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Abstract

In the present paper some fixed point and common fixed point theorems are
established for non- contraction mappings, which satisfies the earlier result of
Khan [14], Goebel and Zlatkienwicz [8], Singh and Chatterjee [22].
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2. INTRODUCTION

The study of non-contraction mapping concerning the existence of fixed points draws
attention of various authors in non- linear analysis. It is well known that the
differential and integral equations that arise in physical problems are generally non-
linear, therefore the fixed point methods specially Banach’ contraction principle
provides a powerful tool for obtaining the solutions of these equations which were
very difficult to solve by any other methods. Recently Verma [24] described about the
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application of Banach’s contraction principle [2]. Browder [4] was the first
mathematician to study non-expansive mappings. Meanwhile Brouwder [4] and
Ghode [6] have independently proved a fixed point theorem for non-expansive
mapping. Many other mathematicians viz; Datson [5] Goebel [6], Goebel and
Zlotkienwicz [8], Goebel, Kirk and Simi [9], Iseki [11], Singh and Chatterjee [22],
Sharma and Rajput [21], Rajput and Naroliya [20] Pathak and Maity [18], Qureshi
and Singh [19], Sharma and Bhagwan [23], Ahmad and Shakil [1], Shahzad and
Udomene [24] have done the generalization of non-expansive mappings as well as
non-contraction mappings. Kirk [15, 16 and 17] gave the comprehensive survey
concerning fixed point theorems for non-expansive mappings.

Definition 2 A: The function 1: [0, ) — [0, o) is called an altering distance
function if the following properties are satisfied:

(i) ¥ is continuous and non-decreasing.
(i) Y()=0ifandonlyift = 0.
Lemma 2 B: Let (X, d) be a metric space. Let {x,,} be a sequence in X such that

rlll_{lc}o Yld(xn, xn41)] =0

If {x,,} is not Cauchy sequence in X, then there exist an €, > 0 and sequence of
integer positive {m(k)} and {n(k)} with m(k) > n(k) > k such that

d(Xm@) Xn(k)) = €00 A(Xim@)-1 Xn(r)) < €o-

3. MAIN RESULTS

Theorem 3.1: Let f be a mapping of a Banach space X into itself. The function
Y:[0,00) - [0,0) is an altering distance function, if f satisfies the following
conditions;

/2= 1, where | is identity mapping. (3.1.1)
YIfFE -l (3.1.2)
<o) [le—yllIIx—f(x)II+IIx—f(x)IIIIx—f(y)II+ llx=f llly=F GOl

llx=yll+lly=r Il

lx=fCIP+ ly-f I3 lx=fI*+ lly=f GII?
+ +
M [1+le—f(x)II2+ IIy—f(y)IIZ] v T+lIx=f O II+lly=f ol

+y Ylllx = FN + Mly = FOIT+8 Y [llx = FOII + lly = FCOIT -+ [lx =yl
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Foreveryx, y € X, where a, , A, W, v, 6, 1> 0 and Sa+p+4 A+2 p +4y+26+n < 2, then
f has a fixed point.

If o+ p+25+n <1 thenf has an unique fixed point.

Proof: Suppose x is a point in the Banach space X.
Taking y= % ¢+ (x) z=fy)and u=2y-z wehave
lz = xlI=9llf ) = F2EN =YlIf ) — FEEDI

< [Ily—f(X)IIIly—f(y)II+IIy—f(y)I|||y—f2(X)||+ ||y—f2(x)||||f(x>—f<y>||]
= Iy—f GO+ -l
o ly-ro)IE+ |[feo- £2 @ ] - ||y—f2(x)||2+Ilf(x)—f(y)llz]
T+ y—f I+ If - £2 )12 1Hy—F2 @I+ F G —F DI

Y Yllly = fFOI+ G — F2I 39 [lly — F2(0ll +
If G = fWMITMy lly = fFCOl

ly—£ Oy =F O+ Iy —FOMlx=y I+ =yl F O -F I
—_ <
Yllz = x|l <onp [ y—F I+ x—r GOl

ly=fDIE+ £ =013 lly=xI1?+ 11f G)=F I
T [1+||y—f(y)||2+ Il Go- x)||2] ey [1+I|y—xll+|If(x)—f(y)ll]
Y Y lly = FOI+ e = FEONT +8 ¥ [llx = yll + [If(x) — f(II] +n ¢
ly = £l

Yllz—x|| <oy
(ly—=F O+ £ = OIZ)Aly=F O+ £ G —xl)
Ay [ Ty —F O+ If )= 0l12
. lp[(le—yII+IIf(X)—f(y)II)(le—y|I+I|f(X)—f(y)I|)]
H 1+ ly—xI+1F - O
+yY Y [lly = fOI + llx = F] +8 ¢ [llx — ¥l + If(x) — f(II] +n ¢
lly — fOl

ly=f Illx=F COll+x=y 1l f )= f DI
lz — x| < Oﬂl)[y SOIlx fx”x_yﬁ Ylllf -1 ()

