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Abstract 

The aim of present paper is to obtain some results for the stability of viginti unus 
functional equation in matrix non-archimedean fuzzy normed spaces and matrix 
normed spaces by using the fixed point method.  

  

1. INTRODUCTION 

In 1940, an interesting talk presented by S. M. Ulam [20] triggered the study of stability 
problems for various functional equations. He raised a question concerning the stability 
of homomorphism. In the following year 1941, D. H. Hyers [8] was able to give a 
partial solution to Ulam’s question. The result of Hyers was generalized by Aoki [4] for 
additive mappings. In 1978, Th. M. Rassias [15] succeeded in extending the result of 
Hyers theorem by weakening the condition for the Cauchy difference. In 1982 J. M. 
Rassias [16] solved the Ulam problem for different mappings and for many 
Euler-Lagrange type quadratic mappings by involving a product of different powers of 
norms. In 1994, a generalization of the Rassias theorem was obtained by Gavruta [7] by 
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replacing the unbounded Cauchy difference by a general control function. A further 
generalization of the Hyers-Ulam stability for a large class of mapping was obtained by 
Isac and Th. M. Rassias [9]. They also presented some applications in non-linear 
analysis, especially in fixed point theory. This terminology may also be applied to the 
cases of other functional equations [1, 2, 6, 10, 17]. Mihet and Radu [12] investigated 
the stability in the settings of fuzzy, probabilistic and random normed spaces. The 
cocept of non-Archimedean fuzzy normed spaces has been introduced by Mirmostafafe 
and Moslehian [14]. Quite recently, the new results on stability of functional equations 
in non-Archimedean fuzzy normed spaces [3, 13, 18, 19]. 

In this paper, we introduce the following new functional equation 

)7(5985)8(1330)9(210)10(21)11( yxfyxfyxfyxfyxf   

  )3(203490)4(116280)5(54264)6(20349 yxfyxfyxfyxf   

  )(293930)(352716)(352716)2(293930 yxfxfyxfyxf   

  )5(20349)4(54264)3(116280)2(203490 yxfyxfyxfyxf    

),(21!=)10()9(21)8(210)7(1330)6(5985 yfyxfyxfyxfyxfyxf 

  (1) 

 where 00000000005109094217=21!  in matrix normed spaces by using the fixed 
point method. The above functional equation is said to be viginti unus functional 
equation since the function 21=)( cxxf  is its solution. 

In this paper, we study the general solution of the functional equation (1) and we also 
investigate the Ulam-Hyers stability of the functional equation (1) in matrix 
non-Archimedean fuzzy normed spaces by using fixed point approach. 

 

2. PRELIMINARIES 

In this section, we firstly restate the usual terminology, notations and conventions of the 
theory of non-Archimedean fuzzy normed space and we introduce the new concept of 
matrix non-Archimedean fuzzy normed spaces.  

Definition 1. [3] Let X be a linear space over a non-Archimedean field K . A function 
[0,1]: RXN  is said to be a non-Archimedean fuzzy norm on X  if for all 

Xyx ,  and all Rt . 
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(N1) 0=),( txN  for 0t ; 

(N2) 1=),(0= txNx   for all 0>t ; 

(N3) ),( tcxN = ),(
c

t
xN  if 0c ; 

(NA4) ,( yxN   max  )ts  min ),(),,( tyNsxN ; 

(NA5) 1=),(lim txN
t 

; 

The pair ),( NX  is called a non-Archimedean fuzzy normed space. Clearly, if 4)(NA  
holds then so is  

(N4)  ),( tsyxN  min ),(),,( tyNsxN  

A classical vector space over a complex or real field satisfying 1)(N  and 5)(N  is 
called fuzzy normed space. It is easy to see that 4)(NA  is equivalent to the following 
condition 

(NA4 ' )  ),( tyxN  min  );,(),(,),( RtXyxtyNtxN  .  

 

We will use the following notations: 

 )(XM n  is the set of all nn -matrices in X ; 

 )(1, Cnj Me   is that jth component is 1 and the other components are zero ; 

 )(Cnij ME   is that (i,j)-component is 1 and the other components are zero; 

 )(XMxE nij   is that (i,j)-component is x  and the other components are 

zero. For )(),( XMyXMx kn  ,  

 yx  = 








y

x

0
0

.  

