2))).

Clearly all f,(z) and g,(z) are entire functions.
The following definitions are well known.

Definition 1.1. The order p s and lower order A y of a meromorphic function f is defined

as
) log T (r, f)
ps=1lim sup ———
- r—oo logr
and e T
hp = lim inf 28T S)

r—00 logr

If f is an entire function then

. loglog M (r, f)
py = lim sup
r—00 logr
and oo loe 1
Ap = lim inf 08108MCJ)
r—00 logr
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Notation 1.2. [7] log[O]x = X, exp[O]x — x and for positive integer m, lOg[m]x _
log(log[m_]]x), exp[’"]x = exp(exp[m—l]x)_

In this paper, we investigate the comparative growth of iterated entire functions which
generalize some earlier results. we do not explain the standard notations and definitions
of the theory of entire and meromorphic functions as those are available in [3], [11] and
[12].

2. Lemmas

The following lemmas will be needed in the sequel.

Lemma 2.1. [3] Let f(z) be an entire function. For 0 < r < R < 0o, we have

TG f) <logt M(r, f) < 2 1R, ).

—r

Lemma 2.2. [2] If f and g are any two entire functions, for all sufficiently large values
of r,
1 r

Lemma 2.3. [1] If f is meromorphic and g is entire, for all sufficiently large values of

r

TG fog) < {1+ 0} —L8_ (M (r, g, )
log M(r, g)

Lemma 2.4. [6] Let f(z) and g(z) be two entire functions. Then we have

1 1 r
Lemma 2.5. Let f(z) and g(z) be two non constant entire functions such that0 < Ay <
pr<ooand0 <Az < p, < oo. Then forany ¢ (0 <& < min{Ay, A,})

] (py+ e)logM(r, g) + O(1) whenn is even
log"™ M(r, fn) < { (pg +e&)logM(r, f)+ O(1) whenn is odd

and
r

(A —¢)logM <2n—_]g
r
P

) + O(1) whenn is even
(hg — ) log M <F f) +0(1) whennisodd,

log" M (r, f,) >

for all large values of r.
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Proof. For ¢(> 0) we get from Lemma 2.2 for all large values of r,

M(I", fn)
log M(r, fn)

log?! M(r, £,)
logB! M(r, f,)

log™! M(r, f,)

log™ M(r, f,)

Similarly

IANIA IA A IA

IA

A TA

A

A

IA

M(r, f(gn-1))

MM (r, gn—1), ).

log M(M(r, gn—1), f)

[M(r, gn—1)]"F*°.

(py+€)log M(r, gn—1)

(pf +&)log M(M(r, fn—2),8)

(0 + M, fu_2)]’s*.

log(p s+ &) + (p, + &) log M(r, f(gn—3))
O() + (pg + &) log M(M(r, gn-3), f)
(pg + &)[M(r, gn—3)]pf+g + O(1).
(0 + &) log[M(r, gn—3))] + O(1)

(pr+e) logM(r,g) + O(1) when n is even.

log™ M, £,) < (pg +€)log M(r, )+ O(1) when n is odd.

Again, let Ay and A, be the lower order of f and g respectively, then from Lemma 2.2
we have for all large values of r and any ¢ (0 < & <min{A 7, Ag}),

M(r, fn)

log M (r, fy)

. log® M(r, f,)

A%

v

v

A%

M(r, f(gn-1))

M (éM (g gn1) = 181 O], f)

(o Ga) 7).
1 r
log M (EM (5 8-1)- f)
1 r hye
[EM(z’g"—l)] -

r 1
Oy = ©)10g M (3. g11) + (o — &) log
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r
= G —#)logM (5.8(fu-2) + O(D)

1
> (xf—snogM(S Ce )—|fn_2<0>|,g>+0<1>
1 Ag—&
> (xf—e>[ﬁ (55 fu- )] + o).
L log?t M@ fr) = logGhp —e) + O e)log% (53: fu2) + O
z

(g =) log M (35, fuz) + O(1)

. log[n] M, f,) > (kf —¢e)logM <2n l,g) + O(1) when n is even.
Similarly
log™ M(r, f,) > (Ag — &) logM <_2nr_1 , f) + O(1) when n is odd.

