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Abstract

In the present paper the authors will establish a double integral transform of
H -function which leads to yet another interesting process of augmenting the

parameters in the H -function. The result is of general character and on
specializing the parameters suitably, yields several interesting results as
particular cases.

1. INTRODUCTION

Rainville [7, p.104], Abdul Halim and Al-Salam [1] have shown that the single and
double Euler transformations of the hypergeometric function , 7, are effective tools

for augmenting its parameters. Srivastava and Singhal [10] and Srivastava and Joshi
[11] have discussed some similar interesting properties of | F, in double H -function
and double Whittaker transforms respectively.

In what follows for the sake of brevity, we have used the symbols
(a,,a,),A(r,a), A(r,*a), A((r,a,)) to denote the set of parameters
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A(r,a,), A(r,a,),..., A(r,a,) respectively.

The H -function occurring in the paper will be defined and represented as follows:

i
TN gy (a3 id i@ )var | _ L I = &
HP’Q [Z] B HP’Q |:Z (b./‘ﬁj)l,Mv(bj’ﬂj;B/)Mﬂ,Q :| - 277:1 _im¢(é:)z d§ (11)

) [1r®, -] [{ra-a,+a,o)}”
where  ¢(&) =—2= =

(1.2)

g B+
H {ra-s,+p&)}" H [(a,-af)

Which contains fractional powers of the gamma functions. Here, and throughout the
paper a;,(j=1..,p) and b,(j=1..,Q)are complex parameters,

a;20(j=1..,P),5,20(j=1..,0) (not all zero simultaneously) and exponents
4,(j=1..,N) and B,(j=N+1..,0Q)can take on non integer values.

The following sufficient condition for the absolute convergence of the defining

integral for the A -function given by equation (1.1) have been given by (Buschman
and Srivastava[2]).

M N 0 P

QEZ\ﬂj\+Z\Ajaj\—Z \ﬁij\—Z ;| >0 (1.3)
Jj=1 Jj=1 j=M+1 j=N+1

and [arg(z)| < %ﬂQ (1.4)

If we take 4, =1(j=1...,N), B, =1(j =M +1,..,0)in (1.1), the function Hrp
reduces to the Fox’s H-function [5].

We shall use the following notation:

*

4 = (aj’aj;Aj )l,N ’(af’af )N+1,P ! B = (bj’ﬂf )l,M ’(bf'"Bf;Bf )M+1,Q

4 = (a.i’aj;Aj )1, y ,(a,,a‘,« )Mu B = (b,,ﬂ, )1,g ’(b/’ﬂ.f;B/ )gﬂ,v

2. MAIN RESULT

In this section, we have established the following double integral transform of # -
function:

If s,k and rare positive integers, then
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a-1_ /(-1 O'ITIf’g i c* Em,n sk r|A* d —
XY+ ) Huw | A+ )| pr |Hpg | 67y (X + )| e dxdy =
00
v u 1 a_l ﬂ_l
(1—D)(f+g—%u—%vj+% Zd/ 726/' J{A*Ej(“*") s 2k 2
1 1
(27x) D —
/fla+ﬂ+a(s+k)a B 2
Em+Dggtv+p+DfD té‘DD(H') A((DA-A4-D; 0)),A(s 1-ai1), Ak 1-B1), 4% A(D A~ A=d /1) ... A(D 1~ A=) (2 1)
prp+Dv.q+p+Du ZD A((D1-A4-C,)),B* A(k+s 1~a—B1),A(D 1= A~y 1 1),..A(D 1= A—c, 1) ) '

s1.k

Where ]/Z(S-iw,p:S'Fk,D:S'Fk'FF,A:a+ﬂ+0',

0<Dg<Dus<bDv<Du+q—pu+v—-2g<2f<2v,0<n<p,p+q—-2n<2m<2q,

. . b, - _
Re mini+Dm|n—~’ > Re(—4) > Re D(S a,M,a,)+Ct—D—l
o, i s k

i J

i=12,...17=42,..ml=12,.mt=12,.,guRemnC +A4)—v,

d. Yy ke
Re[max5—’+AJ—uD+v+%D(Dv—Du+l)>D(Dv—Du),Remax(S a k ﬂ,a,j,
J

S k

i=12,..,u,j=1, 2,...,v;l=1,2,...,u;|argils(erg—%u—%vJﬂ,

11 b, b
largt|<| m+n—=p—=q |7,Re| a+s—= |>0,Re| f+k—|>0,j=12,....m
2 2 p p

J J

And the double integral converges.

