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Abstract

In this paper we prove some basic properties of the soft sets in a vector soft topo-
logical space(VSTS). Also we establish the soft linearity of pg-functions and soft
B kernel of a soft linear pg-function in a VSTS.
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1. Introduction

Soft set theory emerged in 1999 as a general mathematical tool for modelling uncertain-
ties. Molodstov [8] initiated this theory and pointed out its several applications in solving
many practical problems. Operations on soft sets were introduced by Maji et al. [6] in
2003. Later much study was done in soft sets especially connecting soft sets and algebra.
In 2011, Shabir and Naz [16] introduced soft topological spaces and Zorlutuna et al. [18],
Cagman et al. [1], Hussain et al. [3] etc. contributed to soft topological spaces. Majum-
dar and Samanta[7] introduced soft mappings. In 2013, Sujoy Das, Pinaki Majumdar
and S. K. Samanta [17] introduced the concepts of soft linear spaces and soft normed
linear spaces. In 2011 Kharal and Ahmad [5] introduced soft pu-functions connecting
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any two families of soft sets. And in 2015, Moumita Chiney and S. K. Samanta [9] in-
troduced vector soft topology, connecting soft set theory and topological vector spaces.
With that motivation, we like to study some more concepts of soft sets, soft linearity of
pq-functions and soft B kernel of a soft linear pg-function in a VSTS.

Section 2 deals with the preliminaries such as definition of soft sets, its basic oper-
ations, definition of soft topology and some properties. In section 3, we proved some
theorems on soft sets in a VSTS. In Section 4 we present some properties of convex
and balanced sets in a VSTS. Also we defined the concept of soft subspace topology
and proved some results based on it. Section 5 contains a main results of the paper, the
condition for linearity of a soft pg-function and the necessary and sufficient conditions
for the continuity of a soft linear pg-function. In section 6 we defined soft 8 kernel of
a soft linear pg-function and proved that soft 8 kernel of a soft linear map is a vector
space. The definition of soft quotient topology and a necessary and sufficient condition
for the continuity of a function on soft quotient topology is also proved in this section.

2. Preliminaries

Definition 2.1. [8] A pair (F, A) is called a soft set over a universal set X, where F is
amapping F : A — o (X), A is a set of parameters.

Notation [2]: The family of all soft sets over X is denoted by SS(X, A).

Definition 2.2. [8] The soft set (F, A) € SS(X, A) where F () = ¢, Va € A is called
the null soft set of SS(X, A) and is denoted by ¢ 4.

The soft set (F, A) € SS(X, A) where F(«x) = X, Yo € A is called the absolute soft set
of SS(X, A) and is denoted by X 4.

Definition 2.3. [16] Let 7 be a collection of soft sets over X. Then t is said to be a soft
topology if

1. ¢4, X4 belong to T

2. the soft union of any number of soft sets in 7 belongs to t

3. the soft intersection of any two soft sets in 7 belongs to t
The triplet (X, 7, A) is called a soft topological space.

Definition 2.4. [16] Let (X, 7, A) be a soft topological space over X, then the members
of T are said to be soft open sets in X.

A soft set (F, A) over X is said to be soft closed set in X if its soft complement (F¢, A)
belongs to 7.

Proposition 2.5. [3] Let (X, 7, A) be a soft topological space over X. Then for a fixed
ae€ A 1, =1{F(a):(F,A) € 1} defines a topology on X.
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Definition 2.6. [14] Let SS(X, A) denote the set of all soft sets over X under the
parameter set A. A soft set (F, A) € SS(X, A) is said to be pseudo constant soft set if
Fa)=Xor¢,Va € A.

Let CS(X, A) denote the set of all pseudo constant soft sets over X under the parameter
set A.

Definition 2.7. [14] A soft topology T on X is said to be an enriched soft topology if
(1) of the Definition 2.7 is replaced by (1°) (F, A) € t,V(F, A) € CS(X, A).
Then the triplet (X, t, A) is called an enriched soft topological space over X.

Proposition 2.8. [9] Let X be a non-empty set, A be the set of parameters and for each
a € A, 1, is acrisp topology on X. Then t* = {(G, A) € SS(X, A) : G(a) € 14, Va €
A} is an enriched soft topology on X.

