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Abstract

The main object of the present article is to provide an interesting double integral in-
volving generalized Mittag-Leffler function defined by Khan and Ahmed [3], which
is expressed in terms of generalized (Wright) hypergeometric function. A, further
extension of our main result and their associated special cases are also considered.
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1. Introduction

The well known Mittag-Leffler function E,(z) [5] (which is the generalization of ex-
ponential function), occurs as the solution of fractional order differential and integral
equation is defined by

o0 n

Z
Ea(z,):ZF(anH), (1.1)

n=0

where z € C and I'(s) is the Gamma function; o = 0.
A generalization of E(z) was introduced by Wiman [13] as follows:

o0 n

<
Evp(2) =) Fan+ B (1.2)

n=0



4416 Waseem A. Khan, Idrees A. Khan and B.M. Singh

where «, B € C; R(w) > 0, R(B) > 0, which is also known as Mittag-Leffler function
or Wiman'’s function.

Afterwards, Prabhakar [6] introduced the function E 2; ﬁ(z) in the form (see also
Killbas et al. [4]):

y o e e
Eapl@) = ; I'(an + B)n!’ (1.3)

where a, B,y € C; R(x) > 0, R(B) > 0, N(y) > 0.
In (2007), Shukla and Prajapati [9] introdued and investigated the function E Zg (2)

as: ~ o
EVi(z) =) — -2, 1.4
a.p () nX:(:)F(om+,3) n! (14
where
a, B,y € C;R(w) > 0, R(B) > 0,N(y) >0,q € (0, I)UN
I'(y +¢gn) .
and (¥ )gn = T’ denotes the generalized Pochhammer symbol.
14
A new generalized Mittag-Leffler function was defined by Salim [11] as:
W
Ely(2) = : : (1.5)
“p ng [(an + B) (8)n
where

o, B,y,8 € C; N(x) > 0, R(B) > 0, NR(y) >0, R(6) > 0.

Further, Salim and Faraj [10] introduced the following extension of Mittag-Leffler

function:
o0

y,8,q . (V)qn 7"
Ealpp@ = ’12:; T(an+8) ) pn (1.0

where
a, B,y,8 € C,min{N(x) > 0, N(B) > 0,NR(y) >0,R%) >0} >0;p,g>0

and g < R(x) + p.
Very recently, Khan and Ahmed [3] introduced a further generalization of the Mittag-
Leffler function defined as:

o)

n,p,v.4q _ (n)pn(y)qn n
Eaivo00D = 2 St oo’ 4-n

where
a, B,y,8, u,v,p,0 €C,
N() > 0, R(B) > 0,N(y) >0, R >0, NR(w) >0,R(W) >0,NRp) >0 NR0o)>0;

p,q >0and g < N(x) + p.
Equation (1.7) is a generalization of equation (1.1)-(1.6).
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* On setting 4 = v, p = o, (1.7) reduces to the Mittag-Leffler function defined by
(1.6).

* On setting u = v, p = o0,and p = g = 1, (1.7) reduces to the Mittag-Leffler
function defined by (1.5).

* On setting u = v, p = o0,and 6 = p = 1, (1.7) reduces to the Mittag-Leffler
function defined by (1.4), which further for g = 1, gives the known generalization
of Mittag-Leffler function given by (1.3).

e Onsettingu = v, p =0,and§ = p = g = 1, (1.7) reduces to (1.2), which
further for 8 = 1, reduces to the Mittag-Leffler function defined by (1.1).

The generalization of the generalized hypergeometric series , Fy is due to Fox [2]
and Wright ([14], [15], [16]) who studied the asymptotic expansion of the generalized
(Wright) hypergeometric function defined by (see [12, p.21]; see also [8]):

p
(al 9 A])7 ---- ’ (ap ’ Ap); o0 l_[ F(aj + A‘]k) k
j=1 Z
2y z| = o (1.8)
(B1, Br), ... , (Bg s By); k=0 [T T(B; + Bjk)
j=1
where the coefficients Ay, --- , A, and By, - - - , B, are positive real numbers such that
q p
@)1+ Bj—» Aj>0and0 < [z] < o0; z #0. (1.9)
j=1 j=1

q p
(i) 14+) Bj—Y A;j=0and0 < |z| <A™ .. A, "B/ . B  (110)
j=1 j=1
A special case of (1.8) is

b

@ 2 1), e (o, 1) Il T'iej) Al s Oy

~
=l
—_

B, D, ... » (Bg s D [ ') P, ... . By

j=1

where , F,, is the generalized hypergeometric series defined by (see [7])

. o1,  eenen . Qp | iwi
rtq =
By s By 2 (B (B 1!

