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Abstract

Let A » denote the class of functions of the form

o0
fO=2"+ ) ',
n=p+1

which are analytic and p-valent in the unit disk U = {z : z € C, |z| < 1}.
Let

U o, oo, oaps B, B2, ... Bm; 2) = 27 | Fylon, oo, ... ap; B1, B2, ... Bm)

e ¢]

Z (o)n(@2)n -+ (), 2P
BB+ (Bm)n n!

n=0

(I <m+1;1,m € N) We define " £V (ay, aa,...0p5 B1, B2, ... Bm; 2)
by using convolution * as
ffm(al’ab---al;ﬂl’ IBz’ﬁm’Z)* ]p,afr;_l)(al7a27"'al;ﬂlaﬂzv"'lgm;z)
— Z[](l _ Z)—z(l—a)



We use this definition to introduce an operator L} : A, — A, as

Ll’f;s(ozl,(xz, oo B, B2, ... Bm) f(2)
= Py, 0, B B2, ., B 2) x f(2)

Using this operator, we define some new classes of p-valent functions and study
their properties by using cetain first order differential subordination and superordi-
nation. Also certain inclusion relations are established and an integral transform is
discussed.

AMS subject classification: 30C80, 30C45.
Keywords: Analytic functions,p-valent functions, differential subordinations, dif-
ferential superordinations, linear Operator, Hadamard product.

1. Introduction

Let H be the class of functions analyticin U = {z : z € C, |z] < 1} and H(a, n) be the
subclass of H consisting of functions of the form f(z) = a + a,7" + an+1z"+l +...
Let A, denote the class of normalized analytic p-valent functions in the unit disk U that
have the form:

f@O=2"+ ) and". (1.1)

n=p-+1

o0 o0
For functions f(z) = z + Z a,z" and g(z) = z + Z b,7" in the class A, the

n=p+1 n=p+1
Hardamard Product is defined as follows.

(f*xg)2) =2+ Z anbpz", ze€U. (1.2)
n=p+1

Fora; e C(j =1,2,...,)and B; e C—-0,-1,-2,...(j = 1,2,...,m), the
generalized hypergeometric function ;F, (a1, o2, ... B, B2, ... Bm : z) 1s defined
by the series

. = (a)n(@2)n -+ (@)n 4ard
Bm :2) = Z '

1Fn(ar, o, ..o B1, Ba, - ..
n=0

(I <m+1;1,m € Ny)
where (a), is the Pochhammer symbol defined by

I'la+n)

(@n = W

=ala+1D@+2)---(a+n—-1) forneN
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and it is 1 for n=0. Corresponding to the function

Vo, 0o, oo Biu Boy oo Bmi 2) = 2P 1 Fwlar, o, .. .oq; B1, Bos - - Bm)

o0

- Z (a@)n(e2)n - (@)p 2"FP
(,Bl)n (,32)n Tt (IBm)n n!

We define 7 £\ V(a1 a2, ... 13 B1, B, - . . Bu; 2) by using convolution * as

n=0

Phnlar, oo, oous i, Bow oo By 2) % DO FS Do, aa, oo oaus B, Boy o B 2)
=771 =229 fora < 1

We use this definition to introduce an operator Lf nf A, = A as

Lo, @, . .oar; Br, B2, - ) [ (2)
= PO D@ e, B Bas - B D) % f(2) (13)

o0

— Py Z BOn—pB2In—p -+ (BmIn—p

(al)n—p(OQ)n—p s (Oll)n—p

2 - za)n—panzn
n=p+1

Forl=m+1and ap = B1,a3 = B2, ..., = B, we note that, L}’g(l,az,...al;

Bi....Pn)f(2) = zf'(2) and L)) (2, 0. ...013 B1. ... Bu) f(2) = f(2) To make the
notation simple we write,

Lf;f:[al]f(Z) = Lﬁ;ff(oq, a2, ... B1, B2, - Bm) f(2)

From (1.3), it is obtained that

L] Lol f (@) = 2L T + 11 () + (1 = p) (L]l +11f(2)  (1.4)

Relation (1.4) plays an important role in obtaining our results.
An analytic function f is said to be subordinate to another analytic function g, written
as

f@) <g@, (el

if there exists a Schwarz function w, which is analytic in U with w(0) = Oand |w(z)| < 1
for z € U such that f(z) = g(w(2)).