Proposition 2.9. [13] Let (X, 7, A) be a soft topological space and if t* = {(G, A) €
SS(X,A) : G(a) € 14, Ya € A}, then T* is an enriched soft topology on X such that
7 C t¥and [t*]y = 1o, Ya € A. And t¥ is called the enriched topology derived from t.

Definition 2.10. [13] Let X and Y be two non-empty sets and f : X — Y be a mapping.
Then

1. the image of a soft set (F, A) € SS(X, A) under the mapping f is denoted
by f[(F, A)] and is defined by f[(F, A)] = (f(F),A) where [f(F)](a) =
fIF(@)],Va € A.

2. the inverse image of a soft set (G, A) € SS(Y, A) under the mapping f is de-
noted by f~'[(G, A)] and is defined by F~![(G, A)] = (f~1(G), A) where
[f 71 (G)]@) = G (@)], Yo € A,

Definition 2.11. [13] Let (X, 7, A) and (Y, v, A) be soft topological spaces. The map-
ping f : (X, 7, A) — (Y, v, A) is said to be

1. soft continuous if f_l(F, A)ert,V(F,A) ev.
2. soft homeomorphism if f is bijective and f and f ~! are soft continuous.
3. softopenif (F,A) et = f(F,A) € v.

4. soft closed if (F, A) is soft closed in (X, 7, A) = f(F,A) is soft closed in
(Y, v, A).

Definition 2.12. [9] Let (F, A) and (G, A) be two soft sets over a vector space V, over
K, the field of real or complex numbers. Then

. (F,A)+(G,A) = (F+ G, A) where (F +G)(¢) = F(a) + G(a),Ya € A

2. k(F,A) = (kF, A) where (kF)(x) = {kx : x € F(a)},Va € A and Vk € K.
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3. x+(F,A)=(x+ F,A) where (x + F)(a) ={x+y:y € F(a)}, Vo € A and
Vx e V.

4. If (E, A) is any soft set over K, then (E, A) - (F,A) = (E - F, A) where (E -
F)(o) =E(a) - F(a),Va € A.

Definition 2.13. [13] A softset (E, A) over X is said to be a soft element if there exists
a € A such that E(«) is a singleton say {x} and E(B) = ¢, VB(# «) € A. Such a soft
element is denoted by E;. A soft element E;, is said to be in the soft set (G, A) denoted
by E}, € (G, A)if x € G().

Definition 2.14. [13] Let (X, 7, A) be a soft topological space over X. A soft set (F, A)
is said to be a soft neighbourhood of the soft set (H, A) if there exists a soft open set
(G, A) such that (H, A) C (G, A) C (F, A).

If (H, A) = E], then (F, A) is said to be soft neighbourhood of the soft element Ej,.
The neighbourhood system of a soft element E;, is denoted by N (E;), which is the
family of all its soft neighbourhoods.

Definition 2.15. [S] Let SS(U, A) and SS(V, B) be two families of soft sets. Let g :
U — Vand p: A — B be mappings. Then a mapping f,, : SS(U, A) — SS(V, B)
is defined as

1. Let (F, A) be a soft setin SS(U, A). The image of (F, A) under f,, written as
fpg(F, A) = (fpq(F), p(A)) is a soft set in SS(V, B) such that

Useprind (F) ifp~ () #¢
» VY
¢ otherwise

fpa(F)(y) = { €B

2. Let (G, B) be asoft setin SS(V, B). Then the inverse image of (G, B) under f,
written as f,.'(G, B) = (f,.'(G), p~'(B)) is a soft set in SS(U, A) such that

¢ ' (G(p(x)) ifpx)eB

1 .
Tpg (G)00) = {¢ otherwise AAE

The soft function f, is called surjective if p and g are surjective. The soft function f,
is called injective if p and g are injective.

Proposition 2.16. [S] Let SS(U, A) and SS(V, B) be families of soft sets. For a
function f,, : SS(U, A) — SS(V, B), the following statements are true:

1. qu(¢A) :¢B
2. qu(UA) C U

3. fpqg((F, A)U(G, A)) = fpq(F, A)Ufpe(G, A) where (F, A), (G, A) € SS(U, A).
In general f,q (Ui (F;, A)) = U; fpq(Fi, A) where (F;, A) € SS(U, A).
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4. If (F, A) E (G, A)then f,,(F, A) C f,4(G, A) where (F, A), (G, A) € SS(U, A).