[Ily—f(y)II(Ily—f(X)II+IIx—yI|)+I|x—yI|IIf(X)—f(Y)II
llx=yli

(ly=F N2+ 1F )= D) Aly—F O+ 1 G)—=l)
Ay [ O+ I G- D)2
" [(le—yll+IIf(X)—f(y)II)(IIx—yII+I|f(X)—f(y)I|)

I+ 1F G-I

+YYlly = fFOONl + llx = FGONT+8 Y [llx = yll + [If ) = FWII]
My lly = Ol

o
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Yllz = xll < ay [RLEATEL 1160 - F)]

[lx=l

AP [lly = FOOI+ llx = FCONT + pap [llx =yl + [Ifx) = ()]

+YYllly = FOII + llx = FEINT+8 Y [llx = yll + If ) = fFWIIT +n
ly = FCl

Pllz - xIl < ap l”y”‘;_({)'u[”jg((;)|'|' o HOESICXGETEN] l

#19 [ly = FOI + llx = FGOI
tpy [x- 5 + D[+ |-G ¢+ De||+ve
[lly = FOI + llx = FEOII]
wy[|[r-3 F + D |+ |F@-rG F + D]y
|5+ D -r@

ly—=f)Ilx=fCOll | 1
z—x|| <« +-lx—f(x
Yllz— x| w[ e ROl

2 [y = FO+llx = FOON +uy [Sllx = FOONl +
Sl = FI]

+yYllly = FOI + llx = FEOIN +8 9 [511x — FGOIl +7 lx = FGOl|
=l - F@ll
Pliz—xll < ap [2lly = FOII+7 lIx = FI]

AP [lly = fFOIN + llx = FCONT + pap lx = FCO

+y Y [y = FOIl +llx = FCIN T+ 9 [llx — fFCON] +n ¢
~llx = @)l

Plz—xll<C+r+p +y+8+ Dy llx - fFOl+ QW lly—fO)  (313)
Also

Pl —xll =112y =z = xll =9 || (F + DO =z =x||= lfE) - zI=llf (x) -
fII
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=y lllx=F GOl +lx—f CONlx—F O+ Il=F Oy~ GO
— <
Wllu — x|l < 0“/’[ ey 4y —F Ol

lx=fCOIP+ lly=f I llx=f I+ lly=fCOll?
+ +
My [1+|Ix—f(x)||2+ IIy—f(y)IIZ] hy [1+|Ix—f(y)||+||y—f(x)||]

+ vy flle =FOI+lly = FOIIT +8 ¥ [llx = FOII + lly = FCONT +n ¥

llx = yli

Wllu — x| < oap [le—f(X)II(IIX—yII+||x—f(y)||)+ lIx—f Iy —f GOl

[lx=f Il

A [(le—f(x)II2+ ly—f O)IIZ)Ulx—f COll+lly—f I
1+|lx=fF COI2+ ly—f W)II?

i 1/)[(le—f(y)ll+Ily—f(x)II)(IIx—f(y)II+I|y—f(x)ll)
H T+ Dy @I

+ Y[l = fFON+lly = FOIT+8 ¥ [llx = FOONl + [ly = FCOlT +n ¥

llx = yli

¥ llu = xl| < ayp [FLEERSE 4 fly — £l

A [(le—f(X)II2+ ly—f IZ)Ulx—7F COll+lly—F I
[lx=f G2+ ly—f )

. lp[(le—f(y)|I+|Iy—f(x)ll)(llx—f(y)I|+I|y—f(x)ll)
H Ix=f D I+ly—F @

+ vy il =fFOI+lly = FOIIT +8 ¥ [llx = FOII + lly = FCONT +n

llx = yli

—fIlly—-f &)
¥ llu = xl| < aop [FLEREEDN 4y — £ ol

A [llx = fFOONl + Mly = FOINT + e [llx = FOI + lly = FCOII]
+ Y [l = fFOON+ lly = FOIT+8 ¢ [llx — FOII + [ly = FCl

+n P |[x = yll

Yllu— x|l <ay [”i:;ém(llufl-)f(cgil' +]5 ¢+ D -F@ ||l

A [llx— FEON + Iy = FOII +pw[||x = £ G ¢ + D )| +
|5 ¢+ De0-re|]

+yy lllx = FU+ Iy = fFo+sw[[x = £ G ¢t + D )| +
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[z ¢+ Deo—ro| vl =3 €+ Dl he—xi<

lx=fCOllly=fOOIl |, 1
o +-lx—f(x
P [ e ] L >||]

A [llx = FOI + Iy = FONT+pp [Sx = FCll +3lx = FGOIl |

sy P [llx = FOI +lly = FOI+8 9 [Sllx = F@Il +2lx = £GOl |
=l — F@ll

lu— x|l <ayp[2|ly —f(y)ll+§llx —f@I 1T *2y [llx = fFCOI + lly — FODII +
ny llx — fColl