A function f € A, is said to be in the class H, . (A, B) if it satisfies the following
subordination.

Lp(a+1,c)f(z)<1 A—B z
Ly(a,c)f(z) a 1+ Bz

zeU:a#0:—-1<B<A<1]

where L (a, c) is the familiar Carlson and Shaffer operator [3] given by L,(a,c) =

1
Lg’f (¢, 1; a). Thisclass H, . ,(A, B) was introduced by Liu and Owa [5] and they have
proved the following.
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A—B
Theorem 1.1. (Liu and Owa [[5],Theorem 1,p.1715]) Leta > L then

Ha—i—l,c,p(A’ B) C Ha,c,p(A’ B)-

Theorem 1.2. (Liu and Owa[[5],Theorem 3,p.1717]) Let f(z) € A,. Then f €
Hy ¢ p(A, B) if and only if

F(z) =

Z
= /0 1P f(0)dt € Hay1,c,p(A, B)

For two analytic functions f and F, we say that F is superordiante to f if f is
subordiante to F. Recently Miller and Mocanu [7] considered certain second order dif-
ferential superordinations. Using the results of Miller and Mocanu [7], Bulboaca have
considered certain classes of first order differentail superordinations [2] and superordi-
nation preserving integral operator [1]. In present investigation, on the lines of Kumar
and Taneja [4], we define more general classes of p-valent functions which we define
below using subordination and superordination.

Definition 1.3. A function f € A, is said to be in the class A*(p, n, a1, a2, ..., a;
B1, B2, ..., Bm : @) if it satisfies the following subordination:

LY a1 f(2)
LYoy + 11£(2)

< 9(2). (1.5)

and it is said to be in A%(p, n, a1, @2, ..., 01 B, Bas ..., Pm : @) if f satisfies the
following superordination:

LI a1l f (2)
L) + 11£(2)

@(z) < (1.6)

where ¢(z) is analytic in U and ¢(0) = 1.
To make the notation simple, we also write

A%(p,n,ay 1 @) = A%p,n,ar, a2, ..., B1, B2, .o, B 2 @)
and L L
A¥(p,n, a1 @) =A% p,n, a1, a2, ..., a5 B1, B2, ..., Bm @)
Also we define the class A%(p, n, a1 : @1, ¢2) by the following:
A%(p,n,ar @1, @) = A%(p,n, o 1) NA%(p,n,ay : @2)

Definition 1.4. [[7], Definition 2.p.817] Denote by O, the set of all functions f(z) that
are analytic and injective on U — E( f), where

lim
E(f) = {C €dU:z— ¢ f(2) =00}
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and are such that f/(¢) # 0for ¢ € 3U — E(f).

Lemma 1.5. [6][12. Theorem 3.4h.p.132]. Let 1/(z) be univalent in the unit disk U
amd let ¥ and ¢ be analytic in a domain D D v (U) with ¢(w) # 0 when w € ¥ (U).

0(2) = z¥' (e (¥ (2))
h(z) =9 (Y (2) + Q(2)

Suppose that
(1) O(z) is starlike in U and
2) R <Zg((zz))> > 0forzeU
If g (z) is analytic in U, with ¢(0) = ¥ (0), ¢(U) C D and
9(q(2) + 24" (@(q(2)) < ¥ () + 2¢' ()Y (2)) (1.7)

then ¢ (z) < ¥ (z) and ¥ (z) is the best dominant.

