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Abstract

In this paper, we generalized the result some common fixed point theorems in
complex valued metric spaces of Mala Hakwadiya, R K Gujetiya, Dheeraj
kumara mali [6 ].
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I. INTRODUCTION

In 2011, Azam et al. [1] introduced the notion of complex valued metric space, which
is a generalized of the classical metric space and established some fixed point result
for mappings satisfying a rational inequality. In what follows, we recall some
notations and definitions that will be utilized in our subsequent discussion. Let C be
the set of complex numbers andzi, zz € C : Define a partial order < on C as follows: z;
< z; if and only if Re(z1)<Re( z2); Im(z1)<Im(z2) Consequently, one can infer that z;
< z if one of the following conditions is satisfied: (i) Re(z1)=Re( z2); Im(z1)<Im(z>),
(i) Re(zo)<Re( z2); Im(z1)=Im(z2) , (iii) Re(zo)<Re( z2); Im(z1)<Im(zz) , (iv)
Re(z1)=Re( z2); Im(z1)=Im(z2) , In particular, we write z1 < z if z2 # 2> and one of
(1), (ii), and (iii) is satisfied and we write z1 < z2 if only (iii) is satisfied. Notice that 0
S2132= |u|<|lza|and z1 S 22, 22 S 23 = 71 S z3 . Recently, Azam et al. [1]
introduced the notion of complex valued metric spaces and established some fixed
point results for a pair of mappings for contraction condition satisfying a rational
expression. Though complex valued metric spaces form a special class of cone metric
space, yet this idea is intended to define rational expressions which are not
meaningful in cone metric spaces and thus many results of analysis cannot be
generalized to cone metric spaces.
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Il. PRELIMINARIES:

Definition 2.1. [4] Let X be a nonempty set whereas C be the set of complex
numbers. Suppose that the mapping d:XxX— C satisfies following conditions:

(1) 0 2 d(x,y) for all x, y € X and d(x,y)=0 if and only if x=y ;
(2) d(x, y)=d(y, x) forall x,y € X;

(3)d(x,y) 2 d(x,z) +d(z,y) forall x,y,z € X. Then d is called a complex valued
metric on X, and (X, d) is called a complex valued metric space.

Definition 2.2. [9] Let (X, d) be a complex valued metric space and {x» } be a
sequence in X,

(1) If for every ¢ € C with 0< c, there exists N € N such that d (Xn, X) < ¢ foralln>N
then { xn } is said to be convergent to x € X, and we denote this by xn — x asn

— 0,

(2) If for every ce C with 0< c, there exists N € N such that d (Xn, Xn+m) < C for all n >
N, where me N , then { } is said to be Cauchy sequence.

(3) If every Cauchy sequence in X is convergent, then (X, d) is said to be a complete
complex valued metric space.

Lemma 2.3. [9] Let (X, d) be a complex valued metric space and { xn} be a sequence
in X. Then { xn } converges to x if and only if | d(Xn,X) | —0 as n—oo.

Lemma 2.4. [9] Let (X, d) be a complex valued metric space and { x» } be a sequence
in X. Then { x» } is a Cauchy sequence if and only if| d(Xn,Xn+m) | —0 as n—oo , where
m € N.

Definition 2.5. [9] Let f and g be two self-mappings of a metric space (X, d). Then a
pair (f, g) is said to be weakly compatible if they commute at coincidence points.

Definition 2.6. [3] Let A and S be mappings from a complete metric space X into
itself. The mappings A and S are said to be compatible if lim d(ASx,, SAx,) =0
n—-oo

whenever { xn} is a sequence in X such that lim Ax,= lim Sx,=t for somet €X.
n—-oo

n—-oo

1. MAIN RESULT:

Theorem 3.1 : Let (X, d) be a complex valued metric space and A, B, D, M, Sand T
be six self mappings in X satisfying the condition:

1. S(X) € BD(X) and T(X) © AM(X).
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2. For each x, y € X, such that x #y, d(Ty, AMx) + d(Sx, BDy)+ d(BDy, AMXx) # 0,
where a, B, v, 1, and & are non negative real number with a+ p+2 y+n+&<1, or
d(Sx, Ty) =0 if d(Ty, AMXx) + d(Sx, BDy)+ d(BDy, AMXx) = 0, such that

d(AMx, Sx)+ d(BDy, Ty).d(AMx, Sx)

1+d(Sx, Ty)
d(AMx, BDy) d(AMx, Sx) d(BDy, Sx)

max{1+d(AMx, BDy)’ 1+d(AMx, Sx)’ 1+d(BDy, Sx)}
d(BDy, Ty)+d(Ty, AMx)+d(Sx, BDy) d(Ty, BDy).d(Sx, AMXx)

+
1+d(BDy, Ty)+d(Ty, AMx)+d(Sx, BDy):I [d(Ty, AMx)+d(Sx, BDy)+d(BDy, AMX)] &
d(Sx, BDy)+d(BDy, AMx)

[1+d(Sx, BDy).d(Ty, BDy).d(Sx, AMX)]

3. The pair (AM, S) and (BD, T) are commute.

d(Sx, Ty) < o[

1+ B

4. The pair (AM, S) and (BD, T) are weakly compatible.
Then A, B, D, M, Sand T have a unique common fixed point.

Proof : Let xo €X . Since S(X) c BD(X) and T(X) € AM(X), define for each n > 0,
the sequence {yn} in X by

Yon+1 =SXon =BDX2n+1 and Yon+2 =TXon+1 =AMXon+2, N =0, 1, 2, ......

d(AMxXzp, Sxon)+ d(BDXzn41, TXzn41)-d(AMXzy, Sin)]
1+d(Sx2n, TX2n+1)

d(yan+1, Yan+2) = d(SXon, TX2n+1) <o [

d(AMx;n, BDXon+1) d(AMX3n, SXzn) d(BDXzn+1, SXzn)