+Y Y [llx = FCN + My = FOIINT + 89 [lx = fFCOIl +nyp %le—f(x)ll

Yllu—xll <G+ A+p +y +8+DPllx — FOI + QRa+ A +y) Plly = f D)
(3.1.4)
Now,
Yliz = ull =9llz = x) = (x =Wl s (llz = xll+pllx = ull)
<[G+ A+uty+8+DPllx = FEI+ Qo+ d+y) Ylly = FOII

+H[GC+ A+ p+y+8+ DYl = FOON + Ra+ A +y) plly = FODII]

Yllz—ulls(a+2A+2p+2y + 25 + M) Pllx — fFOl+(4a+ 21 +2y)Y [ly —
fO)
Also
Yllz—ull=y lIf ) - 2y -2l

=yllf () —2y — FOII

=2¢lly — fFO)l (3.1.5)
From (3.1.5)

2Plly —f)Il < (a+ 2A+2u+ 2y + 26 + n) YPllx — FQO[ + (4o +2 X +2y) P
ly = FO)II

[2-(4a+2y+20)] Y lly = fFODII s (a+ 2A+ 20 +2y + 26 + n) P|lx — Q|
ly = fFO)ll <qllx = fl
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(a+2 A+2p+2y+25+1)

Where q= [2-(“a+2A+2y)]

Since 5a+ 4A+2p +4y + 26+ n<?2

Let g==(f+I) then for every x €X

Y[lg? ) - g = v lle- v ||
=p|; ¢ +Dy-vy|
= ~Plly - Fl

< 2Plx - FGl

By the definition of g, we claim that {g»(x)} is a Cauchy sequence in X.
By the completeness, {gr(x)} converges to some element Xo in X
Ie. 7111_1)101O g™ (X) =Xo
which implies that g(Xo) = Xo
hence f(Xo) = Xo
I.e. Xo is fixed point of f
For the uniqueness:

If possible let yo (#x0) be another fixed point of f'then
Yllxo = yoll=9 || (x0) = f oy |

llxo=yo lll|lxo—f (xoy | +]|x0—7 Cxoy ||| X0—F (voy | + ||x0—f(YO)||||J’0—f(x0)||]
llxo—=oll+llyo—f o)l

say

" [ lyo—f olI3+ IIf (xo)— xo)II3 ] + llyo—xoll2+ Il f (x0)—f (Vo) II?
1+|lyo—f @12+ I f (x0)— x0)II? 1+{lyo—xoll+I1f (xo)—f o)l

+y ¥ [[|xo = oy || + llyo = FOON] +8 ¥ [llxo — F o)l +
lyo — f(xo) I +n 3 [[xo — yoll

_ llxo=oll® 2[|yo—xoll _ .
B 1o — yoll < ap P oy [ ] 4254 1y =yl 41 g — ol
2
<y llxo = yoll +hw [S2]126 pllxy — yollen v lixo = ol

saPllxg — yoll + n llxg — yoll +28 ¥ |lxo — yoll+m ¥ llxo — Yol
Y lxo — yoll= (o + p +28+m) Yllxe — yoll
Since a + p+28+n <1
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Yllxg — yoll=0
X0 =Yo
This complete the proof

Theorem 3.2: Let K be closed and convex subset of a Banach space X . The function
Y:[0,00) - [0, ) is an altering distance function, let f : K—K, g : K—»K
satisfy the following conditions:

f and g commute (3.2.1)
f?=1 and g2= 1, where | denotes identity mapping (3.2.2)
Ylif & = (3.2.3)

<a) [Ilg(x)—g(y)ll|Ig(x)—f(x)||+||g(x)—f(x)llIlg(x)—f(y)ll+ Ilg(x)—f(y)ll|Ig(y)—f(x)||]
B lgx)—gMII+Ng)—-f Il

1!’[ lg()—F IR+ lg)—F I3 ] e [Ilg(x)—f(y)llz+Ilg(y)—f(x)llz]
1+lg()=fF N2+ lg)-FII? H 1+{lg )= fFI+Ilg)—F Il

+Y Y lllgl) = FI +1lg) = FWIT+6 ¥ [llg () — fFOIIl +
lg() = FCOIl]

MY llgx) =gl

Foreveryx,y€ X, 0<a, A, u v, 0, nand Sa+ 4 A+2 p +4y+26+n < 2, then there
exits at least one fixed point, x, € X such that f(x,) = g(x,) = x,. Further if o + p
+26+n <1 then x, is the unique fixed point of /" and g.

