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Abstract

In the present investigation, we define a new subclass of meromorphic bi-univalent
function class ¥ of complex order y € C\ {0}, using Al-Oboudi differential oper-
ator and obtain the estimates for the coefficients |by| and |b;|. Further we point out
several known consequences of our result.
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1. Introduction
Let A denote the class of all normalized functions of the form
o0
f@=z24) a (1.1)
k=2

which are analytic in the open unit disk,

U={z:2€C, |z] < 1}.
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A function f € A is said to be in the class S(y) of univalent functions of complex order
y € C\ {0} if and only if

ali+ LD il 1920 e (1.2)
v | f@) z

Let S denote the class of all functions in the normalized analytic function class .4 which
are univalent in U.(see, for details [8, 15]). Then clearly, every function f € S has an
inverse f ~! defined by

A Uf@) =2z (zel)

and
fU W) =w, (|w| < ro(f), ro(f) = }1)
where
Flw) = w—aw? + 242 — a3)w? — (5a3 — 5a2a3 +ap)w* +--- . (1.3)

A function f € A given by (1.1) is said to be bi-univalent in U if both f and f~! are

univalent in U. The class of these bi-univalent functions is denoted by . Followed by

Brannan and Taha [3] (see also [2, 20]), Srivastava et al. [19] and many other researchers

(viz. [4, 5,7, 10, 13, 16] introduced certain subclasses of bi-univalent function class X.
Let S’ denote the class of meromorphic univalent functions g of the form:

(0.9] bn
{69) =z+ZZ—n, (1.4)
n=0

defined on the domain:

Uf={z:2z€C, 1< |z] < o0}.

1

. / . . . . — . .
Since g € S is univalent, it has an inverse say g~ ', which satisfies:

g e =2 (zeU"

and
gg i w) =w, (M <|w|<oo; M>0).

1

Moreover, the inverse function g~ = h has a series expansion of the form:

-1 . . > C_n
g (w)=h(w) = w—l—’;) o’ M < |w| < o). (1.5)

A functiong € S is said to be meromorphic bi-univalent if both g and ¢ ~! are meromor-

phic univalent in U*. Let X’ denote the class of all meromorphic bi-univalent functions
in U* given by (1.4). A simple calculation shows that,

g w=hw)y=w—-by————5— —--- (1.6)
w
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Let ¢ is an analytic function with positive real part in the unit disk U, satisfying

¢0) =1, ¢/(0) > (0 and ¢ (U) is symmetric with respect to the real axis. Then such
functions ¢ (z) has a series expansion of the form:

¢(z)=14+Biz+ B>+ Bz’ +---, (B >0). (1.7)

An analytic function ¢ is said to be subordinate to another analytic function v, written
as

() <¥(), (zel)

if there exists a Schwarz function w, which is analytic in U with w(0) = Oand |w(z)| < 1
for z € U such that ¢ (z) = ¥ (w(z)). In particular, if the function v is univalent in U,
then we have the following equivalence:

¢(2) <Y () = ¢0)=v(0), ¢U) Cy@.
For f € A, Al-Oboudi [1] introduced the following operator:

DYf(z) = f(2)

Dif@) =1 —=8)f(@) +8zf' () = Dsf(2); (5=0) (1.8)
D} f(z) = Ds(Dy ' f(2)); (neN) (1.9)
If f is given by (1.1), then from (1.8) and (1.9) we see that,
Dif()=z+) [1+(k—1Dsl"azs  (n€No) (1.10)
k=2

with D f(0) = 0 and when § = 1, we get Sdldgean’s differential operator D} = D"

(see [17]). Similarly, for g € S as given in (1.4), Al-Oboudi differential operator can
be defined as:

Dig(z) = g(2),
Djg(z) = (1 —8)g(z) +828'(z) = Dsg(z); (8 > 0) (1.11)
Djg(z) = Ds(Dj 'g(2)); (neN). (1.12)
Then from (1.11) and (1.12) we have,

Dig@) =z+(1—8)"by+ Y [1— (k+ Dol'bz™ (neNy)  (L13)
k=1

The coefficient estimates of several subclasses of meromorphic bi-univalent function

class ¥ were investigated by some researchers recently, such as Bulut [6], Janani and
Murugusundaramoorthy [11], Panigrahi [14] etc. (see also [9, 12, 18]). In the present
investigation, we define a new subclass of meromorphic bi-univalent function class ¥ of
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complex order y € C\ {0} associated with Al-Oboudi differential operator and estimated
the coefficients |bg| and |b;| of the functions in this new subclass.
In order to prove our main result we require the following lemma.