5. If (G, B) T (H.B) then f,'(G,B) £ f,'(H, B) where (G, B), (H, B) €
SS(V, B).

Proposition 2.17. [18] Let SS(U, A) and SS(V, B) be families of soft sets. For a
function f),, : SS(U, A) — SS(V, B), the following statements are true

L. frq (G, B)Y) = (f,; (G, B))

2. qu(fp_q1 (G, B)) E (G, B)Y(G, B) € SS(V, B). If f,, is surjective, the equality
holds.

3. (F,A)C fp_ql(qu(F, A)) for any soft set (F, A) in SS(U, A). If f,, is injective,
the equality holds.

Definition 2.18. [18] Let (Uy, 71, A1) and (Ua, 12, A3) be soft topological spaces. Let
g :U; — Uzand p: A — A; be mappings. Let f),, : SS(Uy, A1) — SS(Uz, Az) be
a soft function and E, € Uy,

1. fpq is soft pg - continuous at E}, € Ui,, if foreach (G, B) € Ny, (fpq(Ey)), Ja
(H, A) € Ny, (EX) such that f,, (H, A) C (G, B)

2. fpq is soft pq- continuous on Uy, if fpq is soft pg continuous at each soft points

in U1A1.

Proposition 2.19. [18] Let (U, 7, A) and (V, v, B) be soft topological spaces. Let
frqg 1 SSWU, A) — SS(V, B)beafunctionand E, € U,. Then the following statements
are equivalent.

1. fpq is soft pg-continuous at E,
2. For each (G, B) € Nv(qu(Eé)), Ja (H,A) € N (E;) such that (H, A) C
f7d (G. B).

3. For each (G, B) € Ny(fpq(EY)), £, (G, B) € Ny (E2).

3. Properties of soft sets in a Vector Soft Topological Space

Definition 3.1. [9] Let K be the field of real or complex numbers, A be the set of
parameters and v, be the usual topology on K,Va € A. Then the soft topology v
derived from v, is called the soft usual topology on K.

Definition 3.2. [9] Let V be a vector space over a scalar field K, endowed with the soft
usual topology, v, A be the parameter set and 7 be a soft topology on V. Then 7 is said
to be a vector soft topology on V if the mapping:
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I. f:(VxV,A,t x1)—> (V,A, 7)definedby f(x,y)=x+y
and

2. g (KxV,A,vx1)— (V, A, t)defined by g(k, x) = kx
are soft continuous, Vx,y € Vand k € K.

Proposition 3.3. [9] Let t be a vector soft topology on a vector space V over the field
K, A be the parameter set and v be the soft usual topology on K. Then 7, is a vector
topology on V, Vo € A.

Proposition 3.4. [9] Let V be a vector space over a scalar field K, endowed with the
soft usual topology, v, A be the parameter set and Vo € A, 1, is a vector topology on V/,
then ™ is a vector soft topology on V, where t* is defined as in Proposition 2.2.

Proposition 3.5. L et t be a vector soft topology on a vector space V over the field K, A
be the parameter set. Then for any (F, A) € SS(V,A)and x € V,[x + (F,A)] =
x+ (F,A)” and [A(F, A)] = (AF,A)",Vr e K.

Proof. (F, A)~ is the intersection of all soft closed sets containing (F, A).

Let (G, A) be a soft closed set containing (F, A).

Then x + (G, A) = (x + G, A), where (x + G)(a) = {x +y:y € G(x)}.

x + (G, A) is also soft closed, since the addition map is continuous.

Alsox + (F,A) C x + (G, A).

[x + (F,A)] =n{x+ (G, A) : (G, A)issoft closed and (G, A) I (F, A)}
=x+M{(G, A) : (G, A) is soft closed and (G, A) O (F, A)}

=x+ (F,A)” Now A(G, A) = (AG, A) where (AG)(a) = {Ly : y € G(x)}.
Since scalar multiplication is continuous, A(G, A) is closed if (G, A) is closed.
And A(F, A) C A(G, A).