Proof: From (3.2.1) and (3.2.2) it follows that (fg)? = I and (3.2.2) and (3.2.3) imply.
Wlifgg() = fagml =lif g = fg* W

<au [Ilggz(x)—ggz(y)ll||ggz(x)—fgz(X)||+||ggz(X)—fgz(x)II||ggZ(X)—fgz(y)||+ lgg®)-fa*>Mllllgg? ) -rg*@)||
- lgg?x)-gg>M+lgg? ) -rg?> Wl

l,l)[ lgg?)-ra?@)|’+llag?on-ra? |’ ]
1+lgg% (x)—fg? )%+ llgg? ) -fg>W)II?

ey [IIgch(x)—ng(y)llz+||gg672(y)—fgz(x)||2
MY 1902 @-ra2mll+lgg? ) -r a2l

+y ¢ [llgg®(x) = fFg* N + llgg®> ) — Fa*> W +8 ¥ [llgg?(x) —
fa*WMI+ llgg*») — fg*)ll]

MY llgg®*(x) —gg* Wl
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< lg(x)—gMllgx)—fggll+lgx)—fgg)llllg(x)—fggll+ Ilg(x)—fgg(y)ll|Ig(y)—fgg(x)ll]
B lgx)—gII+Ilg)-Fagll

" [ lg()=FfggIE+ lg)-fggI® ]
1+lg(x)=fag?+ lgy)-fgg)lI?
" [Ilg(x)—fgg(y)||2+ ||g(y)—fgg(x)||2]
1+|lgC)—fggaM+Ilg)—-fggll
+Y Y [llgx) = fggOll +lgy) — fFggIT +8 ¥ [llg(x) —
fagl+lgy) — fggoll]

M Yllgx) — gl
Now that g(x) =z and g(y) = w, then we get

[lz—W)lllz=fg@)lI+llz=fg@)llllz—f gW)II+ llz—f gW)IIllw—Ffg(2) ||
Ylifg@ — faw)ll < ap | I et

+Ay

llz=fg@)II*+ Ilw—fgw)II* ] + llz—fgW)II*+ llw-fg(@)I?
1+llz=fg @12+ lw—fgw)|I? 1+llz=fgWlI+llw=fg @l

+YYlliz=fag@ll + 1w —=fgmlll+8 ¥ [llz = fgw)ll +
lw—fg@ll My llz—-wll
We have (fg )’ =1 and so by theorem 1, fg has at least one fixed point say xo in K
ie.
g (x0) =xo
11 8&(x0) = f(x0)
g(xo) = f(x0)

Now

YIlf (x0) = Xoll = 1If (x0) — f2x0ll =¥ [If (x0) = ff (o)

<a
" [llg(xo)—gf(xo)ll||9(X0)—f(Xo)||+||Q(Xo)—f(Xo)||||g(Xo)—ff(Xo)||+ llg(x0)=ff xo)llllgf(xo)—f o)l
lgx0)—gf E)ll+lgf xo)—ff o)l

lg(x0)=f xo)II*+ Ilgf (o) = fF Xo)II*
+
v 1+llg(x0)—f (xo) 1>+ ||gf(X0)—ff(X0)||2] v
[||9(Xo)—ff(xo)||2+ ||gf(X0)—f(Xo)||2]
1+1lg(x0)—ff xo)lI+11gf (x0)—f o)l

+Y Y [llg(xo) = fF&ll + 11gf o) = ff o)l +8 ¥ [ll g (x0) —
fF&EI+llgf (xo) = f(xo)lI]
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MY lg(xe) — gf o)l
< ayp [Ilf(Xo)—Xo)ll||f(Xo)—f(Xo)||+||f(Xo)—f(Xo)||||f(Xo)—Xo||+ ||f(X0)—X0)||||X0—f(Xo)||]

IIf (x0)—Xoll+IIX0—Xoll

" Il (x0)=f )II* + IIxo —XoI* ] n lp[”f(Xo)—Xo”z"‘||X0—f(Xo)||Z
1411 f (x0)—f x)II*+ lIxo—x0 I? 1+]1f (o) =0 ll+lIxo—f (%)l

+Y Y [Ilf (x0) = fxo)Il + [1x0 = %ol[T +8 ¥ [Il f (%0) — %ol +
lIx0 = f (x0)ll]

Y [If (x0) = %ol

<oy [lf (xo) —xo)ll +ryp lIf (Xo) —x)[+28 P lIf (X0) — o)l +
Y ||f (x0) — xo)l

P If (xo) = xo)ll < (a+ p+28+0) Y [If (%) — x0)l

This is contradiction

Since (a + pt 26+1m) <1

Y f(X0) = X0

i.e. xq is fixed point of f ,but f{x,) = g(x,) therefore we have g(x,) = x,
I.e. X, IS the common fixed point of f and g.

Now, we shall prove that x, is the unique common fixed point of f and g . If possible
let yo be another fixed point of f and g.