+ B max{ ) ) yty
1+d(AMX2n, BDX2n+1) 1+d(AMX2n, SXZ]’I) 1+d(BDX2n+1, SXZn)

[ d(BDXzn+1, TXzn+1)+d(TXan+1, AMXpn)+d(SXan, BDXzn+1) +1

1+d(BDX2n+1, TXan+1)+d(TXz2n+1, AMXzn)+d(SXan, BDX2n+1)
d(TX2n+1, BDXzn+1)-d(SX2n, AMXzn) 1+¢

d(TXzn+1, AMXn)+d(SXzn, BDXzn4+1)+d(BDXzn4+1, AMXzp)

d(Sxzn, BDXzn+1)+d(BDXzn+1, AMXzn)

1+d(Sxzn, BDX2n+1).d(TXz2n+1, BDX2n+1).d(SXan, AMxXzp)

[

d(y2n, Y2n+1)*+ d¥2n+1, Y2n+2)-d¥an, y2n+1)]+ B

1+d(Y2n+1, Yzn+2)
d(Y2n, Y2n+1) d(Y2n, Y2n+1) d(Y2n+1, Y2n+1)

1+d(Yzn, Yzn+1) 1+d(¥zn, Yzn+1) 1+d(Yzns1, Yane1)
d(yon+1, Yon+2)+d(yon+2, Y2n)+dzn+1, Yan+1) +

1+d(¥2n+1, Yzn+2)+d¥zn+2, Yan)+d¥en+1, Yan+1)
d(yzn+2, Y2n+1)-d(¥2n+1, Y2n) +&

d(yzn+2, Y2n)*+dYzn+1, Yan+1)+dzns1, Yan)
d(yon+1, Y2n+1)*+d¥Y2n+1, Y2n)

1+d(y2n+1, Y2n+1)-d(¥2n+2, Y2n+1)-d¥2n+1, Yzn)

d(yan+1, Yone2) <o [

max{

+y

d(yan+1, Yon+2) < o0 d(yzn, Yon+1) + B max{d(yzn, Yon+1), d(Y2n, Yon+1), d(Yon+1, Yon+1)}+y
[d(y2n+1, Yon+2) + d(Yan+2, Yon) + d(Yon+1, Yon+1)] + 1 d(y2n, Yon+1) + & d(yan+1, Yon)
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d(yan+1, Yone2) < (0 + B +y + 1+ &) d(yan, Yan+1)
Thatis | d(yan+1, Yon+2) [ < (@ +B+y+n+E&) | d(yan, Yont1) | coevenvnnnnnn. (3.1)

Similarly,

d(Yan+3, Yan+a) = d(SXon+2, TX2n+3) <@
[d(AMX2n+2' SXan+2)+ d(BDXzn+3, TXan+3)-d(AMXon+2, SX2n+2)]
14+d(Sx2n+2, TXz2n+3)

+ B max/{ d(AMxzn+2, BDXpn+3)  d(AMXan+2, SXan+2)  d(BDXan+3, SXan+2) v
1+d(AMXzn42, BDXzn43)’ 1+d(AMxzn42, SXzn4z) ' 1+d(BDXzn43, SXzn+2)

[ d(BDXzn+3, TXzn+3)+d(TXan+3, AMXon+2)+d(SXan+2, BDX2n+3) +1

1+d(BDx2n+3, TXz2n+3)+d(TXan+3, AMXan42)+d(SX2n+2, BDXzn+3)
d(TXzn+3, BDX2n+3)-d(SX2n+2, AMXon+2) ¢

d(TX2n+3, AMX2n42)+d(SXz2n+2, BDXzn+3)+d(BDXan+3, AMXzn+2)

d(Sxzn+2, BDXn+3)+d(BDXant3, AMXzn+2)

1+d(Sx2n+2, BDX2n+3).d(TX2n+3, BDX2n+3)-d(SXz2n+2, AMXan+2)

[

d(y2n+2, Y2n+3)+ d(Yan+s, Yon+a)-d¥Yan+2, Y2n+3)]+B
1+d(Y2n+3, Yzn+a)
max{ d(Y2n+2, Y2n+3) d(Y2n+2, Y2n+3) d(¥2n+3, Y2n+3)
1+d(Y2n+2, Y2n+3) 1+d(Vant2, Yan+3) 14dYVzn+3 Yan+s)
[ d(y2n+3 Yon+a)td(Vontar Yon+2)+dY2n+3, Yan+s) +1
1+d(y2n+3, Y2n+4)+d(Yzn+4, Yan+2)+dYzn+s, Yan+3)
d(yon+4ar Yon+3)-d(V2n+3 Yantz) 1+¢
d(¥2n+4a Yon+2)+d(Y2n+3, Yan+3)+dYzn+3, Yzn+2)
[ d(yan+3, Yon+3)+d(Yan+s, Yan+2)

1+d(Y2n+3, Y2n+3)-d¥2n+4 Y2n+3)-d¥Y2n+3, Yzn+z)

d(yan+3, Yon+a) <o [

Pty

d(Yan+3, Y2n+a) < o d(yan+2, Yon+3) + B max {d(yzn+2, Yon+3), d(Yan+2, Y2n+3), d(Y2n+3,
Yon+3)}+ ¥ [d(Yon+3, Yon+a) + d(Yon+4, Yon+2) + d(Y2n+3, Yon+3)] + 1 d(yon+2, Yon+3) + &
d(y2n+3, Yan+2)

d(y2n+3, y2n+4) < (U. + B + Y + n + &) d(y2n+2, y2n+3)
Thatis | d(y2n+3, Yon+a) | < (@ + Bty +n+E) | d(yan+2, Yons3) | covvnvnnnnnn. (3.2)