[AM(F, A)] ={r(G, A) : (G, A) is soft closed and (G, A) 3 (F, A)}
=AN{(G,A): (G, A)issoftclosed and (G, A) O (F, A)}

= A(F, A)™ Thus the closure of A(F, A)is (AF, A)™. [ |

Proposition 3.6. Let (V, t, A) be a vector soft topological space(VSTS). Then for any
(F,A),(G,A) e SS(V,A),(F,A) +(G,A) EWF+G, A

Proof. Forafixeda € A, consider F~ (¢) + G~ (). Letxq € F~ () and y, € G ().
Then (x4, o) € F~ (@) x G™ (), and F~ (o) x G~ () is a closed set since it is the
product of two closed sets. Then by the continuity of the addition map, x, + y, € any
closed set containing F(«) 4+ G («). Therefore x, + y, € (F + G)™ («) Since this is true
foralla € A, (F,A)” +(G,A)” C(F+G,A)". |

Proposition 3.7. In the VSTS (V, t*, A), the sum of any soft set and a soft open set is
soft open.

Proof. Let (F, A) be any soft setin (V, t*, A) and (U, A) be a soft open set. Fixa € A
Fl@)+U(x) =Uy{x + U(x) : x € F(a)}. Since U («) is open, x + U («) is open and
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by the property of a topological space, U, {x + U () : x € F ()} is open in 7.
ie. (F+ U)(x)isopenin 1.
Since this is true for all@ € A, (F + U, A) is soft open in t*. [ |

Definition 3.8. [18] A family W of soft sets is a cover of a soft set (F, A) if (F, A) C
U{(F;, A) : (Fi, A) € W,i € I}. Itis a soft open cover, if each member of W is a soft
open set. A subcover of W is a subfamily of W which is also a cover.

Definition 3.9. [18] A soft topological space (U, 7, A) is compact if each soft open
cover of Uy has a finite subcover.

Proposition 3.10. Let (V, 7, A) be a VSTS. If (C, A) and (D, A) are two soft compact
setsin V, then (C, A) 4+ (D, A) is also a soft compact set.

Proof. If (C, A) and (D, A) are two soft compact sets, C (o) and D(«) are compact sets
forall @ € A. This implies C(«) x D(«) is compact, for all @ € A. Then C(«) + D(x)
is compact, for all « € A, by the continuity of addition in vector soft topology. Hence
(C,A) + (D, A) is compact. |

Proposition 3.11. Let (V, 7, A) be a VSTS. If (C, A) is a soft compact set in V, then
(AC, A) is also a soft compact set, VA € K.

Proof. If (C, A) is a soft compact set, C(«) is compact set for all @ € A. This im-
plies AC(«) 1s compact, for all « € A. Then (AC)(x) is compact, for all « € A,
by the continuity of scalar multiplication in vector soft topology. Hence (AC, A) is
compact. [ |

Note:
By the propositions 3.6 and 3.7, the set of all soft compact sets in a VSTS forms a vector
space with addition of soft sets and scalar multiplication of soft sets.

4. Convex and balanced soft sets in a VSTS and
soft subspace topology

Definition 4.1. [9] A soft set (F, A) over a vector space V is said to be
1. convex it k(F,A)+ (1 —k)(F,A) C (F, A),Vk € [0, 1].
2. balanced if k(F, A) C (F, A) for all scalar k with |k| < 1.

3. absolutely convex if it is balanced and convex.

Remark 4.2. [9]

1. (F, A) is convex (balanced) soft set if and only if for all « € A, the ordinary set
F () is convex (balanced).
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2. If (F, A) and (G, A) are two convex (balanced) soft sets in a vector space V over
the scalar field K, then k; (F, A) + k> (G, A) is convex (balanced) soft setin V for
all scalars k1, k» € K.

3. If {(F;j, A)}ies is a family of convex (balanced) soft sets in a vector space V, then
(F,A) =M (F;, A) is a convex (balanced) soft setin V.

Proposition 4.3. The closure of a balanced soft set is balanced in any VSTS.

Proof. Let (F, A) be a balanced soft setin (V, t, A), a VSTS.

Then by definition, k(F, A) E (F, A),V]k| <1

k(F,A)” =(kF,A) C(F,A) ,Vk<1

Hence (F, A)™ is a balanced soft set. [ |

Proposition 4.4. The interior of a balanced soft set is balanced in any VSTS.