Now by (3.2.1),(3.2.2),(3.2.3),(3.2.4) and (3.2.5) we have
P lIxo = voll =9 lIf* (o) = f2 o)ll=9 Iff (x0) = ff o)l

<a [Ilgf(xo)—gf(Yo Milgf xo)=ff xoll+Ilgf o) =fF x)llllgf o) =ff Yo )ll+ lgf o) =FF ¥o)lllgf (o )=FF o)l
- lgf x0)=9f Yo)lI+llgf (o )=Ff o)l

llgf x0)=ff x>+ 1lgf Vo) =Ff o)II?
_|._
v [1+||9f(X0)—ff(Xo)||2+ lgf(yo)=ff(¥o )IIZ] v
[||gf(Xo)—ff(Yo 2+ llgf (yo )—ff(Xo)IIZ]
1+llgf o) =ff(yo)ll+1lgf (o )=ff (xo)ll

+y ¥ lllgf o) = Ff &l + lgf o) = Ff Il +8 Y [llgf (x0) = ff (o)l +
19f o) = ff xo)ll]

M Y llgf o) — gf Go)ll

< [”Xo—}’o||||X0—Xo)||+||X0—Xo||||Xo—Y0||+ ||X0—YO||||YO—X0||]
- Ixo=yoll+llyo—yoll

—x 134 (v —ve (I3 —vll2+ Va—xalI2
+7»ll)[ [1xo—Xoll ! llyo—yoll 2] + [IXo=yoll*+ llyo—xoll
1+|[xo—XolI?+ llyo—Yoll 1+|[xo=yoll+lyo—Xoll
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+Y P [lIxo — Xoll + ¥ llyo — yolll +8 ¥ [I[xo — yoll + ¥ llyo — Xoll]
MY [[xo — yoll

2
<o 1 lIxo = oll+u [Z22¥l] 125 4 flxy — yoll+n ¥ llxe — ol

1+2[Ix0-Yoll
<a ¥ lxo = yolltu ¥ lIxg =y oll +28 ¥ |Ixo — yoll+n ¥ [[xo — yoll
Y llxo —yo)ll <(a+B+u+28Mm) ¢ [Ixo — yo)ll
Since o +u + 26+m < 1, it follows
X0= Yo

Proving the uniqueness of x, the proof of theorem 2 is complete.

Theorem 3.3:

Let K be a closed and convex subset of a Banach space X. Let f, g and h be three
mappings of X into itself such that

fe=gf gh=hg and fh=ht (3.3.1)
=1, g’=1 h’=1 where I denotes the identity mapping (3.3.2)
UAITECIR ]| (3.3.3)

<ay llgh(x)—ghM)lllgh(x)—f COll+llgh(x)—fCOllllgh(x)—f I+ |Igh(X)—f(y)I|Ilgh(y)—f(X)II]
- llghx)—ghMII+lgh()—f Wl

" llgh(x)-fCOIE+ lgh)—-f I3 ] " lp[IILchI(JC)—f(y)I|2+Ilgh(y)—f(x)llz]
1+|lgh()—fCONZ2+ llgh(Y)-fFW)II? 1+|lgh Q)= fW+Ilgh(y)—f Il

+y ¥ [llgh(x) = FOI + lgh(y) — FDOI] +6 ¥ [llgh(x) — FO)II +
lgh(y) — fCOll]

+n Y |[gh(x) — ghW)|

Foreveryx,y € Kand0<a,, A, i v, d, n such that Sa+ 4 A+2 p +4y+25+n < 2, then
there exist at least one fixed point x,€ X such that

S (xo) =g h(xy) and fg(xo) = h(xo)
further if o +p +238+n <1 then f has an unique fixed point.

Proof: From (3.3.1) and (3.3.2) it follows that (g #)? = I, where | is identify
mapping, from (3.3.2) and (3.3.3) we have

Y llfgh.gx) — fgh.gIl =y lIf.ghg(x) — f. ghgW)I|
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<a
llghghg(x)—ghghg)llllghghg(x)—fghg () ll+llghghg () fghg(x)llllghghg(x)-fghg(¥)Il+ Ilghghg(X)—fghg(y)IlIlghghg(y)—fghg(X)II]
llghghg(x)—ghghg Il +llghghg(y)-fghg¥)ll
o [ llghghg(x)—fghg()II*+ llghghg()~fghg I ]
1+llghghg(x)=fghg ()2 + lghghg(y)—f ghg () I?