Therefore from (3.1) and (3.2) d(yn, Yn+1) < (0 + B+ 7y + 1+ &) d(yn1, Yn). [fé=a+p
+vy+n+E&<I.Then itis concluded that d(yn, yn+1) <& d(yn-1, Yn)

d(yn, Yn+1)< 52 d(yn—Z, Yn-1)< 53 d(yn—S, Yn2) S, <" d(yO, yl)
Now for all m>n, we have d(ym, yn)< d(yn, Yn+1) + d(Yn+1, Yne2) +oeenenenne +d(ym-1,
Ym)

<d" d(yo, y1) + on+t d(yo, Y1)+ ......... +om-1 d(yo, y1)
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é‘n
| d(ym, yn) [ss=51 d(yo, y1) |
Hence| d(ym, yn) |< %| d(yo, Y1) | =0 as m,n—o0.That is lim n—oo| d(Ym, Yn) |= 0.

Hence {yn} is Cauchy sequence. Since X is completed, so{yn} is converges to some
point z, that is lim n—e Yn = liM nee SXon = 1M nee BDXon+1 = liM ne TXon+1 = liM
n—w AMXan+2 = z. There exist some u € X such that yn — u as n—oo.

Su = AMu = BDu = Tu = z. Since the pair (AM,S) and (BD,T) are weakly
compatible.Then they commute at their coincidence point. Hence Sz = S(AMu) =
AM(Su) = AMz and BDz = BD(Tu) = T(BDu) = Tz.

Now, we shall show that Tz = Sz. From (2) putting x =z and y = x2n+1 we have

d(AMZ, SZ)+ d(BDX2n+1, TX2n+1).d(AMZ, SZ)

1+ B
1+d(SZ, TX2n+1)
d(AMz, BDx d(AMz, Sz d(BDx , Sz
max{ ( 2n+1) , ( ) , (BDX2n+1 )}+y
1+d(AMZ, BDX2n+1) 1+d(AMZ, SZ) 1+d(BDX2n+1, SZ)
[ d(BDXzn+1, TXzn+1)+d(TXzn4+1, AMz)+d(Sz, BDxXzn+1) 1+
1+d(BDXzns1, TXons)+d(Txonsr, AM2)+A(S7, BDxonsp) & |
d(TXzn+1, BDXzn+1)-d(Sz, AMz) 1+¢
d(TX2n+1, AMZ)+d(SZ, BDX2n+1)+d(BDX2n+1, AMZ)
d(Sz, BDxXpn+1)+d(BDXzn+1, AMz) ]

I:1+d(Sz, BDX3n+1)-d(TX2n+1, BDXzpn4+1).d(Sz, AMz)

d(Sz,Txan+1) < a [

d(Sz, Sz)+ d(y2n+1, Y2n+2)-d(Sz, Sz)
dSzymez) <al 1+d2(5;1 er21+;r)2 I+p

d(Sz, d(Sz, Sz d , Sz

max{ (Sz, yan+2) ’ ( ) ’ (Y2n+1, Sz) Ly
1+d(SZ, Y2n+2) 1+d(SZ, SZ) 1+d(yZn+1, SZ)

[ d(yzn+1, Yon+2)+d(Yontz, SZ)+d(Sz, yans1) ]+ [ d(yzn+2, Y2n+1)-d(Sz, Sz)

1+d(y2n+1, Y(zn+2)+d(Y)2n+2, $z)+d(Sz, yan+1) d(yzn+2, S2)+d(Sz, yan+1)+d(Yan+1, SZ)
d(Sz, yon+1)+d(yzn+1, S2Z)
+&[ ]

1+d(Sz, y2n+1)-d(y2n+2, Y2n+1)-d(Sz, Sz)

Letting n—o0, we get

d(Sz, Sz)+d(z, z).d(Sz, Sz) d(Sz, z) d(Sz, Sz) d(z, Sz)

1+d(Sz, z) 1+d(Sz, z)’ 1+d(Sz, Sz)’1+d(z, SZ)} v
d(z, z)+d(z, Sz)+d(Sz, z) d(z, z).d(Sz, Sz)

[1+d(z, z)+d(z, Sz)+d(Sz, Z)] [d(z, Sz)+d(Sz, z)+d(z, Sz)] a
d(Sz, z)+d(z, Sz)

[1+d(SZ, z).d(z, z).d(Sz, SZ))]

d(Sz,z)<a ]|

1+ B max {

d(Sz,z) <B d(Sz,z) +2yd(Sz,z) + 2 £d(Sz, z).Then d(Sz,z) < (B +2y +2§
)d(Sz, z), that is |d(Sz,z) | < (B +2v +2&)|d(Sz z)|, which is contradiction 8
+2 vy +2&<l.Therefore Sz = z, which implies AMz = z. Now we prove that Tz =z
from (2) putting x =y = z, we get
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d(AMz, Sz)+ d(BDz, Tz).d(AMz, Sz)
d(Sz,Tz)<a [ vz To) 1+ B
d(AMz, BDz) d(AMz, Sz) d(BDz, Sz) d(BDz, Tz)+d(Tz, AMz)+d(Sz, BDz)

1+d(AMz, BDz)’ 1+d(AMz, Sz)’1+d(BDz, 5z)} [1+d(BDz, Tz)+d(Tz, AMz)+d(Sz, BDz)
d(Tz, BDz).d(Sz, AMz) d(Sz, BDz)+d(BDz, AMz)

]+n [d(Tz, AMz)+d(Sz, BDz)+d(BDz, AMZ)] + E" [1+d(Sz, BDz).d(Tz, BDz).d(Sz, AMZ)]

max{

d(z, z)+ d(Tz, Tz).d(z, z) n d(z, Tz) d(z, z) d(Tz, z)
1+d(z, Tz) ] B {1+d(z, Tz)  1+d(z, z)’ 1+d(Tz, Z)} Y
d(Tz, Tz)+d(Tz, z)+d(z, Tz) d(Tz, Tz).d(z, z)