Note that  ).,(
n

X  is a matrix normed space if and only if ).),((
nn XM  is a normed 

space for each positive integer n  and 
nk

xBAAxB   holds for )(, CnkMA , 

)(, CknMB  and )()(= XMxx nij  , and that  ).,(
n

X  is a matrix Banach space if 
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and only if X  is a Banach space and  ).,(
n

X  is a matrix normed space. A matrix 

normed space  ).,(
n

X  is called an L  -matrix normed space if 

 
knkn

yxmaxyx ,=


  holds for all )(XMx n  and all ).(XMy k  Let FE,  

be vector space. For a given mapping FEh :  and a given positive integer n , 
define )()(: FMEMh nnn   by, )]([=])([ ijijn xhxh   for all ).(][ EMx nij   

 

 

Definition 2. Let ),( NX  be a non-Archimedean fuzzy normed space.  

(M1)  ),( nNX  is called a matrix non-Archimedean fuzzy normed space if for each 

positive integer n , )),(( nn NXM  is a non-archimedean fuzzy normed space and 
















BA

t
xNtAxBN nk .
,),(  for all 0>t , )(, RnkMA , )(, RknMB  and 

)(][= XMxx nij   with 0. BA . 

(M2)  ),( nNX  is called a complete matrix non-Archimedean fuzzy normed space if 

),( NX  is a non-Archimedean fuzzy Banach space and  ),( nNX  is a matrix 

non-archimedean fuzzy normed space.  

 

3. GENERAL SOLUTION OF VIGINTI UNUS FUNCTIONAL EQUATION (1) 

In this section, we study the general solution of viginti unus functional equation (1). For 
this, let us consider A  and B  be real vector spaces.  

Theorem 3.  If a mapping BA :f  satisfies the functional equation (1) for all 

,, Ayx  then )(2=)(2 21 xfxf  for all Ax .  

Proof. Letting 0== yx  in (1), one gets 0=(0)f . Replacing 0=x , xy =  and 
xx = , xy =  in (1) and adding the two resulting equations, we get )(=)( xfxf  . 

Hence, f  is an odd mapping. Replacing 0=x , xy 2=  and xx 11= , xy =  in (1) 
and subtracting the two resulting equations, we get  

)(1720349)(185796)(191330)(20230)(2121 xfxfxfxfxf   
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  )(13293930)(14198835)(15116280)(1655384 xfxfxfxf   

  )(9203490)(10260015)(11352716)(12367080 xfxfxfxf   

  )(491770)(55985)(666861)(754264)(8178296 xfxfxfxfxf    

       0=)()21!(1)(2)21!(58765)(3210 xfxfxf   (2) 

 for all .Ax  Replacing ),( yx  by ),(10 xx  in (1), we obtain that 

)(1620349)(175985)(181330)(19210)(2021)(21 xfxfxfxfxfxf   

  )(2210)(12293930)(13203490)(14116280)(1554264 xfxfxfxfxf   

)()21!(21)(8203490)(9293930)(10352716)(11352716 xfxfxfxfxf    

 0=)(31330)(45985)(520349)(654264)(7116280 xfxfxfxfxf 

  (3) 

 for all .Ax  Multiplying (3) by 21  and then subtracting (2) from the resulting 
equation, we get 

)(16371945)(17105336)(1822134)(193080)(20211 xfxfxfxfxf   

  )(125805450)(133979360)(142243045)(151023264 xfxfxfxf   

  )(84094994)(95969040)(107147021)(117054320 xfxfxfxf   

  )(327720)(433915)(5421344)(61206405)(72387616 xfxfxfxfxf    

 0=)()22(21!)(2)21!(63175 xfxf   (4) 

 for all .Ax  Replacing ),( yx  by ),(9 xx  in (1), we obtain that 

)(1520349)(165985)(171330)(18210)(1921)(20 xfxfxfxfxfxf   

  )(11293930)(12203490)(13116280)(1454264 xfxfxfxf   

  )(21330)(7203490)(8293930)(9352716)(10352716 xfxfxfxfxf    

 0=)()21!(209)(35985)(420349)(554264)(6116280 xfxfxfxfxf 

 (5) 

  .Ax  Multiplying (5) by 211  and then subtracting (4) from the resulting 
equation, we get 
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)(153270375)(16890890)(17175294)(1822176)(191351 xfxfxfxfxf   

  )(1154964910)(1237130940)(1320555720)(149206659 xfxfxfxf   

  )(740548774)(857924236)(968454036)(1067276055 xfxfxfxf   

  )(31235115)(44259724)(511028360)(623328675 xfxfxfxf    

0=)()233(21!)(2)21!(217455 xfxf    (6) 

 for all .Ax  Replacing ),( yx  by ),(8 xx  in (1), we have 

)(1420349)(155985)(161330)(17210)(1821)(19 xfxfxfxfxfxf   

  )(25984)(10293930)(11203490)(12116280)(1354264 xfxfxfxfxf   

  )(5116280)(6203490)(7293930)(8352716)(9352716 xfxfxfxfxf    

 0=)()21!(1309)(320349)(454264 xfxfxf   (7) 