" lghghg(x)—fghg()|I*+ llghghg(y)—fghg(x)|?
1+|lghghg(x)—fghgMIl+llghghg(y)—fghg (Il

+Y Y [llghghg(x) — fghg )l + |lghghg(y) — fghg()II]
+8 Y [llghghg(x) — fghgWIl + llghghg(y) — fghg(x)ll]
M Y llghghg (x) — ghghg W)l

<a
" |Ig(x)—g(y)ll|Ig(x)—fghg(x)ll+|Ig(x)—fghg(x)llIlg(x)—fghg(y)ll+Ilg(x)—fghg(y)ll|Ig(y)—fghg(x)ll]
lgC)—gMII+lg)—fghgl

1/)[ lg(x)=fghg(@)|I3+ lg(y)-fghg ) ] +
1+]lg(x)—fghgOI2+ llgy)-fghg(W)I?
[Ilg(x)—fghg(y)llz+ Ilg(y)—fghy(x)llz]
1+llg()—fghgMIl+lIlg()—fghg (Ol

+Y Y [llg(x) — fghg@Il + 1lg(y) — FghgMIIT+6 Y [llg(x) —
fahgWIl +1lg(y) — fghg (]
MY llg(x) — gl
Now, if we put g(x) =z and g(y) = w, we get
Y lIfgh(z) — fghw)ll =

<ot lz—wlllliz—fgh@)|l+|Iz—fgh@D)llllz—f ghW)II+ lIz—f ghW)| IIW—fgh(Z)II]
- lz—wll+llw—fgh(w)l|

lz=fgh@ 1%+ lw—f ghw)I? lz=fghw)II+ llw=fgh@I1>
+ oy |z L@l vy |y [0 L]
1+llz—f gh@)1>+ [w—f gh(w)]| 1+llz—f gh(W)ll+Ilw=Fgh(@)

+y P lllz = Fgh@) + llw = fgh(w)lIl +8 9 [llz = Fgh(w)ll +
lw = fgh()Il
MY iz —wl|
Put fgh=N
¥ ING) —Nw)ll = <ap |

|z—wllllz—N@)|[+llz-N@)llllz_NW)[l+ llz-NW)[[IV-N(2)I|
lz=wll+[lw-Nm)

" [IIZ—N(W)||2+ lw-N(z)||*
1+|lz=Nw)|[+[lw=N(2)l

Iz=N@)|I*+ [[w-NWw)||*
Y [1+IIZ—N(Z)IIZ+ IIW—N(W)IIZ]

+y Y [llz=N@I + llw = NW)II] +8 ¢ [|lz = N(W)|| + |lw = N(2)|l]
M [z —wl|
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Put W=%W+[)(Z), s=Nmw) and ¢t=2w-s we have
Now from (A) we have

Y lls—zll =y INW) —zll = IN(w) — N?z|| = ¥ IN(w) — NN(2)|

<atp lw-N@)|lllw-NW)[l+|lw-NW)|lllw-NN(z)l+ IIW—NN(Z)IIIIN(Z)—N(W)II]
- lw=N@)II+IIN(z)-NN ()l

- 3 _ 3
+ AP lw—NW)[I"+ |IN(z)-NN(2)I| ]

[w-NN(2)|?+ IIN(Z)—N(W)HZ]
1+[lw=NW)|I?+ |IN(z)-NN(2)||>

TR e @ T IV Nl
+Y Y [llw = NW)|| + [[N(z) = NN(2)|[] +6 ¢ [llw = NN(2)|| + [IN(2) —
Nw)II]
i |lw—= N

<atp [IIW—N(Z)IIIIW—N(W)II+IIW—N(W)IIIIW—Z|I+ [lw—z||lIN(z2)-NWw)|
- [lw—z|

+AY

lw=NW) |3+ [N (z)—z]3 llw—zII2+ [N (z)-N(w)]2
+ —
[1+||w—N(w)||2+ ||N(z)—z||2] MY | w—aeivaoNeor] YW LW = Nl +

IN(2) = z[l] +8 ¥ [llw — z|| + [IN(2) = N(w)l]
My llw =Nl

Wlls—z|l <ayp [IIW—N(W)II(IIW—N(Z)II+||Z—WI|)+I|Z—WI|IIN(Z)—N(W)II]

llz—wll

(Iw=NW) 12+ IN)- D 12)Alw=Nw)Il+ [INE)—zll)
Ay THIW-NW) 12+ INGD)- D12 ]

(lz—wll+IIN@Z)-NW)|D(lz—wll+]IN(z)-N(w)I)
1+[w—z|l+[IN(2)-NW)l

tuy [
+y P [llw = Nl + llz = N1 +8 ¥ [llz — wll + [IN(z) — N(w)][]
My |lw— NI
Y lls—zll < ap [”W_N(W)””Z’N @l +HIz=wlllIN@)-N W)

llz—wll

(w=NW) 12+ IND)- D) AIw-Nw)ll+ IN@)—zll)
* W[ W—NW) 2+ INZ)— 22

. l/)[(||z—w||+||zv<z>—zv<w)||)<||z—w||+||zv<z)—zv(w)||)
H Iw—zI[+INZ)-N W)

+ Y [lw = NIl + 1z = NI+ [llz = wll + IN@) = Nw)ll] +n
w = NI
Plls — Il < ayp [CMELOL 1 1N Gz) — Nl + 29 [llw = NIl +
Iz = NI+ [llz = wil + ING) = Nw)I]
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+YYlllw = NWl + llz = NI +8 ¢ [llz — wll + IN(z) = N(w)[] +n ¥
lw — NI