Proof. Let (F, A) be a balanced set.

Then by definition (kF, A) E (F, A), Vk € K. And for any soft set (F, A), k(F, A) =
(kF, A)

Hence k(F, A)’ = (kF, A)° C (F, A)°

So (F, A)? is a balanced soft set. [ |

Proposition 4.5. The closure of a convex soft set is a convex soft set in any VSTS.

Proof. Let (F, A) be a convex soft set.

Then by definition k(F, A) + (1 — k)(F, A) C (F, A),Vk € [0, 1]

Now k(F,A)” +(1 —k)(F,A)” =(kF,A)” +((1—-k)F,A)"

CkF+(—-kF, A"~

C(F,A)".

Thus (F, A)~ is a convex soft set. |

Definition 4.6. Let (V, 7, A) be a vector soft topology and W be a subspace of V. Then
for (F,A) € 7,3, (F|lw, A) € T|w where F|w(x) = F(a) N W, Va € A.

Then clearly 7|w is a soft topology on W.

If 7|w is a vector soft topology on W, then (W, t|w, A) is called a soft subspace topology.

Proposition 4.7. Let (V, 7, A) be a VSTS, then the closure of a soft subspace in V is a
soft subspace in V.

Proof. Let (FA) be a soft vector space in a vector space V

i.e. F(w) is a vecor space for all « € A.

Let b and ¢ be any two scalars.

b(F,A)” +c(F,A)” = (F,A)” 4+ (cF, A~

C (bF +cF, A~

= (F,A) ,since (bF 4+ cF, A) = (F, A), by the definition of soft vector space.

Thus (F, A)™ is a soft vector space in V. [ |
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Proposition 4.8. Let (L, ) be a topological vector space and A be any parameter set.
Then the soft enriched topology 7* derived from 7, is a vector soft topology on L, where
foreacha € A, 1, = 7.

Proof. Since vector addition and scalar multiplication are both continuous in a topolog-
ical vector space, proof follows directly from the definitions of vector soft topology.

Proposition 4.9. If (L, ) be a topological vector space and M is a subspace of L, then
M is the closure of M in (L, t). Then (M, t*|3;, A) is a soft subspace topology of
(L, ", A).

Proof. Since (L, t) is a topological vector space and M is a subspace of L, by the
property of topological vector space we have M + M € M and kM € M,Vk € K.
Thus M is again a subspace of L. Then by the definition of soft subspace topology and
the proposition 5.2, (M, T*|57, A) is a soft subspace topology of (L, t*, A). |

5. Soft pg— functions in a VSTS

Definition 5.1. A soft zero element Eg is the soft element given by E(«x) = {0} and

EB)=¢.VB (Fa) € A

Result:
EC+ EF =EX VxeX.

Proposition 5.2. Let (X, 7, A) be a VSTS and 7™ be the enriched topology derived from
z. Let (M, A) € Np+(EQ). Then (M, A) + EX € Ny«(E2).

Proof. Since (M, A) € N«(EY), there exists (H, A) € t* such that E € (H, A) C
(M, A). Then {0} € H(x). So {x} € {x} + H(x). Hence E, € (H, A) + E,,. Since
(H, A) is soft open, (H, A) + E, is soft open since H(f) is open for each f € A and
H ()+x is open by the continuity of addition. Also (H, A) E (M, A) = (H, A)+E, C
(M, A) + E},. Thus (M, A) + E,, € N=(E}). |

Theorem 5.3. Let (Vi, t{, A1) and (V2, 75, A2) be two enriched vector soft topological
spaces. Letqg : Vi — Vo and p : Ay — A, be two mappings in which ¢ is linear and
Tpy : (V1. 7). A1) > (Va, 73, Ag). Then Ty (Ep) = E} .
Proof. Since q is a linear map ¢ (0) = 0.

By definition of pg—soft mapping,
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0r n _ JYUrep i@ (E@)) ifp~ () # ¢
Tpg(Ee)(y) = {QS otherwise
_ a0 ifple) =y
¢ otherwise
{0} if ple) =y
B ¢  otherwise
Thus Ty (EQ) = E} ). u

Corollary 5.4. T, is soft pg—continuous at Eg if for each neighbourhood (M, A) of
Tpy(EQ) = E) . 3 ancighbourhood (L, A) of E such that Ty (L, A) C (M, A).