 .Ax  Multiplying (7) by 1351 , and then subtracting (6) from the resulting 
equation , we get 

)(1418284840)(154815360)(16905940)(17108416)(186195 xfxfxfxfxf         

    )(10329823375)(11219950080)(12119963340)(1352754944 xfxfxfxf   

    )(6251586315)(7356550656)(8418595080)(9408065280 xfxfxfxf   

    )(326256384)(469050940)(5146065920 xfxfxf    

0=)()1584(21!)(2)21!(7866929 xfxf   (8) 

 for all .Ax  Replacing ),( yx  by ),(7 xx  in (1), it follows that 

)(1320349)(145985)(151330)(16210)(1721)(18 xfxfxfxfxfxf   

  )(9293930)(10203490)(11116280)(1254264 xfxfxfxf   

  )(5203490)(6293930)(7352716)(8352716 xfxfxfxf    

0=)()21!(5775)(220328)(354263)(4116280 xfxfxfxf   (9) 

  .Ax  Multiplying (9) by 6195 , and then subtracting (8) from the resulting 
equation, we get 
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)(1373307111)(1418792235)(153423990)(16395010)(1721679 xfxfxfxfxf 

 

  )(91412831070)(10930797175)(11500404520)(12216202140 xfxfxfxf   

   )(61569310035)(71828524964)(81766480540 xfxfxf   

   )(3309902901)(4651303660)(51114554630 xfxfxf    

    0=)()7779(21!)(2)21!(118065031 xfxf   (10) 

 for all .Ax  Replacing ),( yx  by ),(6 xx  in (1), we have 

)(1220349)(135985)(141330)(15210)(1621)(17 xfxfxfxfxfxf   

  )(8293930)(9203490)(10116280)(1154264 xfxfxfxf   

  )(4203489)(5293930)(6352716)(7352716 xfxfxfxf    

    0=)()21!(19019)(254054)(3116259 xfxfxf   (11) 

for all .Ax  Multiplying (11) by 21679 , and then subtracting (10) from the resulting 
equation, we arrive at  

)(1356441704)(1410040835)(151128600)(1660249 xfxfxfxf   

  )(101590036945)(11675984736)(12224943831 xfxfxf   

  )(75818005200)(84605627930)(92998628640 xfxfxf   

  )()29458(21!)(43760134371)(55257553840)(66077220129 xfxfxfxf    

   0=)(2)21!5(105377163)(32210475960 xfxf   (12) 

 for all .Ax  Replacing ),( yx  by ),(5 xx  in (1), we obtain 

)(1120349)(125985)(131330)(14210)(1521)(16 xfxfxfxfxfxf   

  )(7293930)(8203490)(9116280)(1054264 xfxfxfxf   

  )(3203280)(4293909)(5352715)(6352716 xfxfxfxf    

   0=)()21!(48279)(2114950 xfxf    (13) 

for all .Ax  Multiplying (13) by 60249 , and then subtracting (12) from the resulting 
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equation, we arrive at 

)(12135646434)(1323689466)(142611455)(15136629 xfxfxfxf   

  )(94007125080)(101679314791)(11550022165 xfxfxf   

  )(601517356616)(701189098337)(87654441080 xfxfxf   

 )(301003694076)(401394758897)(501599317220 xfxfxf    

 0=)()89707(21!)(2)21!5(587185091 xfxf   (14) 

 for all .Ax  Replacing ),( yx  by ),(4 xx  in (1), we get 

)(1020349)(115985)(121330)(13210)(1421)(15 xfxfxfxfxfxf   

  )(5352695)(6293929)(7203490)(8116280)(954264 xfxfxfxfxf    

  0=)()21!(95931)(2197505)(3292600)(4352506 xfxfxfxf   (15) 

 for all .Ax  Multiplying (15) by 136629 , and then subtracting (14) from the 
resulting equation, we obtain 

)(11267702400)(1246070136)(135002624)(14257754 xfxfxfxf   

  )()226336(21!)(88232779040)(93406910976)(101100948730 xfxfxfxf   

  )(503219519296)(602498565919)(701591165184 xfxfxf    

  0=)(2)21!40(211130597)(302994070464)(403421495330 xfxfxf   (16) 

 for all .Ax  Replacing ),( yx  by ),(3 xx  in (1), we have 

)(920349)(105985)(111330)(12210)(1321)(14 xfxfxfxfxfxf   

  )(4351386)(5293720)(6203469)(7116279)(854264 xfxfxfxfxf    

    0=)()21!(149226)(2273581)(3346731 xfxfxf   (17) 

 for all .Ax  Multiplying (17) by 257754 , and then subtracting (16) from the 
resulting equation, we obtain 