Lemma 1.1. [15] If p(z) € P, the class of all functions analytic in U*, for which

R(p(z)) >0,
then |p,| <2 foreachn € N := {1, 2, 3, ...}, where

pP@=1+piz  +pz > +psz >+, (zeU).

2. Coefficient Estimates for the Function Class Zé,n’y(k, W, @)

Definition 2.1. ForO < A < 1, u >0, A # u,§ > 0,n € Nand y € C\ {0};
a function g(z) € S given by (1.4) is said to be in the class Y50y A,y @) if the
following conditions are satisfied:

n " , n n—1
o3[ (222 oo (P2)

< ¢(2)

n 2 , n n—1
{1+l[(1—x)(D‘*h(w) + (DEHw)) (D(Jz(w)) _1“
Y w w

< ¢(w)

and

where the functions z, w € U* and g_1 (w) = h(w) is given by (1.6).

Theorem 2.2. Let the function g(z) € S given by (1.4) be in the function class
5.y (s i, @). Then,

v B
b 2.1
lbo| < a8 i) (2.1
and
y (- 1)yB] B 7T
1b1] < a2 XN } +[u—2k] (2.2)

where 0 <A <1, u>0,1#u,8§>0,neN,y eC\{0}andz, w € U*.

Proof. Since the function g € E:S’n’y(k, W, @), we have

1l (Dig@\" , /(D:;g@)“"_
{1+y[(1 x)( ; ) + (ADjg(2)) ; 1 23)
= ¢ (u(2))
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and

DIh(w)

{1+%[(1—A>(

Define the functions p; and p; in P by

4409

u , n pu—1
)+%u¥mwn<2%?2) -—%} o

= ¢ (v(w))

1+
p1(z) = u(2) =14c¢z7! +C22_2+C3Z_3+"'
1 —u2)
and
1+
p2(w) = ﬂ =l1+diw ' +dw?+ d3w_3 + -
1 —v(w)
It follows that
i) -1 1]c i\ 1
- =_| = —— =+ 2.5
="t =5 e ) 2 2.5)
and
prw)—1 _1[d 2\ 1
S AC el U AR DL 2.6
v(w) o +1 2| w 2= 5 w2+ (2.6)
Also we have,
leal <2, ldul <2; (neN) (2.7)
Using (2.5) and (2.6) in (2.3) and (2.4) considering (1.7), we get
1 D} " /(D! ol
{1+—[U—M( ﬂ@w +QD%@»( ﬁ@v _@}
Y Z
1 " bo
=1+ (=) (=3
2.8
o (= 1) =9

1
— (e —=22) [(1 — )
14

1
— B

1
=1+ Bici—
+ Bjcq + >

27

2

Ly
Z2

Ll

b§+(1—2m"m]

)

al
c— —
2

1
+ —BZC%
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and

n 2 , n n—1
{1 41 [(1 — ) (M) + (ADh(w)) (Déh(w)> - 1”
14 w w

1 n by
== (=8 (=3t
4 (2.9

1 —1 1
Lo a—s B2 Zospp | L4
Y 2 w?
—1+Bd1+ g (4 @ +le2 1+
- o T [27\ T 2 ) T a2
Now equating the coefficients in (2.8) and (2.9), we get
1 " 1
— (I =38)" (u—2)bo = = Bici (2.10)
y 2
1 2n b(% n
;(M—Q/\) (1—29) (M—l)?+(1—25) by
(2.11)
—olt\ 2T )T ya
1 1
—— (1 =8)"(u—2) by = = B1d; (2.12)
y 2
1 > by
—(u=22)1-=9 "(/L—l)?—(l—%)"bl
v
(2.13)
_1g (a i + i
27! 2 ) T
Using (2.10) and (2.12), we get
c] = —d; (2.14)
and also,
8(1—8)2" (u—A)?2b3 = y?Bf (3 + d7)
Or 2p2 (.2 2
B +d
B2 y?B; (¢ 0) (2.15)