Theorem 5.5. Let (V1, 11, A1) and (V3, 12, A) be two VSTS. Letg : Vi — Vo and p :
A1 — A3 be two mappings in which g is linear and T, : (V1, 11, A1) = (Va, 15, A2).
Then T, is linear in the sense that

Tpgla (L,A)+B M, A)]=aTy,(L,A)+ BTy, (M, A).

Proof. Since p is one-one

q(L(x)) whenx = p~'(y)

Tpy(L)(y) = p when p~1(y) = ¢

So

Tpgla(L, A) + B(M, A)1(y) = Tpyla(L, A) + B(M, A)](y)
g(aL(x)+ BM(x)) whenx = p~'(y)
¢ when p~'(y) = ¢

_ Jag(L(x)) + Bg(M(x)) whenx = p~'(y)
N ¢ otherwise

, since q is linear

Now

aTpg (L)(y) + BTpq (M) (y)

_, Ja@) whenx = JE)) L g |a(M () when x = J 6
N ¢ when p_1 =¢ ¢ when p~! = ¢

_ Jea L) + Bg(M(x)) when x = p~i(y)
¢ otherwise
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Thus Tpgla(L, A) + (M, A)] = aTpy (L, A) + BTpy (M, A). u

Theorem 5.6. Let (Vy, 7}, A;) and (Va, 75, A2) be two enriched vector soft topolog-
ical spaces. Let T), : (Vi,1{, A1) — (V2,15, A2) be linear. Then T,, is soft
pq—continuous at E;, if and only if for each (M, A) € er* (Eg(a)), there exists (L, A) €
No+(EQ) such that Ty, [(L, A) + ES] E (M, A) + Tpy(E}).

Proof. Addition is a homeomorphism in a VSTS. Hence by Proposition 6.1 (F, A) is a
soft neighbourhood of a soft point E;, if and only if — E, + (F, A) is a soft neighbourhood
of E2. Thus any neighbourhood of E2 is obtained from a neighbourhood of EY and vice
versa.
Hence (L, A)+E;, is asoft neighbourhood of the soft point E;, forany (L, A) € Ny (Eg).
Now Tpu[(L, A) + E;]1 = Tpy(L, A) + Tp4[E} ], by the linearity of 7).
This shows that any neighbourhood of T}, [E} ] can be obtained from the image of the
neighbourhood (L, A) of E((x). Also if (L, A) is a neighbourhood of Eg, Typy(L,A)isa
neighbourhood of T, (Eg) = Eg(a).
Let (M, A) € Nes (E) ). Then (M, A) + Tpy(E}) € Niz(E) )
Ty is soft pg—continuous at E;, if and only if there exists a neighbourhood of E}, say
(D, A) such that

Tpy(D. A) E (M, A) + TpgE}

And corresponding to (D, A) we may find (L, A) € Nfl* (Eg) such that
(L,A)+E, = (D, A).

= Tpgl(L, A) + EL1 T (M, A) + Tpe(E,)

6. Soft S kernel of a soft pg-linear map

Definition 6.1. [14] Let (X, t, A) be a soft topological space. If for the soft elements
E}, Eg with EX # E3, there exists,

1. (F, A) € 7 such that E}) € (F, A) and Eg ¢ (F,A)or E} & (F, A) and Eg €
(F, A), then (X, 7, A) is called a soft Tp-space.

2. (F,A), (G, A) € tsuch that E}, € (F, A) and Eg ¢ (F,A) and E}, ¢ (G, A)
and Eg € (G, A), then (X, 7, A) is called a soft Tj-space.

3. (F,A),(G,A) € tsuchthat E, € (F, A), E; € (G,A)and (F,A) NG, A =
¢4, then (X, 7, A) is called a soft T>-space.

Proposition 6.2. [14] A soft topological space (X, t, A) is soft 7} space if and only if
all soft elements E;, is soft closed.
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Definition 6.3. Let T, : (Vi, 71, A1) — (V2, 12, A2) be a soft linear map. Then the
soft- B kernel of T}, denoted by Kg(T),) is the pre-image of the soft zero-element Eg
for some B € Aj.