:qu(al"" »Up; IBIa"'IBq; Z)7 (112)
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where (1), is the Pochhammer’s symbol [7].
Furthermore, we also recall here the following interesting and useful result due to
Edward [1, p.445]:

['(a) T'(B)

Fatp) (1.13)

1 1
f f Y =)A=yt ad—xp! P dxdy =
0 0

provided () > 0 and R(B) > 0.

2. On unified integral associated with the generalized
Mittag-Leffler function

Theorem 2.1. If
o, B,y,8,n,v,p0,0,A, 1, p,qeC,
a#0,R6) >0,Nw) >0,R7n) >0,Ny) >0,
p,q > 0,and g < N(x) + p, then

1 ol
Py a1 —1 l—A—pu 205 7>4 ay(l1 —x)(1 —y)
1 — 1 —y)* 1 — rE dxd
\/(; \/0‘ y ( 'x) ( y) ( Xy) avﬂ’v’g’S’p [ (1 . xy)2 X y

INOINC)) D, (u, D), (0, 0), (v, q), (1, 1);
B sWa a |, 2.1)
CmT(y) (B. o). (0. 0). 5. p). b 0. 2):

where , W, is defined by (1.8).

Proof. In order to establish our main result (2.1), we denote the left-hand side of (2.1)
by I and then using (1.7), we get:

1 1
I=/ / MO G SR O Ly § IS 3% Rt
0 0

» Z (n)pn(y)qn |:ay(1 —x)(1 — y)]n
I'(an + ,B)F(V)Un((s)pn (- xy)2 .

2.2)
n=0

Now changing the order of integration and summation (which is guaranteed under

the given conditions), and then by applying the result (1.13), we get:
I INGDING)) i L+ pn)l(y +q)U (A +m)l'(u+n)l'(1 +n)a”
(T (y) = T(B+am)T (v +oml(S + pm)T (A + p +2n) nl’

n=

(2.3)

Finally, summing up the above series with the help of (1.8), we easily arrive at the
right-hand side of (2.1). This completes the proof of our main result. [
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Next, we consider other variation of our main result in which the left-hand side of
(2.1) is expressed in terms of generalized hypergeometric function , F,.

Variation of (2.1): Let the conditions of our main result be satisfied, then the following
integral formula holds true:

1 el
- _ h—p P57 ay(l —x)(1 —y)
f f Y A=0 A=y (1 —xy) “EZ,Z,Z’(Z&]J[ dx dy
0 Jo

(1 —xy)?
__I'mrw
Lo+ w)
A(p; 1), Ag:y), A, U, I; apPqe
X ptg+3Futorpi2 4% pPo O
Al; ), Aloiv), A(p:d), AQiA+pw); P
2.4)
where A(m; [) abbreviates the array of m parameters
[ 1+1 [+m—1
_’ —’ tee b - 9 m z 1'
m m m

Proof. In order to prove the result (2.4), using the results

(e +n) = T'(a)(a)n

T AN ek AT L
Dion = & (k)( k ) ( X )

(Gauss multiplication theorem) in (2.3) and summing up the given series with the help
of (1.12), we easily arrive at our required result (2.4). |
3. Special Cases

(i) On setting n = v, p = o in (2.1) and then by using (1.6), we get the following
interesting integral:

s
d g1 =1 1 =1 1 onl—hep pyssg [ @y =) =)
/0 /0 Y (A=x)" (I=y)* " (1—xy) Ea,ﬂ,p[ 1= ) dxdy

r') W, @, A, D, (W D, (1, D
=t al|, @D
4 B,a), 6 p, C+wp2

where R(6) > 0, R(y) > 0.
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(i1) Further, on setting n = v, p = o in (2.4) and then by using (1.6), we find:

f/yA (1= (1 =yt (1 —xp) T Bl ayd =00 = y) _x)(2 D1 dx dx
0o Jo 1—xy

I (w) - Alg: y), A, i, R
= TRV L 3 et t2 :
CBTOA+p) P Ala; B), A(p;8), A2 r+w), . da%pP

(3.2)

where H(u) > 0, R(A) > 0, R(B) > 0.

(iii)) On settingn = v, p =0 and p = ¢ = 11in (2.1) and then by using (1.5), we

obtain:
/ / Y A=) T A=yt T (=) “E”[ay(l_x)(l_y)] dx dy
(1 —xy)?
ING) v, D, &, D, (u, D, (1,10
W3 a |, (3.3)

F) Boa) 6.1, G+pm2)
where R(5) > 0, R(y) > 0.