OB =8 (- 2)
Using (2.7) in (2.15), we get

v Bi
(1—=8"(u—»1)

lbo| = ‘
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which is our desired result (2.1). Next, for coefficient bounds on |b|, adding (2.11) and
(2.13), we get

B 1
(w=20)1=8" (u—Dbg=y [71 (c2+ ) — 5 (B1 = B2) c%] (2.16)

Subtracting (2.13) from (2.11), we get

B
2(u—20)(1-28)"by =y [71 (cr — dz)] (2.17)

Subtracting the square of (2.16) from the square of (2.17), we get
b4
(1=28)" (u=24)"b7 = (1 = &)™ (=20 (u = D* 3}
B2 2 oA (2.18)
2 | Pi 1 1
4 |:TC2d2+(BZ—BI)Bl (62+d2)§+(31 - —6:|

Using (2.7) and (2.15) in (2.18), we get

ol < | — (-1 yB 2+[ B, ]2
Nl —2s) 2(n—1)? w—2x

which is our desired result (2.2). This completes the proof of Theorem 2.2. |

If we take n = 0 in Definition 2.1, we get the function class E;, (A, u, ¢) defined by
Janani and Murugusundaramoorthy [11]. Hence we have the following corollary.

Corollary 2.3. [11] Let the function g € S given by (1.4) be in the class X, (%, 11, ).
Then,

|bo| <

nw—A

w-1yB1 [ B T
bil=17 [W—A)Z} +[u—zx}

where 0 <A <1, u>0,A#u,8§>0,neN,y e C\{0}andz, w € U*.

and

Analogous to (1.7), by setting ¢ (z) as given below:

1+
¢ (2) = ( Z) =14 20z 420?22+
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where 0 < o < 1, then we have B = 2« and B, = 20 and hence for y = 1, we state
the following corollary.

Corollary 2.4. Let the function g € S given by (1.4) be in the class

’ I—I—Z « ’
X501 (A, M, (:) ) = X5 ,(A, u, o). Then,

200
(1= 8)" (u— 2]

byl < 202 (u—1)2+ 1
PEla =29 V- (n—20)?

where 0 <A <1, u>0,2# u,8§ >0,n e Nand z, w € U*.

|bo| <

and

On the other hand, if we take
14+(1-28)z
¢@%:——%t;@—=1+2a—ﬂn+2a—ﬁnﬁw~
where 0 < 8 < 1, then we have B; = B, = 2 (1 — B) and hence for y = 1, we state
the following corollary.

Corollary 2.5. Let the function g € S given by (1.4) be in the class
/ 1+(1-28)z /
ES,n,l A, wy —— | = ES,n()‘" “u, ﬁ) Then,

1—z2
2(1-B)
(1= 8)" (u— 1)

lbo| =<

and

1b1] <

2(1 = B) (u—n%l—m%+ 1
(1—28)" (n—n)* (L —21)?

where 0 <A <1, u>0,12#u,8>0,neNandz, w € U*.

Example 2.6. If we putn = 0, u = 1 with 0 < A < 1 in Definition 2.1, we get the
function class E;(A, 1,¢) = f;, (A, ¢). Hence by putting © = 1 in Corollary 2.3, we
can obtain the coefficient estimates of |bg| and |b;| for this function class.

Example 2.7. If we putn = 0,2 = 1 with 0 < u < 1 in Definition 2.1, we get the
function class Ey(l, uw, ) = B;, (i, ¢). Hence by putting A = 1 in Corollary 2.3, we
can obtain the coefficient estimates of |bg| and |b;| for this function class.

Example 2.8. If we putn = 0,2 = 1 and p = 0 in Definition 2.1, we get the function
class E;,(l, 0,¢9) = S;, (¢). Hence by putting A = 1 and = 0 in Corollary 2.3, we
can obtain the coefficient estimates of |bg| and |b;| for this function class.
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