This proves the lemma. u

Lemma 2.6. Let f(z) and g(z) be two non constant entire functions such that 0 < Py <
oo and 0 < p, < 0o. Then for all sufficiently large r and & > 0,

(,of +&)log M(r, g) + O(1) when nis even

[n—1]
log T(r, fu) < { (,Og +é&)logM(r, f) + O(1) when nis odd.

The lemma follows from Lemma 2.1 and Lemma 2.5.
Lemma 2.7. Let f(z) and g(z) be two non constant entire functions such that0 < A <

oo and 0 < Ag < oo. Then for any € (0 < & <min{A s, Ag}),

()\f—s)logM<4L )—i—O(l) when n is even

log" T (r, f) =
(Ag —8)10gM<4 f) +0O(1) whennis odd

for all sufficiently large values of r.

Proof. Since for any ¢ (0 < ¢ < min{A s, Ag}) we get from Lemma 2.1 and Lemma 2.4
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for all large values of r
IT(r,fo) = T, f(gn-1))
1 1 r
logM (oM (5. gamt) + 0D,
3 0og (8 4 gn—1)+ 0(1) f)

%[éM(}gm{y+oaﬁkkg

1 1M<r ) hp—e
3 9 4,gn—1 )

that is, log T'(r, f,) > (kf—s)logM<4 g 1) o)

v

v

v

v

Gy =T (7 80-1) + O
l
8

v

(Af—s)glogM< (42,fn )+0(1),g>+0(1)

Ag—&

A H o(l O(l
(f—wgk (55 fu2) + (ﬂ +0()

(Y

v

171 Ag=e
(M—wgb (55 - ﬂ + 0.

Therefore, log? T(r, f,) > (Ao —¢)logM (4—2, fn_2> + o)

v

So, log" ' T(r, £, (Af —¢&)logM (4 — ,g) + O(1) when n is even.

Similarly
log[n 1] T(r, fn) > (g — &) logM (4 f) + O(1) when n is odd.

This proves the lemma. L

3. Theorems

Theorem 3.1. Let f and g be two non constant entire functions such that 0 < Ay <
pr <ooand 0 < A, < p, < oo. Then for any positive number A and every real
number «

o log™ M (r, f,)

(1) lim = 00,
r—oo {loglog M (r4, f)}i+e

and
log"! M (r, f,)
(i) lim Ty = ©
r—co {loglog M(r4, g)}i+e
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Proof. If « < —1 then the theorem is trivial. So we suppose that « > —1 and n
is even. Then from Lemma 2.5 we get for all sufficiently large values of r and any
(0 <& <min{Ar, Ag})

log™ M (r, f,)

v

.
Gop —e)log M (57.8) + O()

> (Af—e) (2nr_1

Again from Definition 1.1 it follows that for any ¢ > 0 and for all large values of r,

)kg_e + o). 32)

{loglog M(r*, YT < (o, + &) t* A1+ (logr)' . (3.3)

From (3.2) and (3.3) we have for all large values of r and any € (0 < &¢ <min{A s, Ag})

&€
log™ M (r, f,) . (b —é) (F) o0
{loglog M(r#, HY'F* = (p, 4 g)l+apl+a(logr) '™
Ao—E
(Af—e) (2,%,) ¢ phe—e
(p; +e)tealte (ogr)lte

4+ o(1).

Since ¢ > 0 is arbitrary,

log[n] M(ra fl’l)

li = 3.4
% {loglog M (-4, )+ .
Similarly for odd n we get
log™ M(r, f2) = (hg — &) (Lyf_g L o) (3.5)
g ) = (A T ) )

So from (3.3) and (3.5) we have equation (3.4) for odd n.
Therefore for all n (even or odd) statement (i) follows.
Second part of this theorem follows similarly by using the following inequality instead
of (3.3)
(loglog M(r™, @)}1** < (p, + &) T A" (logr) ™
for all large values of r and arbitrary ¢ > 0.
This proves the theorem. |

Note. If we consider n = 2 in Theorem 3.1 then we get Theorem A.