[1+d(Tz, Tz)+d(Tz, z)+d(z, Tz)] [d(TZ, z)+d(z, Tz)+d(Tz, Z)] &
d(z, Tz)+d(Tz, z)

[1+d(z, Tz).d(Tz, Tz).d(z z)]

d(z,Tz) <a [

d(z,Tz) < Bd(z, Tz) + 2y d(z, Tz) + 2§ d(z, Tz). Then d(z,Tz) < (B + 2y +2&) d(Tz,
z). That is

|d(z, Tz) | < (B +2y +2&)|d(Tz z)|, which is contradiction p +2y +2§
<1.Therefore Tz = z, since BDz = Tz, which implies BDz = z. Now we prove that
Mz =z from (2) putting x = Mz and y = z, we get

d(AM(Mz), S(Mz))+ d(BDz, Tz).d(AM(Mz), S(Mz))

1+d(S(Mz), Tz) ]+B
d(AM(Mz), BDz) d(AM(Mz), S(Mz)) d(BDz, S(Mz))

1+d(AM(Mz), BDz)’ 1+d(AM(Mz), S(Mz))’ 1+d(BDz, S(Mz))}
d(BDz, Tz)+d(Tz, AM(Mz))+d(S(Mz), BDz)

[1+d(BDz, Tz)+d(Tz, AM(Mz))+d(S(Mz), BDZ)]
d(Tz, BDz).d(S(Mz), AM(Mz))

[d(TZ, AM(Mz))+d(S(Mz), BDz)+d(BDz, AM(MZ))] é
d(S(Mz), BDz)+d(BDz, AM(Mz))

I:1+d(S(Mz), BDz).d(Tz, BDz).d(S(Mz), AM(MZ))]

d(S(Mz), T2) < [

max{

d(Mz, Mz)+d(z, z).d(Mz, Mz))
1+d(Mz, z)

d(Mz, z) d(Mz, Mz) d(z, Mz)

1+d(Mz, z)’ 1+d(Mz, Mz)’ 1+d(z, Mz)}
d(z, z)+d(z, Mz)+d(Mz, z) d(z, z).d(Mz, Mz)

[1+d(z, z)+d(z, Mz)+d(Mz, Z)] [d(z, Mz)+d(Mz, z)+d(z, MZ)] };
d(Mz, z)+d(z, Mz)

[1+d(MZ, z).d(z, z).d(Mz, MZ)]

dMz,z)<a | 1+ P max{

dMz, z) <Bd(Mz, z) + 2 y dMz, z) + 2 £ d(Mz, z). Then d(z,Tz) < (B + 2y + 28)
d(Mz, z). Thatis |d(Mz,z) |< (B +2y +2¢&)|d(Mz,z)|, which is contradiction B
+ 2y + 2 & <l.Therefore Mz = z, since AMz =z, which implies Az = z. Now we
prove that Dz =z from (2) putting X =z and y = Dz, we get
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d(AMz, Sz)+ d(BD(Dz), T(Dz)).d(AMz, Sz)

d(Sz, T(Dz)) < a | 1+d(Sz, T(Dz)) I+ B
max{ d(AMz, BD(Dz)) d(AMz, Sz) d(BD(Dz), Sz) }
1+d(AMz, BD(Dz))’ 1+d(AMz, Sz)’ 1+d(BD(Dz), Sz)

[ d(BD(Dz), T(Dz))+d(T(Dz), AMz)+d(Sz, BD(Dz)) ]
1+d(BD(Dz), T(Dz))+d(T(Dz), AMz)+d(Sz, BD(Dz))
[ d(T(Dz), BD(Dz)).d(Sz, AM(Dz)) ] é

d(T(Dz), AMz)+d(Sz, BD(Dz))+d(BD(Dz), AMz)

[ d(Sz, BD(Dz))+d(BD(Dz), AMz) ]
1+d(Sz, BD(Dz)).d(T(Dz), BD(Dz)).d(Sz, AMz)

d(z, z)+ d(Dz, Dz).d(z, z) d(z, Dz) d(z, z) d(Dz, z)

1+d(z, Dz) ]+B {1+d(z, Dz)’ 1+d(z, z)’ 1+d(Dz, Z)} v
d(Dz, Dz)+d(Dz, z)+d(z, Dz) d(Dz, Dz).d(z, Dz)

[1+d(Dz, Dz)+d(Dz, z)+d(z, Dz)] [d(Dz, z)+d(z, Dz)+d(Dz, z)] %
d(z, Dz)+d(Dz, z)

[1+d(z, Dz).d(Dz, Dz).d(z, z)]

d(z,Dz)<a[

d(z, Dz) < (B+2y+2&)d(z, Dz). Thatis |d(z Dz) |< B +2y +2&)|d(z, D z)|,
which is contradiction B +2 vy + 2 & <l.Therefore Dz = z, since BDz =z, which
implies Bz =z.

Therefore z is a unique common fixed point of A, B, D, M, Sand T.