Lemma 1.6. [2] Let v/ (z) be univalent in the unit disk U amd let ¢} and ¢ be analytic in
a domain D D ¥ (U). Suppose that

1 R (19/(1ﬁ(z))
p(¥(2))
(2) z¢¥' ()@ (¥ (2)) is starlike in U.

If g(z) € H(y(0), 1) N Q, with g(U) € D and ¥(q(z)) + zq'(z)?(g(z)) is univalent in
U, then

)>0f0rz€U

(Y (2) + 2¢' (@Y (2)) < 9(q(2) + 24" (2)9(q(2)) (1.8)
implies ¥ (z) < ¢g(z) and ¥ (z) is the best subordinant.

2. Results involving Linear Operator
By using Lemma 1.5, we prove the result of subordination.

Theorem 2.1. Let 1/ (z) be univalent in U, ¥ (0) = 1. Assume that zv/'(z) /v is starlike
in Uand R («¢1¥(z)) > 0. Let x(z) be defined by

Y’ (2)
o —1 V()

If fe A"(p,n,ay —1: x) then f € A%(p,n,ar : ¥).
If fe A*(p,n,a; —1: x) and

L]l f(z)
L e 4+ 11f(2)

x(2) = |:a11ﬁ(z) -1+ ] where o] # 1 (2.1)

e H(l,HNQ, (2.2)
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LYoy —11£(2)
L) a1l f ()

Proof. We define a function

is univalent in U then f € ﬁ(p,n,al S,

LY len]f(2)
LYo + 11/ (2)

q(z) =

Clearly g (z) is analytic in U.
Taking logarithmic derivative of both sides, we get,

e 2(Heanlr@) 2 (L + @)

9 LIelf@  Lller +11£@)

Now, by using the identity (1.4), we get,

1 ‘

Lf}:[al]f(z)
Since f € A*(p,n,a; —1: x), we get,

L] ey — 11f(2)

i
then, from (2.5) and definition of ¥,
2q'(2) Y’ (2)
MIDF T SO

Now, we define

1
P(w) :=ajw and p(w) = —
w
Note that ¢(w) # 0 and ¥ (w), ¢(w) are analytic in C — {0}. Set

_ W@

Q) = e
h@) = D (W) + Q) = (@) + L
¥ (2)

By hypothesis of Theorem 2.1, Q(z) is starlike and

{zh/(z) ') (@)
0(2) V') Y@

}=R{a11ﬁ(Z)+1+

zq’(z)] _ Lf},‘f[al —1]1f(2)

-0

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)
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Clearly g (0) = ¥ (0)
By applying Lemma 1.5, we obtain that ¢(z) < ¥ (z) or

LIl f ()
L]l 4+ 11f(2)

< ¥(2)

which shows that f € A%(p,n, a; : ¥). The other half of theorem (2.1) follows by
applying lemma (1.4). [ |

Using Theorem (2.1), we get the following “Sandwich Theorem”.

Corollary 2.2. Let ¥;(z) be univalent in U, ¥;(0) = 1, (i = 0, 1). Further assume that

% is starlike univalent in U and R {1 ¥ (z)} > 0, (i =0, 1). If f € A%(p, n, a; —
AV

1 :lwl, Yrp) satisfies (2.2) then f € A*(p,n, ay : Y1, Y¥). where

2;(2)
Vi (z)

xi(2) = |:oz110,-(z) -1+ j| where o) # landi = 1,2

o — 1

Theorem 2.3. Let ¢/ (z) be univalent in U, ¢(0) = 1, and A be a complex number.
2y’ . o
Assume that is starlike in U and R{A + p — o1 + a1y} > O.
A+p—oar+ary) P
Define the functions F and % by

F(z) = k;p fzﬂ—lf(z)dz (2.9)

0
Y’ (2)
At+p—oar+a1¥(2)
If fe A%(p,n,a1 :h),then F € A%(p,n,ay: ). If f € A%(p,n,a; : h),

h(z) .= ¢ () +

L] lan]F(z)

H(, )N 2.10
L{f;f[[aﬁl]F(z)e Lhne (2.10)

0 #

L] el f(2)
L]l 4+ 11 (2)

is univalent in U then F € A%(p, n, o : V).