Proof: To prove (2.1), we start with the following known result [3, p. 177]
[[#Ce+y)xy dxdy = B(a, B) | (2)2""dz (2.2)
00 0

Which is valid for Re(«) >0and Re(f3) >0.
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It is easy to prove by following the technique of reversing the order of integrations,
that

ﬂ_7
0 a-. RS s S Zk
Ij¢(x+y)x YW H L [tx‘ Y (x+y) B*]dxdy NVZ —1
00 (s+ k)
j B2z H e | 1827 [0 | dz (2.3)

Where s,k and r are positive integers,

s°k" 1 1
=————— p=s+k,D=s+k+r,p+g<2(m+n)|arqtl<| m+n——=p——q |r,

3 b,
Re| a+s—L |>0,Re| B+k—L |>0,/=12,...m
B B

J
In (2.3), taking ¢(z) = =" 7. 22| |

And evaluating the integral on the right hand side using [9, p.401] the result (2.1)
follows.

3. PARTICULAR CASES

On choosing the parameters suitably in (2.1), several known and unknown results are
obtained as particular cases. However, we mention some of the interesting results
here.

(a) Taking
f:v:2,g:0,u:1,01:%,dl:v,d2 :—V,O':,u+%,06j :,Bj :§j =y, zl,Aj :1:Bj
in (2.1) and using [3, p.216, (5)]

1 I 1
Hfz {x Em)j( bl)jl—ﬂ' e 2 K, (—EXJ,

We obtain

e e Lanf

S

| vy =
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1

1
1 1 1)1 a-> . p—
—7(2—D)(f+g—7u— vj+7 . s 2k 2

(2 72') 2 2 2 2 DA 1 [7[

1
ﬂa+ﬂ+a (S + k)m-ﬂ_i

m,n+p+2D |:t5DD

p+p+2D,q+p+D ﬁ,D

A((D 1-AFv)),A(s 1-a) A(k 1-B), 4*
FAGL-a) Ak A-p) } (3.1)
B*,A((D,E—A)),A(kﬂ',1—0(—,6)

Where &, D and A have the same value as (2.1) and

b, b.
A:y+a+ﬂ+%;p+q<2(m+n),Re(a+slB—]iv)>0, Re(ﬂ+sﬁ—]iv) >0,

J J

b.
Re[a+ﬁ+yiv+Dﬁ—’+%]>O,]:l,2,...,m; Re(i)>O,|argt|<(m+n—%p—%qj7r.

J

(b) Further, replacing ¢,zand (a,,a, )by g+1,—tand (1-a,,a, ) respectively and
then putting m=1n=p,b, =0,b,, =1-b,(j =12,...q) , using the result [44,p. 215,
(1)] and [4,p. 4, (11)], we obtain an interesting result obtained by Srivastava and
Singhal [10]:

1
—A(x+
5 (x+y)

I a— _ +1 1 a,,a s »
[ +0) 2a Kv{—ii(xw)}qu[Ebﬁ,ﬂqp)):’xy"(ﬁy) xdy =
00

\/;FLa+ﬂ+yiv+;J

oc+ﬁ+y+1

A T(a+pf+pu+l)

g+ k Ty s+k+r
p+3s+3k+2r F:]+2s+2k+r té‘( ﬂ, j

B(a, p)

A(s+ketr s fi v ) AGs ) Ak ) (a, ) (3.2)
(by 1) A(s+h,+B),A(k-+s,a+f+p+1) ! :

provided Re(u+a+ftv+ %) >0,Re() >0,Re(p) >0.

. 1 1 .
(c) Setting v=f=2,g=0,u=1¢ =1-pu,d, :E+v,d2 :E—V,Aj =1=B,Iin (2.2)

and using the known formula [4,p.216,(6)]

1
Hf’zo [x (k1) :l = e_ExW;(m (X),

(%+m ,l),(%—m 1)

We have
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. }dxdy =

1ﬂp()chy)

[[xivm i e 2, LG M [ 003 (e o)
00

1 a
D) _ pu+A-= S 2 k 2

Lo
@r)2 D"

1
/10!+ﬁ+0 (S + k)a+ﬂ_5

D
Hm,n+p+2D t5D
p+p+2D,q+p+D /lD

(3.3)

B*A(k+s1-a-p),A(D,u—A)

A(D,;—Aiv),A(s,l—a),A(k,l—ﬂ),A*i|

Where D, p,5and Aare given in (2.1);

p+q<2(m+n),|argz|< (m+n—%p—%q}7z, Re(4) > 0,Re(a +sb; >0,

Re(k +sb;) >0, Re(m+n+a+Dbjiv+%J>0,j:1,2,...,m.