Theorem 3.2. Let f and g be two entire functions of finite orders and A s, A, > 0. Then
for p > 0 and each o € (—o00, ©0)

(i) o Alog" M@, £y}
r—o0 loglog M (exp(rP), f)
{log™! M(r, f)}!**

(i) rlggo loglog M (exp(r?), f) = 0ifp>(+e)pyandnisodd.

Oif p> (I +a)p, and n is even,
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Proof. If o < —1 then the theorem is trivial. So we suppose that @ > —1 and n is even.
Then from Lemma 2.5 we get for all sufficiently large values of r and any ¢ > 0

log" M(r, ) < (p;+e)logM(r, )+ O(1)
< (py+er’™ +0(). (3.6)

Again from Definition 1.1 it follows that for any 0 < & < A ¢ and for all large values of
r,

loglog M (exp(r?), f) > (Ay —e)r?. (3.7)
So from (3.6) and (3.7) we have for all large vales of r and any ¢ (0 <& < Ay)

log! M(r, fu)}'* _ (py + &) oot

log log M (exp(rP), f) — (of — e)r? o).

Since ¢ > 0 is arbitrary, we can choose ¢ such that 0 < ¢ <min{A f, — Pl

_r

1+«
{log" M(r, f)}' T

r—oo loglog M (exp(r?), f)

Similarly when n is odd then we get the second part of this theorem. This proves the
theorem. |

Theorem 3.3. Let f and g be two entire functions of finite orders and A s, A, > 0. Then
for p > 0 and each ¢ € (—o0, 00)

(1 lim {log™ M (r, f)}!+e
r—o0 loglog M (exp(rP), g)
{lOg[n] M(r, fn)}H_a

(i) rlggo loglog M (exp(rP), g) = 0itp>(+e)pyandnisodd

Oif p> 1+ a)p, and n is even,

The proof of this theorem is similar to the proof of the Theorem 3.2.

Theorem 3.4. Let f and g be two entire functions such that0 < Ay < p, < 0o and
0 <Xy < pg < 00. Then for p > 0 and each & € (—00, 00)

{log""U'T(r, £,) +loglog M(r, g)}1 T

@) rll)ngo log T (exp(r?). f) =0if p > (1 + o)p, and n is even,
log"=U'T(r, f,) + loglog M(r, f)}'**
(i) lim 1% Y szJ“ E’gp)ogf) ) S ST +a)p  and n is odd.
r—00 og exp(re), ’

Proof. If o« < —1 then the theorem is trivial. So we suppose that @ > —1 and n is even.
Now from Lemma 2.6 we get for all sufficiently large values of r and any ¢ > 0

log" 2 T(r, fi) < (pg+e)logM(r, f(g)) + O(1)
< (p, +&)3TQ2r, f(g) + O(1)
< B(pg +&) +o(DITQ2r, f(g). (3.8)
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From Lemma 2.3 we have for all large values of r

T@r. fo2) < {1+ o()—2"8) _1mr o). 1)
» Jo8) = log M(2r, g) 8,
< {1+ o) —2"8) 13121 ), f)
- log M(r, g) 8 1)
1e. logT 2r, f,g) + loglog M (r, g) <log{l +o(1)} +1og T (2r, g)
+logT(M(2r, g), f)
< (pg +8)10g(2r) + (p + &) log M(2r, g) + o(1)
< (pg +8)1022r) + (o + )21 5T + o(1).
(3.9)

From (3.8) and (3.9) we have for all large values of » and any ¢ > 0,
log" " T, f,) +loglogM(r,g) < (p, +&)1og(2r) + (ps + &)(2r) <+ + O(1)
< (ps+e+o(l)rrs, (3.10)

Again from Definition 1.1 it follows that for any 0 < & < A ¢ and for all large values of
r,

loglog M (exp(r?), f) > (Ay — e)r?. (3.11)
From (3.10) and (3.11) we have for all large values of r and any ¢(0 < & < Ay),

{log" "1 7, fi) +loglog M(r. )} * _ (py + &+ o(1)) e Tt
log T (exp(r?). f) - (hp —e)r? '

Since ¢ > 0 is arbitrary, we can choose ¢ such that 0 < ¢ <min{A s, % — Pl
o
{log" " T(r, f,) +loglog M(r, )}'**

r—00 log T'(exp(r?), f) =0

Similarly for odd n we get the second part of this theorem. This proves the theorem. H

Note. If we consider n = 2 in Theorem 3.2 and Theorem 3.4 then we get Theorem B
and Theorem C respectively.

