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Abstract 

The present study investigates the effects of partial slip and convective 

boundary condition on magnetohydrodynamic mixed convection flow in the 

presence and absence of joule heating. The governing partial differential 

equations with boundary conditions are converted into the system of ordinary 

differential equations via similarity transformations. The reduced system of 

ordinary differential equations solved numerically by using the Keller-box 

method. The influence of different physical parameters, such as the magnetic 

parameter, mixed convection parameter, Williamson parameter, the slip 

parameter, Biot number and Prandtl number is discussed graphically and 

numerically for the profiles of velocity and Temperature.  
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1. INTRODUCTION 

The study of MHD boundary layer flow over a stretching sheet has a lot of 

applications in industrial area and geothermal applications such as metal spinning, hot 

metal rolling, glass fibre production, paper production, cooling of nuclear reactors, 

wire drawing and petroleum production etc. Analytical solution for an incompressible 

boundary layer flow over a stretching sheet was first discussed by Crane [1]. After 

Crane [1] several researchers extended the work with the different physical 
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conditions. Vajravelu and Rollins [2] explained heat transfer in an electrically 

conducting fluid over a stretching surface. The boundary layer flow over an 

exponentially stretching sheet was first discussed by Magyari and Keller [3]. Heat 

transfer over an exponentially stretching surface by Elbashbeshy [4]. Al-Odat et al [5] 

investigated the magnetic field effects on thermal boundary layer flow over an 

exponentially stretching sheet. The study of viscoelastic fluid flow over an 

exponentially stretching sheet is explained by Khan [6].   

Williamson fluid model is one of the non-Newtonian fluids, which describes the flow 

of shear thinning liquid. This model was developed by Williamson [7]. Dapra and 

Scarpi [8] obtained perturbation solution for the flow of a Williamson fluid in a rock 

fracture. Peristaltic flow of Williamson fluid with different conditions was 

investigated by few authors [9-12]. Effect of heat transfer and chemical reactions on 

Williamson model for blood flow is explained by Akbar et al [13]. Steady flow of a 

Williamson fluid over a porous plate is discussed by Hayat et al [14]. Heat and mass 

transfer effects on peristaltic flow of Williamson fluid in a vertical annulus is studied 

by Nadeem and Akbar [15]. Effect of chemical reaction on boundary layer flow of 

Williamson fluid is investigated by N.A Khan et al [16]. Recently the effect of 

chemical reaction on MHD boundary layer flow and heat transfer of Williamson 

nanofluid by Krishnamurthy et al [17].  Rama Subba Reddy and Gireesha [18] 

described dual solutions for stagnation point flow and convective heat transfer flow of 

Williamson nanofluid over a stretching sheet.    

Several investigators explained the effects of slip and convective boundary condition, 

these include that Swathi Mukhopadhyay [19] studied the effects of slip on MHD 

boundary layer flow with suction/blowing and thermal radiation over an exponentially 

stretching sheet. Peristaltic motion of a Williamson fluid through a porous medium 

with slip effects in a different channel is investigated by the authors [20, 21]. Effect of 

convective surface boundary condition on Williamson fluid flow in an asymmetric 

channel is discussed by Akbar [22]. Impact of MHD slip flow with convective 

boundary condition over a stretching sheet is studied by Gopi Chand et al [23]. 

Recently effects of boundary layer slip flow and convective boundary condition is 

explained by the authors [24-25]. Effects of Newtonian and joule heating in two 

dimensional flow of Williamson fluid is described by Hayat et al [26]. Gnaneswara 

Reddy and Venugopal Reddy [27] investigated the influence of velocity slip and joule 

heating on MHD peristaltic flow through a porous medium with chemical reaction.  