[lw—NW)|lllz=N(2)I|
Hz—% (N+1) (z)”

plls 2l < ap + @ -vé o+
2 [Iw = NIl + llz = NI

rupllz-sw +D@|+ [N -NG v + D@ [+ve
[llw = NW)Il + llz = N(2)ll]
$Sy[|z-; v+ D@ +|N@-NG v + D@|] My
|5 v +D@-na)|

Plls — z|l < ayp

lw=NW)lllz-N(2)I|l |, 1
+=-llz—N(z
e Rt )||]

2 [Iw = NI + 11z = NI+ 1y [Fllz= NI +3 1z = NII]

+y 9 [llw = Nw)ll + iz = NI +8 9 [z = N@Il +5 1z = NIl | v
~llz— NIl

Plls =zl < ap [2llw = NIl +5 Iz = NI+ 29 [llw = Nw)l +
Iz = NI+ upllz = NIl

£y [lw =Nl +llz = NI 1+8 % [z = NI ¢ 311z = N@)|
Ylis =zl < G+A+p +y+ 8+ DY llz = N@Il + (2a+ L +y) plw = Nw)|

(3.1.3)

Similarly it can be shown that
Plit—zl <P G+A+p +y+5+D 2= N@I + QRa+ A +y) ¥ [lw = Nw)|

Y lls = tll<ylls — z|| +yllz — |
S(a+ 22+ 2u + 2y + 25 +n) |IN(2) — z|| + (4o + 21 +2y) |lw — N(w)|| (D)
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Also
Ylis —tll=y [Nw) — (2w - )|
=y[IN(w) —2w + N(w)) |l
=2¢|IN(w) —w ||
Putting the above value in equality (D), we have
20[INW) —w || < (a+2A+2u+ 2y + 25 +n) Y|IN(2) — z|| + (Ao + 21 +2y) P
lw — Nw)ll
[2-(4o+ 20 +2Y) | Pllw = N(W)|[s (a+ 22+ 2pn + 2y + 28 + ) YI|IN(2) — z||
YINw) —wll < qlIN(z) —z|

_ (a+2A+2p +2y+28+n)

Where q = [2—(4a + 2427 )]

Since (5a+4A+2p +4y + 26 +n) <2
e [Nw) —wll < qy |IN(2) — z|| (E)
Put g:%(f+ [) then for everyz €X

Yllg*(@) - 9@l =yligw) — wi|
1
=y ”; (N +Dw-— W”
= ZLilw - Nw)I
< 2w - Nw)l
By the definition of g, we claim that {g"(x)} is a Cauchy sequence in X.
By the completeness, {g"(x)} converges to some point Xo in X
lim g™ (X) = Xo
n—-oo
which implies that g(xg) = xo

Hence N(xg) = xo

fgh(xo) =xo because N=fgh (3.3.4)
and so

g h(f g h)(xo) =g h( xo)

Sxo) =g h(x0) (3.3.5)

Also
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h (fgh)(x0) = h(xo)
J&(x0) =h(xo)
Now by (3.3.1), (3.3.2), (3.3.3), (3.3.4) and (3.3.5) we have

I1h(x0) = %0ll=llfg(x0) — f2x)I=IIfg(x0) — ff o)l

<o) [Ilghg(Xo)—ghf(xO)IIIlghg(Xo)—fg(Xo)II+Ilghg(Xo)—fg(xO)IIIlghg(xO)—ff(xO)IH Ilghg(xO)—ff(xO)IIIlghf(xO)—fg(Xo)II]
- llghg (x0)—ghf Xo)ll+llghf (xe)=ff o)l

l/)[ llghg(x0)—fg(xo)lI*+ llghf (x0)—ff (xo)II> ]
1+llghg(x0)—Fgxo)lI*+ llghf (x0)—f f xo)II?

" lghg(x0)—ff &%+ llghf (x0)—fg(x0)II?
1+|lghg(xo)—ff Xo)ll+llghf xo)—fg(Xo)ll

+Y ¥ [llghg(x0) = 9ol + llghf (x0) = ff (xo)l]

+8 1 [llghg(x0) = ff xo)ll + lghf (x0) = Fg(xo)ll] +n llghg(xe) — ghf (o)l

<a [lh(x0)= o) lllh(x0)—h(X) I +|h(x0)—h Xl In(x0) = (Xo) I+ R (x0)—(Xo)Il ||(X0)—h(Xo)||]
- 1R (x0)— (o) I+ (%0)— (o)l

+7\,l,l)[ IR (x0)—h(xo)II3+ ll(x0)—(x0)II® ] + IR (x0)— (o) 1%+ |1 (X0)—h(xo)I?
1+]|h(x0)—h(%0) 12+ | (%0)—(X0)|I? 1+||h(%0)— )+l (Xo)—h )l