)(10441708960)(1175110420)(128058204)(13410210 xfxfxfxf   

  )(701405972553)(85753984016)(91838125170 xfxfxf   
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  )(405635619374)(504351231192)(602745928944 xfxfxf    

   0=)()484090(21!)(2)21!40(494035373)(305943059753 xfxfxf   (18) 

 for all .Ax  Replacing ),( yx  by ),(2 xx  in (1), it follows that 

)(820348)(95985)(101330)(11210)(1221)(13 xfxfxfxfxfxf   

  )(4287945)(5202160)(6116070)(754243 xfxfxfxf    

   0=)()21!(177650)(2298452)(3332367 xfxfxf   (19) 

 for all .Ax  Multiplying (19) by 410210 , and then subtracting (18) from the 
resulting equation, we obtain 

)(9616981680)(10103870340)(1111033680)(12556206 xfxfxfxf   

  )(602015378526)(78191295500)(82592969064 xfxfxf   

  )(307690966954)(406176172471)(503941574168 xfxfxf    

0=)()894300(21!)(2)21!70(730244575 xfxf   (20) 

 for all .Ax  Replacing ),( yx  by ),( xx  in (1), we get 

)(720139)(85964)(91329)(10210)(1121)(12 xfxfxfxfxfxf   

  )(3239666)(4183141)(5110295)(652934 xfxfxfxf    

   0=)()21!(149226)(2236436 xfxf    (21) 

 for all .Ax  Multiplying (21) by 556206 , and then subtracting (20) from the 
resulting equation, we obtain 

)(8724243520)(9122216094)(1012932920)(11646646 xfxfxfxf   

  )(502193099909)(69288423144)(73010137130 xfxfxf   

  )(2)21!40(584826642)(305639399766)(404010239834 xfxfxf    

 0=)()!1450506(21 xf  (22) 

 for all .Ax  Replacing ),( yx  by )(0, x  in (1), we obtain that 

)(533915)(614364)(74655)(81120)(9189)(1020)(11 xfxfxfxfxfxfxf    
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     0=)()21!(58786)(290440)(387210)(462016 xfxfxfxf   (23) 

 for all .Ax  Multiplying (23) by 646646 , and then subtracting (22) from the 

resulting equation, we can obtain that )(2=)(2 21 xfxf  for all Ax . This completes 

the proof.  

 

4. ULAM-HYERS STABILITY OF VIGINTI UNUS FUNCTIONAL 

EQUATION (1) IN MATRIX NON-ARCHIMEDEAN FUZZY NORMED 

SPACES 

In this section, we will investigate the Ulam-Hyers stability for the functional equation 
(1) in matrix non-Archimedean fuzzy normed spaces by using the fixed point method. 

Throughout this section, we assume that K  be a non-Archimedean field, X  is a 
vector space over K  and ( , )nY N  is an complete matrix non-Archimedean fuzzy 

normed space over K , and ),( NZ  is (an Archimedean or a non-Archimedean fuzzy) 
normed space and  minimum is denoted by T. For a mapping YXf : , define 

YXf 2:G  and )()(: 2 YMXMf nnn G  by, 

)7(5985)8(1330)9(210)10(21)11(=),( bafbafbafbafbafbaf G

     )3(203490)4(116280)5(54264)6(20349 bafbafbafbaf   

     )(293930)(352716)(352716)2(293930 bafafbafbaf   

     )9(21)4(54264)3(116280)2(203490 bafbafbafbaf   

       )8(210)7(1330)6(5985)5(20349 bafbafbafbaf    
        )(21!)10( bfbaf   

])8([1330])9([210])10([21])11([=])[],([ ijijijijijijijijijijn yxfyxfyxfyxfyxf G

            ])5([54264])6([20349])7([5985 ijijijijijij yxfyxfyxf   

            ])2([293930])3([203490])4([116280 ijijijijijij yxfyxfyxf   

            ])([293930])([352716])([352716 ijijijijij yxfxfyxf   

            ])4([54264])3([116280])2([203490 ijijijijijij yxfyxfyxf   

            ])7([1330])6([5985])5([20349 ijijijijijij yxfyxfyxf   
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            ])([21!])10([])9([21])8([210 ijijijijijijij yfyxfyxfyxf   

for all Xba ,  and all )(][=],[= XMyyxx nijij  .  