Theorem 3.5. Let f and g be two entire functions such that0 < Ay < p, < 0o and
0<Ag < Pg < 0. Then for p > 0 and each o € (—o0, 00)

@ lim {log"= "' T (r, f,) +loglog M(r, g)}'+*
r—00 log T (exp(r?), g)

(i) lim {log" U T(r, f,) +loglog M(r, f)}!+
r—00 log T(eXp(l’p), g)

=0if p > (1 + ®)p, and n is even,

=0if p > (1 + o)py and n is odd.
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The proof of the theorem is similar to the proof of Theorem 3.4.

Theorem 3.6. Let f and g be two entire functions such that0 < Ay < p, < 0o and
0 < Ag < pg < 00. Then

. log" " T(r, f) .
(1) lim sup = 00, when0 < p < A, and n is enen,
r—o0 log T (exp(r?), g)

1 [n—l]T :
(1) lim sup b8 . fu) = 00, when0 < p < Ay and n is odd.

r—00 lOg T(exp(rp)9 g)

Proof. First we consider n is even then from Lemma 2.7 we get for all sufficiently large
values of r and any (0 < ¢ <min{A 7, Az})

log" ™! T(r, f,)

v

.
(Oof — &) log M (4”—_1, g) + o)

r

Ag—&
Gr—o(5) " +ow. (3.12)

(A%

Again from Definition 1.1 it follows that for all large values of r and ¢ > 0,
log T (exp(r?), g) < (pg +&)r’. (3.13)

From (3.12) and (3.13) we have for all large vales of » and any (0 < & < Ay),

log" "1, f) > Gr=® (4”%1> T o
log T (exp(rP), 8) — (pg + &)rP '

Since ¢ > 0 is arbitrary,

. log" "' T(r, f,)
. lim sup =
r—oo log T (exp(r?), g)

Similarly when 7 is odd then we get statement (ii).
This proves the theorem. |

Remark 3.7. The condition non zero lower order is essential for Theorem 3.6, which
are illustrated by the following example.

Example 3.8. Let f(z) = z,8(z) = expz. Then Ay = py =0and 0 < Ay = p, =
1 < 00. Now when 7 is even then

o= exp[%] Z.

Therefore, .
T(r, f,) <log M(r, f,) = expl2 7.
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So,

log" T (r, ) < log" Mexpl3~'1r)

= lo g[”_l_ﬁH]r
= log %
Also when n is odd
n—1
Jn = exp[T] <.
Therefore,
T(r, f) <log M(r, f) = expl"z 117,
So,
log" 7@, f,) < logh Nexp™> ~11r)
_ log[n—l—%ﬂ] ,
= log[%] r
Now

log T (exp(r?), g) =r? —logm.

Therefore when #n is even

log" YT (r, f,) _ logl21 r

< — 0 as r — oo,
log T (exp(rP), g) r? —logm

and when 7 is odd

log" " T(r, ) _ log!" 1
log T (exp(r?),g) — r? —logm

— 0 as r — oo.

Theorem 3.9. If f, g and h are three entire functions with non zero lower order and
finite order also p;, < A, then

o g TG fu)
1m
r=oolog" T, f)

fornisevenand f,(z) = f(A(forrreoo(F (R(2))...monl)).

Proof. When n is even then from Lemma 2.6 we have for r > ry,

log" N T(r, £,) <(ps + &)t (3.14)
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Hence from (3.12) and (3.14) we have for sufficiently large values of r and 0 < ¢ <
min{A f,)\.h},

Ag

&
og N7, gy O (35) " +o
>
log"UT@, £y —  (pp+erete+0(1)
(A p—e)r*s¢ + 0(1)
() oy +oyrmte 4 0(1)
Since pj;, < Ag, we can choose ¢ > O such that p;, +¢ < Ay — &,
_log" T, £
lim ] — =
r—o0 log T(r, f,)

This proves the theorem. |
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