This paper investigates the MHD mixed convection boundary layer flow of 

Williamson fluid with the effects of velocity slip and convective surface boundary 

condition over an exponentially stretching sheet with the help of Keller-box method. 
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2. MATHEMATICAL FORMULATION  

 

 

 

 

 

 

                                           

Figure 1: Physical flow model of the problem 

 

Let us consider steady, two-dimensional, laminar, incompressible MHD mixed 

convection flow and heat transfer of Williamson fluid over an exponentially 

stretching sheet. Consider a coordinate system, such that x-axis is taken along the 

stretching sheet in the direction of flow and y-axis is perpendicular to it. The sheet is 

stretched with velocity 𝑢 𝑤(𝑥) = 𝑎𝑒
𝑥

𝐿. A uniform magnetic field is applied in the 

direction normal to the sheet. The stress tensor of Williamson model is given by [24] 

                                                        𝑆 = −𝑝𝐼 + 𝜏                                                        (1)   

                                             𝜏 = [𝜇∞ +
𝜇0−𝜇∞

1−Γ𝛾̇
]𝛾̇                                                        (2)                                                                                     

Where 𝑝 is the pressure, 𝐼 is the Identity vector, 𝜏 is extra stress tensor, 𝜇0 𝑎𝑛𝑑 𝜇∞ is 

the limiting viscosity at zero shear rate and at infinite shear rate, Γ is time constant. 

We consider the equation (2), the case for which 𝜇∞ = 0 𝑎𝑛𝑑 Γ𝛾̇ and 𝛾̇ can be defined 

as   

 𝛾̇ = √
1

2
∑𝑖∑𝑗𝛾𝑖𝑗̇ 𝛾𝑗𝑖̇ = √

1

2
∏                                                                                        (3) 

Here ∏ is the second invariant strain tensor. Therefore, equation 2 can be written as  

𝜏 =
𝜇0

1−Γ𝛾̇
𝛾̇  

Or by using binomial expansion  

 𝜏 = 𝜇0[1 + Γ𝛾]̇𝛾̇                                                                                                       (4) 

Let u, v are the velocity components along the directions of x and y respectively. The 

boundary layer equations for the continuity, momentum and energy are  

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0                                 (5) 
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𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= 𝜈

𝜕2𝑢

𝜕𝑦2 + √2𝜈Γ (
𝜕𝑢

𝜕𝑦
)

𝜕2𝑢

𝜕𝑦2 + 𝑔𝛽𝑇 (𝑇 −  𝑇∞) −
𝜎𝐵2𝑢

𝜌
               (6) 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼

𝜕2𝑇

𝜕𝑦2 −
𝜎𝐵2

𝜌𝑐𝑝
𝑢2                                                                                     (7)         

 

Subject to the boundary conditions: 

𝑢 = 𝑢𝑤 + 𝑁𝑠𝜈
𝜕𝑢

𝜕𝑦
, 𝑣 = 0, −k

∂T

∂y
= hf(𝑇 − 𝑇𝑤)  𝑎𝑡 𝑦 = 0.                                         (8)                                    

 𝑢 = 0,   𝑇 → 𝑇∞   𝑎𝑠  𝑦 → ∞.                                                                                     (9) 

where 𝜌 is the  density of the fluid, 𝜎 is the  electrical conductivity, 𝜈 is the  kinematic 

viscosity, B is the magnetic induction, α is the thermal diffusivity, 𝛽𝑇 is the 

coefficient of  thermal expansion, 𝐶𝑝 is the specific heat capacity, 𝑁𝑠 = 𝑁0𝑒−
𝑥

2𝐿  is the 

velocity slip (𝑁0 is the initial value of the velocity slip factor). 

Introducing the similarity transformations are  

𝑢 = 𝑎𝑒
𝑥

𝐿𝑓′(𝜂),      𝜂 = √
𝑎

2𝜈𝐿
𝑒

𝑥

2𝐿𝑦,       𝑣 = −√
𝑎𝜈

2𝐿
𝑒

𝑥

2𝐿[𝑓(𝜂) + 𝜂𝑓′(𝜂)],   𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
. 