Note:
Kg(Tpg) = {(F, A1) € SS(V1, ADITpq(F, Ay) = Eg}

. -1
Since T, is soft linear, T, (F)(y) = Z(llgp(ﬂ)(;f)x: (pp )
and Tpq(F, A1) = Ej) =
Kp(Tpy) = {(F, A1) € SS(Vi,ADIF(p~'(B)) € Kerq and F(a) = ¢ ¥V o (
p~'(B) € Ai).

Proposition 6.4. Let T, : (Vi, 11, A1) — (V2, 12, A2) be asoft linear map between the
VSTS (V1, 71, Ay) and (V2, 12, A) and Kg(T),) be the soft B— kernel of the mapping.
Then Kg(T),) is a vector space under addition of soft sets and scalar multiplication of
a soft set.

Proof. Since Ker q1is a subspace of Vi, if (F, A1) and (G, A1) € Kg(T)y), F(p_] (B)+
G(p~'(B)) € Kerq and F(@) + G(@) = ¢¥a # p~'(B). Thus (F, A1) + (G, A1) €
Kg(Tyy). Similarly A(F, A1) € Kg(Tpy), Y(F, A1) € Kg(Tpy).

Eg,l(ﬁ) acts as the zero vector for addition and for any (F, A1) € Kg(Tpy), —(F, Ay) €
Kpg(Tyq), which is the additive inverse of (F, Ay). |

Remark 6.5. The soft union of all soft sets in Kg(T),) is the soft set (Kg, A1) given by

Kox) = | Keraifx = P~ (B)
g ¢ otherwise

Remark 6.6. If g is one-one, T, is one-one and then
—1, 0 0
Kﬂ(qu) = qu (E'B) = E[J_l(ﬂ)
Proposition 6.7. If (V3, 12, A3) is a soft Hausdorff space and T),, is soft-continuous,
then each soft set in Kg (7)) is soft closed and if A is finite (Kg, Ay) is soft closed.

Proof. It (Va, 12, A2) is a soft Hausdorff space, Eg is soft closed and if T}, is soft-

continuous,then the inverse image of the closed set Eg is soft closed set. That is each
soft set in Kg(T)4) is soft closed.
Then if A is finite (Kg, A1) is soft closed being finite union of closed sets. [

Definition 6.8. Let (V, 7, A) be a VSTS. Let W be a subspace of V. Then V/W is
the quotient space and Q : V. — V/W given by Q(v) = v + W is the quotient map.
The soft quotient topology, g on V /W is defined such that a soft set, (£, A) in V/W
is soft open if and only if the inverse of (E, A) under the quotient map is soft open.
(V/W, g, A) is called the vector soft topological quotient space.



Soft linear pq-functions and soft B kernel in Vector 4449

Proposition 6.9. A soft pg— function T),, on V/W is continuous (open) if and only if
the composition 7, o Q is soft continuous (open).

Proof. By the definition of the soft quotient topology the map Q : (V, t, A) — (V/W,
Tg, A) is soft open and soft continuous. Now consider the map T, : (V/W, 19, A) —
(X, v, B). If T), is soft continuous (open), then clearly the composition T),, o Q is soft
continuous (open). Assume that the composition 7, o Q is soft continuous (open). Let
(Y, B) be softopenin (X, v, B). Tp_q1 (Y, B) issoftopenif and only if 0! [Tp_q1 (Y, B)]is
soft open, by the definition of 7o.And Q_1 [Tp_q1 (Y, B)] = [Tp40 Q]_1 (Y, B). But since
the composition is continuous [T, o Q]_1 (Y, B) is soft open and hence Tp_q1 (Y, B)issoft
open, showing that 7, is soft pg-continuous. Let (F, A) be softopenin (V/W, 79, A).
Since Q is soft continuous Q_I(F, A) = (G, A) is soft open in (V, 7, A). Since the
composition T, o Q is soft open [Ty, 0 OI(G, A) = T,4[Q(G, A)] = Tyy(F, A) is
soft open, showing that 7, is soft pg-open. [

7. Conclusion

The study of soft sets and soft topology has wide applications in classical and non-
classical logic. The notion of soft mappings have been applied to medical diagnosis in
medical expert systems [5]. We hope that our study connecting vector spaces, soft topol-
ogy and soft mappings can be applied to many problems in several fields of uncertainty.
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