Theorem 4.  Let 1= q  be fixed and let ZXX :  be a mapping such that for 

some 212  with 1<
221

q








    

  tbaba qqq   ),,(),2(2( NN  (24) 

 for all Xba ,  and 0>t , and 1=)),,2(2(2lim 21 tbaf kqkqkq

k

GN 



 for all Xba ,  

and 0>t . Suppose an odd mapping YXf :  with 0=(0)f  satisfies the 
inequality  

  tyxtyxf ijij

n

ji

ijijn ),,()]),[],([(
1=,

NGN   (25) 

 for all )(][=],[= XMyyxx nijij  , and 0>t . Then there exists a unique viginti unus 

mapping YX :UV  such that  

          


























 
 nji

n

t
xtxxf ijijnijnn 1,2,...,=,:

2
,)]),([])([( 2

21
TVN U  (26) 

 for all )(][= XMxx nij  , and 0>t , 

where       ,
21

21!
),,(10,21!),,(11,21!),(0,2=,






















t
xxtxxtxTtx ijijijijijij  NNN  

                         

,
6195
21!

),,(7,
1351
21!

),,(8,
211
21!

),,(9













































t
xx

t
xx

t
xx ijijijijijij  NNN  

              

,
136629

21!
),,(4,

60249
21!

),,(5,
21679
21!

),,(6













































t
xx

t
xx

t
xx ijijijijijij  NNN  

                          ,
410210

21!
),,(2,

257754
21!

),,(3






























t
xx

t
xx ijijijij  NN  
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                           .
646646

21!
),(0,,

556206
21!

),,(




































t
x

t
xx ijijij  NN   

  

Proof. For the cases 1=q  and 1= q , we consider 212<  and 212> , 

respectively. Substituting 1=n  in (25), we obtain  

  tbatbaf ),,()),,(( NGN   (27) 

 for all Xba ,  and 0>t . Replacing ),( ba  by )(0,2a  in (27), we get 

 )(1214364)(144655)(161120)(18189)(2020)(22 afafafafafaf N  

  )(490440)(687210)(862016)(1033915 afafafaf    

   tataf ),(0,2),(2)21!(58786 N  (28) 

 for all Xa  and 0>t . Applying the same procedure of Theorem 3, we arrive at 

         ,),,(11,),(0,2),()!2097152(21)(221! taatatafaf  NN TN   

                              

,
1351

),,(8,
211

),,(9,
21

),,(10













































t
aa

t
aa

t
aa  NNN  

                        

,
60249

),,(5,
21679

),,(6,
6195

),,(7













































t
aa

t
aa

t
aa  NNN  

                                     ,
257754

),,(3,
136629

),,(4






























t
aa

t
aa  NN   

 



















































646646
),(0,,

556206
),,(,

410210
),,(2 t

a
t

aa
t

aa  NNN

 (29) 

 

for all Xa  and 0>t . It follows from (29), we can obtain 

       ,21!),,(11,21!),(0,2)),(2)((221 taatatafaf  NN TN   
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,
1351
21!

),,(8,
211
21!

),,(9,
21

21!
),,(10














































t
aa

t
aa

t
aa  NNN  

                                   ,
21679
21!

),,(6,
6195
21!

),,(7






























t
aa

t
aa  NN  

                     

,
257754

21!
),,(3,

136629
21!

),,(4,
60249
21!

),,(5













































t
aa

t
aa

t
aa  NNN   

 



















































646646
21!

),(0,,
556206

21!
),,(,

410210
21!

),,(2
t

a
t

aa
t

aa  NNN

 (30) 

Therefore,  

 ),()),(2)((221 tatafaf N  (31) 

for all Xa  and 0>t . Thus  

  tatafaf
q

q

q

q
,)

2
),(2

2
1)((

2
1

21

2
1

21 







 








 


N  (32) 

for all Xa  and 0>t . We consider the set  YXf :=M  and introduce the 
generalized metric   on M  as follows:  

     0},>,,,),()(:{inf=),( tXatatagafgf    NR  

It is easy to check that ),( M  is complete generalized metric (see Lemma 3.2 in [3]). 

Define the mapping MMP :  by )(2
2
1=)( 21 afaf q

q
P  for all Mf  and .Xa  

Let Mgf ,  and   be an arbitrary constant with  ),( gf . Then 

   tatagaf ,),()(  N  for all Xa  and 0>t . Therefore, using (24), we get 

       







 tatagaftagaf

q

q
qqq




21
21 2,),2(2)(2=),()( NPPN   
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  Xa  and 0>t . Hence by definition 




q

gf 







 212

),( PP . This means that P  

is a contractive mapping with lipschitz constant 1.<
2

= 21

l

L 






   It follows from (32) 

that 







 








 



2
1

21

2
1

2
),(

q

q

ff


 P . Therefore according to Theorem 2.2 in [5], there exists a 

mapping YX :UV  which satisfying:  

 1. UV  is a unique fixed point of P , which is satisfied )(2=)(2 21 aa qq

UU VV    

.Xa  

 2. 0),( UVP fk  as k . which implies that )(=)(2
2

1
lim 21 aaf kq

kq
k

UV


   

.Xa   

 3. ),(
1

1),( fff PVU 





 , which implies that .
2

1),(
21 




UVf   

 ),(
2

1),()(,So
21

tataaf 


















UVN  (33) 

 for all Xa  and 0>t . By (27),       

         
1=)),,2(2(2lim)),,2(2(2lim=)),,(( 2121 tbatbaftba kqkqkq

k

kqkqkq

k









 NGNGVN U  

Hence by (N2), ),( baUGV  = 0. Thus, the function UV  satisfies viginti unus. 