+Y P [llh(x0) — h(xo)ll + I(X0) — Xoll] +8 ¥ [IlR(x0) — X0l +
lIxo — h(xo)Il]

1 [[h(x0) — o

<ot [[h(xo) = Xoll +ullh(X0) = Xoll +28 [[h(X0) = Xoll + nllA(xX0) — Xoll

< (atp +28 + M) llh(x0) — Xoll
Therefore
Pllh(x0) = xo) Il < (o0 + +28 + M)l (xo) — Xoll
This is contradiction
Since (o +pu +28 +1) < 1

h (xo) = xg

I.e. Xq IS the fixed point of h. Thus we have from (3.3.5)
g (Xo)= f{x0)
Again
YIIf (x0) = XolI=9lf (x0) = f2)I=YIf (x0) — ff (o)
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[+llghx0)—f x)llllghXe)—fF Xo)lI+ lgh(xe)—f F Xo)llllghs (o) —f o)l
lgh(x0)—ghf xo)ll+llghf (xo)—ff (xo)ll

<y [||.9h(Xo)—ghf(Xo)||||gh(X0)—f(Xo)|

¢[ lgh(xo)—f xo)II3+ lghf xo)—F f x)I® ] + e lgh(xo)—f f Zo)lI>+ lighf (x0)—f (xo) I
1+[lgh(x0)—f (xo)II2+ llghf (x0)—f f (Xo)I? 1+llgh(x0)—f f o)+l ghf (x0)—f (xo)l

+Y Ylllgh(xo) — fF oIl + lghf (xo) = ff xo)ll]

+8 Y [llgh(xo) = ff o)l + lghf (X0) = f (o) Il +n Yllgh(xo) — ghf X0l

< [llf(Xo)—(Xo)H||f(X0)—f(Xo)||+||f(Xo)—f(Xo)||||f(Xo)—(Xo)||+ IIf x0)— o) Il (x0)—f xo)I
- I1f (x0)— o) I+ (x0)— (X0l

W Ilf (x0)—f )3+ 11 (o)~ (x)II® ] + Ilf (%0)—(xo) 12+ | (x0)—f (o) II*
1+|If (x0) = F X I2+ [ (x0) = (X0) 1% 1+ f (x0)— o) I+ (x0)—f o)l

Y P LI (o) = £+ 11Cx0) = Cro) 1] +5
[lf (x0) = o)l + 1 (x0) — £ o)l
MY [1f (o) = (o)l
<aplIf (xo) = o)l + WIS (x0) = Cxo)lI+23l1f (x0) = (o)l +
nllf (xo) = (xo)ll
<(a+p 28 + MYIIf (x0) — o)l
Pllf (x0) = o)l < (o +p 428 + )Pl f (x0) — xo)l
which is contradiction
Since (a+u+26 +1) <1
Jxo) = xo
but
S (x0)= g(xo)
Xo 1S the common fixed point of £, g, 4.
Using (3.3.1), (3.3.2), (3.3.3), (3.3.4) and (3.3.5)
Ylxo = yoll =¥ lIf? (%) = 2 Goll=9 Iff (x0) = fFf o)l

<
a [”ghf(xo)—ghf(}’o Mlghs xo)=ff o)ll+llghsf xo)=ff o) lllghf Xo)=ff o)+ llghf xo)=ff Fo)Illlghf o) —ff o)l
llghf (x0)—ghf (yo)ll+llghf (yo)—ff(yo)ll

w llghs x0)=Ff Yo )lI*+ lghf (yo)—ff xo)lI?

lghs x0)—Ff )3+ lghs (yo)—Ff yo)lI? ] n
1+llghtf x0)=fF (o) ll+llghf (o )= Ff (o)l

T g (o= FOco)IZ 91 (0 )~ (v )P
+y Y [llghf (x0) — ff &Il + lghf (vo) — ff o ll]
+8 Y [llghf %o) — ff o ll + llghf (o) — Ff x)Il +n Y llghf (x0) — ghf (o)l

< ap Ixo=yo)lllIxo—=%oll+IXo—X0llIX0—yo I+ lIXo—yo llllyo —Xo||]
- lIxo=yo lI+llyo =yo Il
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A ll(xo—x0lI3+ llyo —yo I ] +uy lIxo—yo I+ llyo —%oll? ]
1+Ixo—x0 12+ llyo =¥o II2 1+(Ix0—yo lI+llyo —(%oll

+Y P [lIxo —xoll + llyo —¥o 1 +8 ¢ [lIxo — yo Il + llyo — Xoll]
MY Ixo — yo ll
< a |Ixg — yoll #BlIxo — yoll+r ¥ [[xo — yoll +26¢lIxo — yoll+n ¥ lIXo — yoll

Ixo — yo)ll < (o +p + 26+m) Y|lxo — yo)ll

This is contradiction,

Since o +p +26+n < 1, it follows

Xo0=Yo

This completes the proof of theorem.
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