Uniqueness: Let u be an another common fixed point of A, B, D, M, Sand T. Then,
we have

d(AMz, Sz)+ d(BDu, Tu).d(AMz, Sz)

<
d(Sz,Tu) < o[ 1+d(Sz, Tu) I+B
d(AMz, BDu) d(AMz, Sz) d(BDu, Sz)
rnax{1+d(AMz, BDu)’ 1+d(AMz, Sz)’1+d(BDu, SZ)}

d(BDu, Tu)+d(Tu, AMz)+d(Sz, BDu)

1+d(BDu, Tu)+d(Tu, AMz)+d(Sz, BDu)
d(Sz, BDu)+d(BDu, AMz)

[1+d(SZ, BDu).d(Tu, BDu).d(Sz, AMZ)]

d(Tu, BDu).d(Sz, AMz) ]+§
d(Tu, AMz)+d(Sz, BDu)+d(BDu, AMz)

[ I+nl

d(z, z)+d(u, w.d(z, z) d(z, u) d(z, z) d(u, z)

Az w=e =g 1 BPmai s e o' rdw o) |
[ d(u, wW+d(u, 2)+d(z u) ] [ d(u, u).d(z, z) 1+ d(z, u)+d(u, z) ]
1+d(u, wW+d(y, 2)+d(z W) d(u, 2+d(z, wW+d(u, 2) 1+d(z wd(u, wd(z 2)

d(z, w) <(B+2y +28) d(z v). Thatis |d(zu) [< (B +2y +2&)[d(zu)|, whichis
contradiction B + 2y + 2 & <1.Therefore z = u, therefore z is a unique common fixed
pointof A, B, D, M, Sand T.

Case I1: we consider the case : d(TxX2n+1, AMX2n) + d(Sx2n, BDX2n+1) + d(BDX2n+1,
AMxzn) =0 (for any n) implies that d(Sx2n, TX2n+1). S0 that yon = SXon = Yon+1 =
BDX2n+1 = TXon+1 = AMXon+2 = Yon+2. Thus we have yan+1 = SXon = AMXon = yon, there
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exists ny and my, such that n1 = Sm; = AMmz = my.Similarly y2n+2 = TXon+1 = BDXon+1
= yan+1, there exists n2 and my such that n,= Tmz = BDm2 = m2. As d(Tmz, AMm;) +
d(Smy, BDmy) + d(BDm2, AMmz) = 0 implies that , d(Smz, Tmy) =0, so that ny = Sm;
= AMm; = Tmz = BDm32 = nz. Which is turn yields that n; = Sny = AMm; = AMn;
similarly, one can also have n, = Tn, = BDn2.As n1 = nz, impliesny =Sn; = Tny =
BDny, therefore n1 = Sni1 = An; = Mni = Th1 = Bni = Dni. Hence, n1 = nz, is common
fixed point.

Uniqueness : Let vi is an another common fixed point of A, B, D, M, S and T.Then
we have vi1 = Svi = Avs = Mvy = Tvy = Bvy = Dvi.Therefore d(Tvi, AMvs) + d(Shy,
BDv,) + d(BDv1, AMn1) = 0, so that d(n1,v1) = 0.Hence this implies that ny = v1.
Hence n; is a unique common fixed point of A, B, D, M, Sand T.

Corollary: Let (X, d) be a complex valued metric space and D, M, S and T be four
self mappings in X satisfying the condition:

1. S(X) € D(X) and T(X) © M(X).

2. For each x, y € X, such that x # y, d(Ty, Mx) + d(Sx, Dy) + d(Dy, Mx) # 0, where
a, B, v, nand & are non negative real number witha+ B+2y+n+&<1, ord(Sx,
Ty) = 0if d(Ty, Mx) + d(Sx, Dy) + d(Dy, Mx) = 0, such that

d(Mx, Sx)+ d(Dy, Ty).d(Mx, Sx)

1+d(Sx, Ty)
d(Mx, Dy) d(Mx, Sx) d(Dy, Sx) d(Dy, Ty)+d(Ty, Mx)+d(Sx, Dy)

maX{l+d(Mx, Dy)’ 1+d(Mx, Sx)’ 1+d(Dy, SX)} [1+d(Dy, Ty)+d(Ty, Mx)+d(Sx, Dy)] N
[ d(Ty, Dy).d(Sx, Mx) d(Sx, Dy)+d(Dy, Mx)

d(Ty, Mx)+d(Sx, Dy)+d(Dy, Mx)] a[1+d(Sx, Dy).d(Ty, Dy).d(Sx, Mx)]'

d(Sx, Ty) S a[

I+ B

3. The pair (M, S) and (D, T) are weakly compatible.
Then D, M, S and T have a unique common fixed point.

Corollary : If (M,S) and (D, T) are four commuting self mappings defined on a
complete complex valued metric space ( X, d ) satisfying the condition:
d(M™x, S™Mx)+d(D%y, TMy).d(M™Mx, S™Mx)
<
d(M™x, D"y) d(M™Mx, S™x) d(D"y, S™Mx)
1+d(M™Mx, DMy)’ d(MMx, SMx)’d(Dmy, Smx)}

max{

[

d(D%y, TMy)+d(T"y, M™x)+d(S™x, D"y) ] [ d(T"y, D"y).d(S™x, M™x) ]
1+d(D"y, Thy)+d(TPy, M™x)+d(S™x, DMy) d(Thy, M™x)+d(S™x, Dy)+d(DMy, MMx)
3l d(S™Mx, D"y)+d(D"y, M™Mx) ]

1+d(SMx, DnMy).d(TRy, Dhy).d(SMmx, MMx)'’

For each x, y € X, such that x #y , where , where a, f, v, n and & are non negative
real number with oo+ B+2y+n+&<1, orifd(S™x, T") =0 if d(T"y, M™X) +
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d(S™x, D"y) + d(D"y, M™x) = 0,Then D, M, S and T have a unique common fixed
point.