 We note that )(1, Rnj Me   means that the jth component is 1  and the others are zero, 

)(XME nij   means that (i,j)-component is 1  and the others are zero, and 

)(XMxE nij   means that (i,j)-component is x  and the others are zero. Since 

),(=),( txNtxEN kl  , we have  

 njitxENtxENtxN ijijijnijij

n

ji

nijn 1,2,...,=,:),(,=)],([
1=,














 T
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 .1,2,...,=,:),(= njitxN ijijT  

where ij

n

ji

tt 
1=,

= . So, 








 nji
n

t
xNtxN ijijn 1,2,...,=,:),()],([ 2T  

By (33), we get (26). 

Thus YX :UV  is a unique viginti unus mapping satisfying (26).  

 

5. ULAM-HYERS STABILITY OF VIGINTI UNUS FUNCTIONAL 

EQUATION (1) IN MATRIX NORMED SPACES 

In this section, we will investigate the Ulam-Hyers stability for the functional equation 
(1) in matrix normed spaces by using the fixed point method. 

Throughout this section, let us consider  
n

X .,  be a matrix normed space,  
n

Y .,  be 

a matrix Banach space and let n  be a fixed non-negative integer. For a mapping 
YXf : , YXf 2:G  and )()(: 2 YMXMf nnn G  defined in section 4.  

Theorem 5. Let 1= q  be fixed and let )[0,: 2 X  be a function such that there 
exists an 1<  with  

 )
2

,
2

(2),( 21
qq

q ba
ba    (37) 

 for all Xba , . Let YXf :  be a mapping satisfying  

 ),(])[],([
1=,

ijij

n

ji

ijijn yxyxf G  (38) 

 for all )(][=],[= XMyyxx nijij  . Then there exists a unique viginti unus mapping 

YX :UV  such that  

 )(
)(12

])([])([ 21

2
1

1=,
ij

q

n

ji
nijnijn xxxf 















 

UV  (39) 

 for all )(][= XMxx nij  , where  

),(81351),(9211),(1021),(11)(0,2[
21!
1=)( ijijijijijijijijijij xxxxxxxxxx  
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     ),(4136629),(560249),(621679),(76195 ijijijijijijijij xxxxxxxx    

     )](0,646646),(556206),(2410210),(3257754 ijijijijijijij xxxxxxx    

  

Proof.  Substituting 1=n  in (38), we obtain  

 ),(),( babaf G  (40) 

 Replacing ),( ba  by )(0,2a  in (40), we get 

)(1214364)(144655)(161120)(18189)(2020)(22 afafafafafaf   

  )(490440)(687210)(862016)(1033915 afafafaf    

 )(0,2)(2)21!(58786 aaf   (41) 

 for all .Xa  Applying the same procedure of Theorem 3, we arrive at 

),(9211),(1021),(11)(0,2)()!2097152(21)(221! aaaaaaaafaf    

  ),(4136629),(560249),(621679),(76195),(81351 aaaaaaaaaa     

   )(0,646646),(556206),(2410210),(3257754 aaaaaaa    (42) 

 for all .Xa  It follows from (42), we can obtain 

),(9211),(1021),(11)(0,2[
21!
1)(2)(221 aaaaaaaafaf    

      ),(621679),(76195),(81351 aaaaaa    

      ),(3257754),(4136629),(560249 aaaaaa     

    )](0,646646),(556206),(2410210 aaaaa    (43) 

 Therefore,  

 )()(2)(221 aafaf   (44) 

 for all Xa . Thus  

 )(
2

)(2
2
1)( 21

2
1

21 aafaf

q

q

q










 

  (45) 
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for all Xa . We consider the set  YXf :=M  and introduce the generalized 

metric   on M  as follows: },),()()(:{inf=),( Xaaagafgf    R  

and MMP :  be the linear mapping defined in the proof of Theorem 4. Therefore, 
using (37), we get 

   )()(2
2
1)(2

2
1=)()( 2121 aagafagaf q

q

q

q
PP   for all .Xa   

That is P  is a contractive mapping with lipschitz constant 1<=L . It follows from 

(45) that 
21

2
1

2
),(








 



q

ff


 P  . )(
)(12

)()(So 21

2
1

aaaf

q
















 

UV  for all Xa (46) 

 

It follows from (37) and (38), 

0=),(
2
2

lim),2(2
2

1
lim),2(2lim=),( 2121 bababafba

kq

kkq

k

kqkq

kq
k

kqkq

k







GGVU  for 

all Xba , . Hence 0=),( baUGV . Therefore, the mapping YX :UV  is viginti 

unus mapping. Utilizing Lemma 2.1 in [11] and (46), we get (39). 