(iv) Onsettingn =v, p =0 and p = g = 1 in (2.4) and then by using (1.5), we

acquire:
1 1 _ .
/ / Y A=) A=y (1 —xy) A “ngg[“y(l x)(12 y)] dx dy
0o Jo (I —xy)
r()r ook H L
:#4&” 4%  (3.4)
BTG+ 1) A@: B), 6, AA+p)

where 9t(n) > 0, R(A) > 0, R(B) > 0.

(v) On settingn = v,p =0, and p =48 = 11n (2.1) and then by using (1.4), we

obtain:
1 pl _ _
/ / y)» (1_x))\—1 (1_y)/.L—1 (1—Xy)1 —A— ME;/g |:ay(l x)(lz y)] dxdy
o Jo (I —xy)
1 v, q), *x, D, () ;
= ——3\I a |, (3.5)

F'» B. ). O+, 2);
where R (y) > 0.
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(vi) On settingn = v, p = o, and p = § = 1 in (2.4) and then by using (1.4), we

attain:
1 pl 1— (1 —
/0 /0 Y A=) A=)t (1) T “Egg[“y((l _xi(y)z y)] dx dy
Ag; ), A, wo;
Ty I(w) aq?
= F, — |, (3.6
D(B) L0+ T Al B), A2 A+ p); Ao >0

where R(w) > 0, KAL) > 0, R(B) > 0.

(vii) On settingn = v, p =o0,and p = § = g = 1 in (2.1) and then by using (1.3),
we get:

/ / y (1 x))\. 1( y)pc 1(1 xy)l —A— /,LEJ/ [ay(l_x)(l_)’)] dXdy
(1 —xy)?

1 y.D, @&, 1), (ul);
= — 3\112 a y (3.7)
F) Bow), C+um2

where R (y) > 0.

(viii) On settingn = v, p =o0,and p = 8§ = g = 1 in (2.4) and then by using (1.3),

we find:
1ol _ B
/ / Y (A=) A=y (1 —ay) A “Egﬂ[“y(l 0 - y)] dx dy
o Jo (I —xy)
_ _fwre ” " s
T TBTG+p T A B), AQa+p) ;X , .

where N(w) > 0, R(A) > 0, R(B) > 0.

(ix) On settingn = v,p =o0,and p =g =6 =y = 11in (2.1) and then by using
(1.2), we attain:

1 1 _ .
f / Y= A=) (=) TR By g [“y(l x)(12 y)] dx dy
0 Jo (1 —xy)

(LD,  &D, (b
= W, a |. (3.9)

B,o), (A+p,2) ;



4422 Waseem A. Khan, Idrees A. Khan and B.M. Singh

(x) On settingn =v,p =o0,and p =¢g =6 =y = 11in (2.4) and then by using
(1.2), we acquire:

1 1 o .
/O ‘/(; y)» (1_x)k—l (l_y)/i—l (1_xy)1—)u—u E(x,ﬁ |:ay(1 x)(1 }’)] dx dy

(1 —xy)?
1, A, M
ror
_ #31@”2 4% . (3.10)
DEG+w Aw ), A+

where R(w) > 0, R(A) > 0, R(B) > 0.

(xi) On settingn = v,p =o0,and p=¢g =66 =y = f = 1in (2.1) and then by
using (1.1), we find:

1 rl . .
/ f VA=t A=t A —ap) TR E, ["y(l a2lCh y)] dx dy
0 Jo (I —xy)

a4, b, & D,  (u D

= 31, (3.11)

S

(La), A+up,2)

(xii) On settingn = v,p =o0,and p =q =8 = y = B = 1 in (2.4) and then by
using (1.1), we get:

1 rl _ _
/ f yk a _x)k—l a _y),U«—l A _xy)l—)»—lub E, |:Cly(1 x)(1 y):| dx dy
0 Jo

(1= xy)?
1 A u;
FOIL () ’ ’ " a
(A u) A D), A@ia+p) 5 M

where (L) > 0, R(w) > 0.

(xiii) Onsettingn =v,p=cand p=g=8§ =B =a =y = 1in (2.1), we obtain:

1 1 — —
/ / y)\. -1 (1—)(7))\ -1 (l_y)ll -1 (l_xy)l—}»—ll exp |:Cly(1 X)(lz )’)] d)Cdy
0 Jo (I —xy)

*. D, w1 ;
= a . (3.13)
A+ u, 2);

(xiv) Onsettingn =v,p=0cand p=g=6=B=a =y = 1in (2.4), we get:

1 rl _ _
f f y)» -1 (1_x)k —1 (l_y)M -1 (l_xy)l—)»—/t exp |:dy(1 .X)(12 y):| dXdy
o Jo (I —xy)
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T S

= 2172 >
Fo+w A2 A+ w); !

(3.14)

where 9t(u) > 0, K1) > 0.
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