Theorem 3.2. Let A, B, D, M, Sand T be self mappings of a complete complex
valued metric space (X, d) satisfying conditions:

1. S(X) € BD(X) and T(X) = AM(X).

2. For each x, y € X, where a, B, v, 1 and & are non negative real number with a. +
+2y+n+&<1 ,suchthat

d(AMx, Sx)+ d(BDy, Ty).d(AMx, Sx)
dSx, Ty) < 1+d(Sx, Ty)

d(AMx, BDy) d(AMx, Sx) d(BDy, Sx)

1+d(AMx, BDy)’ 1+d(AMx, Sx)’1+d(BDy, 5x)}
d(BDy, Ty)+d(Ty, AMx)+d(Sx, BDy) d(Ty, BDy).d(Sx, AMX)

+
1+d(BDy, Ty)+d(Ty, AMx)+d(Sx, BDy)] [1+d(Ty, AMx)+d(Sx, BDy)+d(BDy, AMX)] é
d(Sx, BDy)+d(BDy, AMX)

[1+d(Sx, BDy).d(Ty, BDy).d(Sx, AMX)]

I+

max{

3. (AM, S) are compatible, and AM or S is continuous and (BD, T) are weakly
compatible.

4. (BD, T) are compatible, and BD or T is continuous and (AM, S) are weakly
compatible. Then A, B, D, M, Sand T have a unique common fixed point.

Proof : By above theorem {yn} is a Cauchy sequence. Since X is completed, so{yn}
IS converges to some point z. thus subsequence {Sx2n}, {BDx2n+1}, {TX2n+1} and
{AMx2n+2} also converges to z, that is

lim y, = r{l_{’fc}o SXon = 111_1)'{)10 BDXzn+1 = Illi_{{}OAszmz = Ai_l;IgoTX2n+1 (3.3)

n—oo

Assume that S is continuous. Since (AM, S) are compatible, we have

lim AM(Sx3p42) = lim S(AMx,,,,,) =Sz (3.4)
n—oo n—»oo

Now putting X = Xon+2, Y = Xon+1 then we have

d(AM(SXan), TXzn+1) Sa[d(AMX2n+2: Sx2n+2)+ d(BDXzn+1, TXz2n+1)-d(AMXan+2, SX2n+2)]
1+d(Sxz2n, TXzn+1)

+ B max d(AMX2n+2, BDXpn+1)  d(AMXan+2, SXan+2)  d(BDXan+1, SXan+2)
1+d(AMxzn42, BDXzn41)  1+d(AMXant2, SXan+2)’ 1+d(BDXzn41, SXzn+2)
[ d(BDXzn+1, TX2n+1)+d(TXzn+1, AMXon42)+d(SXan+2, BDXzn+1) 1+1
1+d(BDx2n+1, TXan+1)+d(TXzn+1, AMXan4+2)+d(SXz2n+2, BDXan+1)
d(TX2n+1, BDXzn+1)-d(SXz2n+2, AMXzn+2) ¢
1+d(TXz2n+1, AMX2n+2)+d(SXz2n+2, BDXan+1)+d(BDXan+1, AMXzn+2)
d(Sx2n+2, BDXzn+1)+d(BDXzn+1, AMXan+2)

1+d(Sx2n+2, BDXzn+1).d(TXzn+1, BDXan+1).d(SXan+2, AMXan+2)

+y

[
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Letting n—oo, in the above inequality and using (3.3) and (3.4), we get

d(z, z)+d(z, z).d(z, z) d(z, z) d(z, z) d(z, z)

d(Sz,z) <a 1+d(z, z) I+B nllax{l+d(z, z)’ 1+d(z, z)’ 1+d(z, Z)}
[ d(z, z)+d(z, z)+d(z, z) ] [ d(z, z).d(z, z) ]"'é[ d(z, z)+d(z, 2z) ]
1+d(z, z)+d(z, z)+d(z, 2z) 1+ d(z, z)+d(z, z)+d(z, z) 1+d(z, z).d(z, z).d(z, z)

d(Sz,z) S Othatis |d(Sz,z)| <0, hence Sz = z. Now putting X =z and y = Xan+1in (2)
we have

d(AMz, Sz)+ d(BDxXzn+1, TXzn+1).-d(AMz, Sz)

1+d(SZ, TX2n+1)
d(AMZ, BDX2n+1) d(AMZ, SZ) d(BDX2n+1, SZ)

max , , +
{1+d(AMz, BDXyn+1) 1+d(AMz, Sz) 1+d(BDXzn+1, Sz)} Y
[ d(BDXzn+1, TXzn+1)+d(TXzn4+1, AMz)+d(Sz, BDxXzn+1) 1+1

1+d(BDxz2n+1, TXzn+1)+d(TXzn+1, AMz)+d(Sz, BDxzn+1)
[ d(TX2n+1, BDX2n+1).d(SZ, AMZ)

_l_
1+d(TX2n+1, AMZ)‘I’d(SZ, BDX2n+1)+d(BDX2n+1, AMZ)] %
d(SZ, BDX2n+1)+d(BDX2n+1, AMZ)

[1+d(SZ, BDX2n+1).d(TX2n+1, BDX2n+1).d(SZ, AMZ)]

d(Sz,TXan+1) < a [

I+B

Letting n—o0, we get

d(AMz, z)+ d(z, z).d(AMz, z) d(AMz, z) d(AMz, z) d(z, z)

1+d(z, z) 1+d(AMz, z)’ 1+d(AMz, z)’ 1+d(z, Z)} v
d(z, z)+d(z, AMz)+d(z, z) d(z, z).d(z, AMz)

[1+d(z, z)+d(z, AMz)+d(z, Z)] [1+d(z, AMz)+d(z, z)+d(z, AMZ)] +é
d(z, z)+d(z, AMz)

[1+d(z, z).d(z, z).d(z, AMZ))]

d(z,z) <a[

]+ B max{

d(z,2) < a d(AMz, z) + B d(AMz, z) + vy d(AMz, z)

d(z,2)<(a +p+7y)d(AMz, z), thatis 0 < (a + +7y) d(AMz, z).Then |d(AMz, z)|
>0, hence AMz = z.