Thus YX :UV  is a unique viginti unus mapping satisfying (39).  

  

Corollary 1. Let 1= q  be fixed and let ,p  be non-negative real numbers with 
21p . Let YXf :  be a mapping such that  

(X).M][y=y],[x=x)(])[],([ nijij
1=,


p

ij

p

ij

n

ji
nijijn yxyxfG  (47) 

 Then there exists a unique viginti unus mapping YX :UV  such that  

 
t

ijp

n

ji
nijnijn xxxf

22
])([])([

21
1=, 

 


UV     )(][= XMxx nij  ,  

where )60249(5)136629(4)257754(3)410211(2[2653358
21!

= pppp 


  

      
]1121(10))211(9)1351(8)6195(7)21679(6 pppppp   
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Proof. The proof follows from Theorem 5 by taking )(=),( pp
baba   for all 

Xba , . Then we can choose 21)(2= pq , and we can obtain the required result.  

 

Corollary 2. Let 1= q  be fixed and let ,p  be non-negative real numbers with 

21= wvp . Let YXf :  be a mapping such that  

 ).(])[],([
1=,

w

ij

v

ij

n

ji
nijijn yxyxf G  (48) 

for all )(][=],[= XMyyxx nijij  . Then there exists a unique viginti unus mapping 

YX :UV  such that  

    
t

ijp

n

ji
nijnijn xxxf

22
])([])([

21
1=, 

 


UV        for all )(][= XMxx nij  , 

where  )60249(5)136629(4)257754(3)410210(2556206
21!

= vvvv 


  

           
vvvvvv 1121(10))211(9)1351(8)6195(7)21679(6    

Proof. The proof follows from Theorem 5 by taking ).(=),( wv
baba   for all 

Xba , . Then we can choose 21)(2= pq , and we can obtain the required result.  

 

Corollary 3. Let 1= q  be fixed and let ,p  be non-negative real numbers with 
21= wvp . Let YXf :  be a mapping such that  

 )().(])[],([
1=,

wv

ij

wv

ij

w

ij

v

ij

n

ji
nijijn yxyxyxf



G  (49) 

   )(][=],[= XMyyxx nijij  . Then there exists a unique viginti unus mapping 

YX :UV  such that  

 
t

ijp

n

ji
nijnijn xxxf

22
])([])([

21
1=, 

 


UV     )(][= XMxx nij  ,  

where
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 )560249(5)4136629(4)3257754(3)410210(2)410211(23209564
21!

= vpvpvpvp 




)1111()1021(10)9211(9)81351(8)76195(7)621679(6 vpvpvpvpvpvp 

 

Proof. The proof follows from Theorem 5 by taking 

)(.(=),( wvwvwv
bababa


  for all Xba , . Then we can choose 

21)(2= pq , and we can obtain the required result.  

 

6. EXAMPLES 

Let 
)7(5985)8(1330)9(210)10(21)11(=),( yxfyxfyxfyxfyxfyxDf 

 

   )3(203490)4(116280)5(54264)6(20349 yxfyxfyxfyxf   

   )(293930)(352716)(352716)2(293930 yxfxfyxfyxf   

   )5(20349)4(54264)3(116280)2(203490 yxfyxfyxfyxf   

  )(21!)10()9(21)8(210)7(1330)6(5985 yfyxfyxfyxfyxfyxf  . 

 

Now we will provide an example to illustrate that the functional equation (1) is not 
stable for 21=p  in corollary 1. 

Example 6. Let RR:  be a function defined by  

 




otherwise

xifx
x

,
1<,

=)(
21




  (50) 

 where 0>  is a constant, and define a function RR:f  by  

 
n

n

n

x
xf 21

0= 2
)(2=)( 




 (51) 

 for all .Rx  Then f  satisfies the inequality 

    )((2097152)
2097151

0)7000000000(510909421),( 21212 yxyxDf     (52) 
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 for all Ryx, . Then there do not exists a viginti unus mapping RRVU :  and a 

constant 0>  such that  

 21)()( xxxf  UV  (53) 

 for all Rx .  