(d) Further, replacing ¢,tand (ap,ap)by g+1-tand (1-a,,a,) respectively and

p’
then putting m=1n= p,b, =0, b.,=1-b,(j=12,..,9) and using the result [4,

p.215,(1)], (3.3) reduces to a result due to Srivastava and Joshi [11,p.19,(2.3)]

1/‘L()chy)

.([x“_lyﬂ_l(x+y)"ez w,, {i(x+y)} v [EZ:’ZP)): txsyk (x+ )" ldxdy =

O t—38

FLa+ﬂ+aiv+;J

/1“+’3+"F(a+ﬂ+a—,u+l) B(a p)

A(s+k+r,a+ﬂ+c7iv+%,),A(s,a),A(k,ﬂ),(ap ,1)
(bq A)A(s+k,a+B)Alk+s+r,0+ f+o—p+l)

p+3s+3k+2r F;/+Zs+2k+r |:t55
(3.4)

sk
Where 5=L 5’=[

s+k+r )™
(s+k)F’

A

Re(a) >0,Re(p) >0,Re(1) >0,Re (a +f+o0tv+ %J > 0 and the resulting

hypergeometric series converges, With ¢ =0,v= J_r% and o = —% ,(3.4) reduces to the

earlier results of Jain [6] and Singh [8].
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1
f:g:uzl,v:Z,clzl—k,dl:E+M,d2 ZE—M,aj =p,=0,=y,=14,=1=B,

in (2.1) and using the known result

r [1 +k+ mJ 1
Hy, {x (1-k1) } _\2 )

e*M, (x),
(%m,l),(%—m,l) r'(2m+1) ke,m ( )
We obtain

(X+y) m,n N r
My, A+ PH [ 09 (x4 )

o t—38

© 711
J.x“_lyﬁ_l(x +y)°e?
0

. }dxdy =

1 1
2172

( 2ﬁ)§(2—m DM% r(2m+1) s 2k
1
F(k +m+ ;) A5 (s + k)Mﬂ_E

p+p+2D,q+p+D ﬂD A(k+s1-a—p),A(D,k—A)

Hm+D,n+p+D |:t5DD

A(D%—A—m),A(s ,lfa),A(k,l—ﬁ),A(D,%fAer) :|

Where D, p,5and Aare given in (2.1);

p+q<2(m+n),|argt|<(m+n—%p—%qj7z, Re(4) > 0,Re(a +sb;) >0,

Re(B+kb;) >0, Re(a+ﬂ+a+Dbj +m+%J>O,j:1,2,...,m.

(f) Substituting f =L g=u=0,v=2,d, :%v,dz :—%V,Aj =1= B, and using the

result [4,p.216,(3)]

Hy5 [x

XY N (x+ »)°J, (2 A(x+ y)HZ’q" [txsy"

1\ 1 =JV(2x/;) , (2.1) reduces to
)

O ey 8
o—38

ph ] dxdy

1o

- D2 22

1
Aa+ﬁ+o (S + k)’“ﬂfi

(3.5)
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D
m,n+p+D
Hp+p+p2D,q+p l:té(zj
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(3.6)

B*A(k+s1-a—f3)

A(D,l—A—%vJ,A(5,l—a),A(k,1—/3),A*,A[D,1—A+%v] :l

Where &, D, pand 4 have the same values given in (2.1);

p+q<2(m+n),|argt|<(m+n—%p—%qj7z, Re(4) > 0,Re(a +sb;) >0,

Re(S+kb;) >0, Re£a+ﬂ+a+%v+Dij>O,j:1,2,...,m;

Re(a+,B+O'—D+Dai),%,i:l,2,...,n.

In view of the numerous properties of H -function, on specializing the parameters
suitably, a large number of interesting results may be obtained as particular case.
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