Proof. Form the definition of F(z) and equation (1.4), we get the following equations

O+ PILES e ) = AL STl F@ + 2 (Ll F@)) @)
and

(A +p)L e +11f(2) = a1 L [l F (2) + (A4 p —a) L] ler +11F (2) (2.12)

I,m
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We define a function ¢g(z) by

L{ 1] F(z)
q9(2) = 54 (2.13)
Ly lor +11F(2)
Clearly ¢ (z) is not analytic in U. Using equation (2.12), we can write,
(A4 p)L] Ty + 111 (2)
- =+ p—o+ag() (2.14)

Ll e + 11F(2)
Taking logarithmic differentiation of both sides and using equation (2.11), we have

L}, [on] f(2) 2q'(2)
’ = 2.15
o+ 170 O i p—a + g @ 2.15)

Since f € A*(p, n, a; : h), we have form (2.15),

2q'(2) Y’ (2)
2.16
q(Z)+A+p—a1+O¢1q(Z)<w(Z)+K+P—a1+a1W(Z) (210

Now, we define .

F(w) := w and p(w) =
(w) p(w) PR —————

N
Clearly ¢(w) # 0 and ¥ (w), ¢ (w) are analytic in C — {u} Set
o1
2y’ (z)
Adp—ar+ou1¥(2)

2y’ (z)
At+p—o+ay(z)
By hypothesis of theorem (2.3), Q(z) is starlike and

0(2) =

h(z) =9 (2) + Q@) =¥ (@) +

R{Zh (Z)} =R{A+p—a1+a1lﬁ(z)+l+

2 (2) a1zy’' ()
— >0
0() }

Y@ Atp—oatoay()
By applying lemma (1.3), we obtain that

q(z) < ¥(2)

or P
Ly, lai]F(z)

Ll lo + 11F (2)

< ¥ (2)
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which implies F € A%*(p, n, a1 : ¥). The second half of the Theorem (2.3) follows by
a similar application of Lemma (1.4). |

Using theorem (2.3), we have the following result:

Corollary 2.4. Let; beunivalentinU, v¥; (0) = 1(i = 1, 2) and A be acomplex number.

zy; . o
is starlike in U and R{A 4+ p — a1 + a1V (2)} >
G+ p— a1 +arp) P

0@ =1,2). If f € A%(p, n, ay : hy, hy) satisfies (2.10) then the function F defined by
(2.9) belong to A%(p, n, «; : Y1, Yp) where

Assume that

2 (2)

h(z) = v;(z2) + i=1,2
@ = Y1)+ = P )
Theorem 2.5. Let f(z) € A, and a1 # 1. Define F by
o1 : aj—p—1
F(2):= t¥7P f(n)dt 2.17)
o : : o I —aip
Then f € A%(p,n,a; : ¢) if and only if F € A%(p,n,a; — 1 : ). Also
— . . —_ I -9
feA¥p,n,ay:@)ifandonlyif F € A%(p,n,a; — 1 : 1 ).
Proof. From (2.17), we have
a1 f(z) = (a1 — p)F(2) + 2F'(2) (2.18)
In the same way, for operator (1.3) we can write,
/
L) f(2) = (@1 = LIl F @) + 2 (Ll F (@) (2.19)
From (2.17), we get,
LI ar + 11 (z) = L [e1]1F (2) (2.20)

and

Ll enlf @ =2 (LIl + 117 @) + (@ = pLYlen +11f )

= < (LIM@lF Q) + @ - p)LY ST F )
= (1 = DL len = 11F () — (@1 — 1 = p)L[erlF @) + (1 — pLY e F @)

= (@1 = DLy — 1IF () + L[] F (2) (2.21)
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Therefore, form (2.20) and (2.21), we have,

Liyler —11F() 1 L, lonlf@)
LPoelF(z) (=1 | L) en + 11£(2)

and the desired result follows from it. [ |

Corollary 2.6. Let f(z) € A, and oy # 1.Then f € A%(p,n, a1 : @1, ¢2) if and only

1-— 1 —
if F given by (2.17)isin A*(p,n,a; —1: 0‘1901’ oe1</32).

1—o

1—o
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