The reduced governing equations are  

  𝑓′′′ + 𝑓𝑓′′ − 2(𝑓′)2 + 𝜆1𝑓′′𝑓′′′ − 𝑀𝑓′ + 2𝜆𝜃 = 0                                               (10)       

 (
1

𝑃𝑟
)𝜃′′ + 𝑓𝜃′ + 𝐻(𝑓′)2 = 0.                                                                                   (11) 

The corresponding boundary conditions are  

𝜂 → 0 ∶ 𝑓(𝜂) = 0, 𝑓′(𝜂) = 1 + 𝜆𝑣𝑓′′(𝜂), 𝜃′(𝜂) = −𝐵𝑖(1 − 𝜃(𝜂))                      (12) 

𝜂 → ∞ ∶ 𝑓′(𝜂) → 0, 𝜃(𝜂) → 0                                                                                (13) 

Where 𝑀 =  
2𝜎𝐵0

2𝐿

𝜌𝑎
  is the Magnetic parameter, λ = 

𝐺𝑟

𝑅𝑒𝑥²
 is the Mixed convection 

parameter, 𝑅𝑒𝑥 =
𝑎𝐿

𝜈
𝑒

𝑥

𝐿 is the Local Reynolds number,  𝐺𝑟 =
𝑔𝛽𝑇(𝑇𝑤−𝑇∞)𝐿3

𝜈²
  is the 

Grashoff number, 𝑃𝑟 =
𝜈

𝛼
  is the Prandtl number, 𝜆1 = 𝛤√𝑎3𝑒

3𝑥
𝐿

𝜈𝐿
 is the dimensionless 

Williamson parameter,  𝜆𝑣 = 𝑁0√
𝑎𝜈

2𝐿
 is the velocity slip parameter, 𝐵𝑖 =

ℎ𝑓

𝑘
√

2𝜈𝐿

𝑎𝑒𝑥/𝐿 is 

the thermal Biot number.  

The coefficient of skin friction and local Nusselt number at the stretching sheet is 

defined as  𝐶𝑓  =  
𝜏𝑤

𝜌𝑢𝑤
2  , 𝑁𝑢𝑥 = 

𝑥𝑞𝑤

𝑘(𝑇𝑤−𝑇∞)
. Here   𝜏𝑤 = 𝜇(

𝜕𝑢

𝜕𝑦
+

Γ

√2
(

𝜕𝑢

𝜕𝑦
)2) is the wall 
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shear stress and 𝑞𝑤 = −𝑘 (
𝜕𝑇

𝜕𝑦
)

𝑦=0
 is the heat transfer coefficient. 

Therefore √2𝑅𝑒𝑥𝐶𝑓 =  [𝑓 ′′(0) +
𝜆1

2
𝑓′′2(0)] and 

√2𝐿

𝑥
𝑁𝑢𝑥𝑅𝑒𝑥

−
1

2 =  −𝜃′(0).    

 

3. METHOD OF SOLUTION: 

The governing equations with boundary conditions are solved numerically by using 

finite difference scheme known as Keller box method which is described by Cebeci 

and Bradshaw [27]. This method involves the following steps.  

Step1: Reducing higher order ODEs (systems of ODES) in to systems of first order 

ODEs. 

Step2: Writing the systems of first order ODEs into difference equations using central                                                                                                            

           difference scheme. 

Step3: Linearizing the difference equations using Newton’s method and writing it in                  

           vector form.  

Step4: Solving the system of equations using block elimination method.  

 

4. NUMERICAL DISCUSSIONS: 

In this paper, we discussed numerical results of – 𝑓′′(0) 𝑎𝑛𝑑 − 𝜃′(0) for various 

values of the parameters. Table 1 represents the comparison values of −𝜃′(0) by the 

present method and of Ishak and Rahman. For this, we used Matlab software to find 

the numerical solution by taking the step size as Δ𝜂 = 0.01. The value of the 

parameters throughout the table 2 are M=0.5, H=0.5, λ=0.1, Bi=0.1, Pr=0.71, λ1=0.5, 

λv=0.1 unless otherwise mentioned. 

 

Table I: Comparison vales of −𝜃′(0) with Pr=0.1 and rest of the parameters are zero. 