Proof.  It is easy to see that f  is bounded by 
2097151

2097152  on R .  

If 0=2121
yx  , then (52) is trivial. If 21

2121

2
1

 yx  , then L.H.S of (52) is 

lessthan .
2097151

)0)(20971527000000000(510909421   Suppose that 21
2121

2
1<<0 yx  , 

then there exists a non-negative integer k  such that        

             ,
2
1<

2
1

21
2121

1)21( kk
yx 


                                    (54) 

so that 21
211)21(

21
211)21(

2
1<,2

2
1<2 yx kk  , and  

),7(),28(),29(),210(),211(),2(),2(2 yxyxyxyxyxyx nnnnnnn   

),2(),23(),24(),25(),26(2 yxyxyxyxyx nnnnn   

),5(),24(),23(),22(),2(),2(2 yxyxyxyxyxyx nnnnnn    

1,1)()10(),29(),28(),27(),26(2  yxyxyxyxyx nnnnn  

for 10,1,2,...,= kn . Hence 

))8((21330))9((2210))10((221))11((2 yxyxyxyx nnnn    

  ))5((254264))6((220349))7((25985 yxyxyx nnn    

  ))2((2293930))3((2203490))4((2116280 yxyxyx nnn    

  ))((2293930))((2352716))((2352716 yxxyx nnn    

  ))4((254264))3((2116280))2((2203490 yxyxyx nnn    

  ))7((21330))6((25985))5((220349 yxyxyx nnn    
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 0=))((221!))10((2))9((221))8((2210 yyxyxyx nnnn    

From the definition of f  and (54), we obtain that 

))9((2210))10((221))11((2
2
1),( 210=

yxyxyxyxDf nnn

nn



  

             ))6((220349))7((25985))8((21330 yxyxyx nnn    

              ))3((2203490))4((2116280))5((254264 yxyxyx nnn    

              ))((2352716))((2352716))2((2293930 xyxyx nnn    

               ))3((2116280))2((2203490))((2293930 yxyxyx nnn    

               ))6((25985))5((220349))4((254264 yxyxyx nnn    

                ))9((221))8((2210))7((21330 yxyxyx nnn    

                                                      ))((221!))10((2 yyx nn    

(2097151)2
)00000000005109094217(2097152)(=

2
0)7000000000(510909421

2121= knkn





  

).((2097152)
2097151

0)7000000000(510909421 21212 yx    

 

Therefore f  satisfies (52) for all Ryx,  Now, We find that the viginti unus 

functional equation (1) is not stable for 21=t  in corollary 1. Suppose on the contrary 

that there exists a viginti unus mapping RRVU :  and a constant 0>  satisfying 

(53). Then there exists a constant Rc  such that 21=)( cxxUV  for any Rx . Thus 

we obtain the following inequality.  

 21)()( xcxf    (55) 

 Let Nm  with cm  > . If )
2

1(0, 1
m

x , then (0,1)2 xn  for all 

10,1,2,...,= mn . 
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For this x , we get    2121
21

211

0=
21

0=
)(>=

2
)(2

2
)(2=)( xcxm

xx
xf

n

nm

n
n

n

n





  

which contradicts (55). Therefore the viginti unus functional equation (1) is not stable 
for 21.=p  

 

The following examples illustrates the fact that functional equation (1) is not stable for 

21== wvp   (when 
2
21=,

2
21= wv ) in corollary 2.  

Example 7. Let RR:  be a function defined by (50) and define a function 

RR:f  by (51). Then f  satisfies the inequality 

          ).((2097152)
2097151

0)7000000000(510909421),( 2
21

2
21

2 yxyxDf   (56) 

 for all Ryx, . Then there do not exists a viginti unus mapping RRVU :  and a 

constant 0>  such that (53).  

  

Proof. The proof is analogous to the proof of Example 6.  

The following examples illustrates the fact that functional equation (1) is not stable for 

21== wvp   (when 
2
21=,

2
21= wv ) in corollary 3.  

Example 8. Let RR:  be a function defined by (50) and define a function 

RR:f  by (51). Then f  satisfies the inequality 

))(.((2097152)
2097151

0)7000000000(510909421),( 2121
2
21

2
21

2 yxyxyxDf    (57) 

 for all Ryx, . Then there do not exists a viginti unus mapping RRVU :  and a 

constant 0>  such that (53).  

  

Proof. The proof is analogous to the proof of Example 6.  
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CONCLUSION 

In this investigation, we identified a general solution of a viginti unus functional 
equation (1) and established the Ulam -Hyers stability of the functional equation (1) in 
matrix non-Archimedean fuzzy normed spaces and matrix normed spaces by using the 
fixed point method. Also we illustrate the examples for non-stability. 
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