Since S(X) € BD(X), there exist a point w € X such that Sz = BDw. Suppose that
BDw # Tw. Now to prove BDw = Tw and given that Sz =z = BDw. From (2)
putting x =z and y = w, obtain

d(AMz, Sz)+ d(BDz, Tw).d(AMz, Sz)

d(Sz, Tw) <a [ 1+d(Sz, Tw) I+ B

d(AMz, BDw) d(AMz, Sz) d(BDw, Sw)

max
a {1+d(AMz, BDw)’ 1+d(AMz, Sz)’ 1+d(BDw, Sw)} v
d(BDw, Tw)+d(Tw, AMz)+d(Sz, BDw) d(Tw, BDw).d(Sz, AMz)

+
I:1+d(BDw, Tw)+d(Tw, AMz)+d(Sz, BDW)] [1+d(Tw, AMz)+d(Sz, BDw)+d(BDw, AMZ)] é’;
[ d(Sz, BDw)+d(BDw, AMz)

1+d(Sz, BDw).d(Tw, BDw).d(Sz, AMZ)]
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d(z, z)+d(z, Tw).d(z, z) d(z, z) d(z, z) d(z, z)

1+d(z, Tw) 1+d(z, z)’ 1+d(z, z)’ 1+d(z Z)} v
d(z, Tw)+d(Tw, z)+d(z, z) d(Tw, z).d(z, z)

[1+d(z, Tw)+d(Tw, z)+d(z, z)] [1+d(TW, z)+d(z, z)+d(z, z)] é
d(z, z)+d(z, z)

[1+d(z, z).d(Tw, z).d(z, Z)]

d(z,Tw) <a| ]+ B max {

d(z,Tw) <2 yd(z,Tw) thatis |d(z, Tw)|< 2 y|d(z, Tw)| ,which is contradiction to
2 vy < 1.Therefore Tw = z. Hence BDw =z = Tw.Thus BDw = Tw.Since BD and T are
weakly compatible then BDz = BD(Tw) = T(BDw) = Tw. Thus z is a coincidence
point of BD and T. Now to prove Tz =z from (2) puttingx =z andy = z.

d(AMz, Sz)+ d(BDz, Tz).d(AMz, Sz)
dSzTz)<a 1+d(Sz, Tz)

d(AMz, BDz) d(AMz, Sz) d(BDz, Sz) d(BDz, Tz)+d(Tz, AMz)+d(Sz, BDz)

1+d(AMz, BDz)’ 1+d(AMz, Sz)’ 1+d(BDz, 5z)} [1+d(BDz, Tz)+d(Tz, AMz)+d(Sz, BDz)
d(Tz, BDz).d(Sz, AMz) d(Sz, BDz)+d(BDz, AMz)

]+n [1+d(TZ, AMz)+d(Sz, BDz)+d(BDz, AMZ)] +§ [1+d(SZ, BDz).d(Tz, BDz).d(Sz, AMZ)]

I+B

max{

d(z, z)+d(Tz, Tz).d(z z) d(z, Tz) d(z, z) d(Tz, z)
dzTz)<a 1+d(z, Tz) I+B {1+d(z, Tz)’ 1+d(z, z)’ 1+d(Tz, z)} v
d(Tz, Tz)+d(Tz, z)+d(z, Tz) d(Tz, Tz).d(z, z)

[1+d(Tz, Tz)+d(Tz, z)+d(z, Tz)] [1+d(Tz, z)+d(z, Tz)+d(Tz, Z)] &
d(z, Tz)+d(Tz, z)

[1+d(z, Tz).d(Tz, Tz).d(z z)]'

d(z,Tz) < Bd(z, Tz) + 2 y d(z, Tz) + 2§ d(z, Tz). Then d(z,Tz) < (B + 2y + 2&) d(Tz,
z). That is

|d(z, Tz) | < (B +2vy +2&)|d(Tz z)|, which is contradiction § +2y +2¢&
<1.Therefore Tz = z, since BDz = Tz, which implies BDz = z. Now we prove that
Mz = z from (2) putting x = Mz and y = z, we get

d(AM(Mz), S(Mz))+ d(BDz, Tz).d(AM(Mz), S(Mz))
d(S(Mz), Tz) < a [ z z e (MZZ), ZTZ) z 21+ B

d(AM(Mz), BDz)  d(AM(Mz), S(Mz))  d(BDz, S(Mz))

1+d(AM(Mz), BDz)’ 1+d(AM(Mz), S(Mz))’ 1+d(BDz, S(Mz))}
d(BDz, Tz)+d(Tz, AM(Mz))+d(S(Mz), BDz)

1+d(BDz, Tz)+d(Tz, AM(Mz))+d(S(Mz), BDZ)]
d(Tz, BDz).d(S(Mz), AM(Mz))

1+d(Tz, AM(Mz))+d(S(Mz), BDz)+d(BDz, AM(MZ))] E"
d(S(Mz), BDz)+d(BDz, AM(Mz))

1+d(S(Mz), BDz).d(Tz, BDz).d(S(Mz), AM(MZ))]

max{

[
[
[

d(Mz, Mz)+ d(z, z).d(Mz, Mz))
1+d(Mz, z)

d(Mz, z) d(Mz, Mz) d(z, Mz)

1+d(Mz, z)’ 1+d(Mz, Mz)’ 1+d(z, Mz)
d(z, z)+d(z, Mz)+d(Mz, z) d(z, z).d(Mz, Mz)

1+d(z, z)+d(z, Mz)+d(Mz, Z)] [1+d(z, Mz)+d(Mz, z)+d(z, Mz)] +};
d(Mz, z)+d(z, Mz)