Bi Ishak[28] Rahman[29] Present 

0.1 

0.2 

0.4 

0.6 

0.8 

1.0 

0.0583 

0.0823 

0.1037 

0.1135 

0.1191 

0.1228 

0.0584 

0.0824 

0.1038 

0.1136 

0.1193 

0.1229 

0.0584 

0.0826 

0.1041 

0.1140 

0.1197 

0.1234 
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Table II :  Numerical values of  – 𝑓′′(0) 𝑎𝑛𝑑 − 𝜃′(0) for M, λ, λ1, λv, Bi, Pr, H. 

  

M λ λ1 λv Bi Pr H −f"(0) −θʹ(0) 

0.1 

      

1.3517 0.0594 

0.5 

      

1.6233 0.0626 

1 

      

1.9552 0.0607 

 

0.3 

     

1.4189 0.0597 

 

0.6 

     

1.1978 0.058 

 

1 

     

0.9322 0.0549 

  

0.1 

    

1.2243 0.0589 

  

0.4 

    

1.4342 0.0597 

  

0.5 

    

1.5933 0.0602 

   

0.2 

   

1.223 0.0613 

   

0.4 

   

0.8936 0.0626 

   

0.5 

   

0.796 0.0631 

    

0.5 

  

1.5325 0.1629 

    

1 

  

1.5084 0.2084 

    

1.5 

  

1.4975 0.23 

     

0.71 

 

1.5933 0.0602 

     

1 

 

1.6027 0.0618 

     

3 

 

1.6233 0.0626 

      

0.1 1.6312 0.0742 

      

1 1.5464 0.0416 

      

2.1 1.4432 -0.0039 

 

RESULTS AND DISCUSSION: 

Figure 2-5 demonstrates the velocity profile for the various parameters in the presence 

& absence of the Joule heating parameter. Fig 2 depicts the velocity profile for 

various values of the magnetic parameter M. Due to the Lorentz force the boundary 

layer becomes thinner when increasing the values of M. Fig 3 presents the effect of 
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mixed convection parameter λ on the velocity field. The fluid velocity rises when we 

increase the values of λ because of the buoyancy effect. Fig 4 plots the effect of 

Williamson parameter λ1 for the profile of velocity. When we increase the Williamson 

fluid parameter, the change in boundary layer thickness is very less. Fig 5 shows the 

influence of λv on the field of velocity. We observed that the velocity profile reduced 

under the slip condition. Therefore, the boundary layer thickness decreases. In the 

presence/absence of joule heating parameter, we observed there is no much variation 

in the boundary layer thickness for the parameters M, λ1 and λv. But there is some 

reduction in the boundary layer thickness for the mixed convection parameter λ. 

Similarly, fig 6 displays the temperature profile for various values of thermal Biot 

number Bi, which increases the temperature field. We noticed that there exist a good 

variation in the boundary layer region and thickness with joule heating parameter 

when compared with H=0. The temperature profile for various values of the Prandtl 

number is explained in fig7. In general Prandtl number represents momentum 

diffusivity to thermal diffusivity. It reduces the thermal boundary layer thickness. 

Influence of Prandtl number on temperature field in the presence/absence of joule 

heating is significant. There exists much difference in the boundary layer thickness as 

well as the region. Fig 8 depicts the impact of joule heating parameter H on the 

temperature file. The temperature found to be increased. The joule heating parameter 

enhances the temperature of the fluid. Thus, the boundary layer thickness increased.    

 

 

Fig2: Velocity profile for various values of M           Fig3: Velocity profile for various values of λ  
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Fig4: Velocity profiles for various values of λ1          Fig5: Velocity profiles for various values of λv 

 

Fig 6: Temperature profile for various values of Bi    Fig7: Temperature profile for various values of Pr 

 

Fig 8: Temperature profile for various values of H  
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5. CONCLUSIONS 

Following are the results of the graphical solution for MHD mixed convection flow of 

Williamson fluid with the effects of partial slip and convective boundary condition in 

the presence of joule heating.    

 Velocity profile decreases for the Williamson fluid parameter λ1. 

 The velocity profile decreases for larger values of M and λv. 

 For increasing values of λ, the velocity of the fluid increases.   

 Temperature profile increases for larger values of Bi and for joule heating 

parameter. 

 An increase in the Prandtl number Pr reduces the temperature profile.  
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