I:1+d(Mz, z).d(z, z).d(Mz, Mz)]

dMz, z) <a [
vl

1+ B max{

¥
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dMz, z) <Bd(Mz, z) + 2 y dMz, z) + 2 £ d(Mz, z). Then d(z,Tz) < (B + 2y + 2§)
d(Mz, z). Thatis |d(Mz,z) |< (B +2y +2¢&)|d(Mz,z)|, which is contradiction B
+ 2y + 2 & <l.Therefore Mz = z, since AMz =z, which implies Az = z. Now we
prove that Dz =z from (2) putting x =z and y = Dz, we get

d(AMz, Sz)+ d(BD(Dz), T(Dz)).d(AMz, Sz)
d(Sz, T(bz) < a 1+d(Sz, T(Dz)) I+ B

d(AMz, BD(Dz)) d(AMz, Sz) d(BD(Dz), Sz)

max{1+d(AMz, BD(Dz))’ 1+d(AMz, Sz)’ 1+d(BD(Dz), Sz)}
[ d(BD(Dz), T(Dz))+d(T(Dz), AMz)+d(Sz, BD(Dz))

1+d(BD(Dz), T(Dz))+d(T(Dz), AMz)+d(Sz, BD(DZ))]
d(T(Dz), BD(Dz)).d(Sz, AM(Dz))

[1+d(T(DZ), AMz)+d(Sz, BD(Dz))+d(BD(Dz), AMZ)] Z:’
[

d(Sz, BD(Dz))+d(BD(Dz), AMz) ]
1+d(Sz, BD(Dz)).d(T(Dz), BD(Dz)).d(Sz, AMz)

d(z, z)+ d(Dz, Dz).d(z, z) d(z, Dz) d(z, z) d(Dz, z)
<

d(Z’ DZ) =a [ 1+d(z, Dz) ]+ B {1+d(z, Dz)’ 1+d(z, z)’ 1+d(Dz, Z)}
[ d(Dz, Dz)+d(Dz, z)+d(z, Dz) d(Dz, Dz).d(z, Dz)

1+d(Dz, Dz)+d(Dz, z)+d(z, Dz)] [1+d(DZ, z)+d(z, Dz)+d(Dz, Z)] g
[ d(z, Dz)+d(Dz, z)

1+d(z, Dz).d(Dz, Dz).d(z, z)]

d(z, Dz) < (B+2y+2&)d(z, Dz). Thatis |d(z,Dz) |< (B +2y +2&)|d(z Dz)|,
which is contradiction B +2y +2 & <1.Therefore Dz = z, since BDz =z, which
implies Bz =z.Therefore by combining all the above result, we conclude that z isa
unique common fixed point of A, B, D, M, Sand T.

Uniqueness: Let u be an another common fixed point of A, B, D, M, Sand T. Then,
we have

d(AMz, Sz)+ d(BDu, Tu).d(AMz, Sz)

<
d(Sz,Tu) < o[ 1+d(Sz, Tu) I+B
d(AMz, BDu) d(AMz, Sz) d(BDu, Sz)
max{1+d(AMz, BDu)’ 1+d(AMz, Sz)’1+d(BDu, SZ)}

d(Tu, BDu).d(Sz, AMz) ]+§
1+d(Tu, AMz)+d(Sz, BDu)+d(BDu, AMz)

[ d(BDu, Tu)+d(Tu, AMz)+d(Sz, BDu)

1+d(BDu, Tu)+d(Tu, AMz)+d(Sz, BDu)
[ d(Sz, BDu)+d(BDu, AMz)

1+d(Sz, BDu).d(Tu, BDu).d(Sz, AMZ)]

I+n[

<t

[ d(u, w+d(u, z)+d(z, u)
1+d(u, w+d(u, z)+d(z, w)

d(z, u) d(z, z) d(u, z)
I+ InaX{1+d(z, u)’ 1+d(z, z)’ 1+d(u, Z)} Y
] [1+d(u,d(zl;+zzlz(,i(2):21(u, Z)] * é [1+d((i,(Z;1)Tld)(:(,j(3,).;zz, z)]

d(z, u) < (B +2y +28) d(z, u). Thatis |d(zw) |< (B +2y +2&)[d(zw)], whichis
contradiction  + 2y + 2 & <l.Therefore z = u, therefore z is a unique common fixed
pointof A, B, D, M, Sand T.
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Corollary: Let (X, d) be a complex valued metric space and D, M, S and T be four
self mappings in X satisfying the condition:

1. S(X) € D(X) and T(X) c M(X).

2. For each x, y € X, such that x #y, d(Ty, Mx) + d(Sx, Dy) + d(Dy, Mx) # 0, where
a, B, v, n and & are non negative real number witha+ B+2y+n+&<1, or d(Sx,
Ty) = 0if d(Ty, Mx) + d(Sx, Dy) + d(Dy, Mx) =0, such that

d(Mx, Sx)+ d(Dy, Ty).d(Mx, Sx)

1+d(Sx, T ]+ B
, Ty)
d(Mx, Dy) d(Mx, Sx) d(Dy, Sx)

d(Sx, Ty) S a[

d(Dy, Ty)+d(Ty, Mx)+d(Sx, Dy)

maX{l+d(Mx, Dy)’ 1+d(Mx, Sx)’ 1+d(Dy, SX)} [1+d(Dy, Ty)+d(Ty, Mx)+d(Sx, Dy)]
[ d(Ty, Dy).d(Sx, Mx) ] a[ d(Sx, Dy)+d(Dy, Mx) ]
d(Ty, Mx)+d(Sx, Dy)+d(Dy, Mx) 1+d(Sx, Dy).d(Ty, Dy).d(Sx, Mx)""

3. The pair (M, S) and (D, T) are weakly compatible.

Then D, M, S and T have a unique common fixed point.

CONCLUSION

In this paper we proved fixed point theorem and common fixed point theorem in
complex valued metric space through concept of compatibility and continuity.
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