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Abstract 

 

The concept of sequence dynamical system(𝑋, 𝑓𝑖)𝑖=1
∞ , which is the 

generalization ofdynamical system, has been introduced. The notions of 

transitivity, equicontinuity, sensitivity have been defined and some related 

results have been proposed and proved. When each member of the sequence 

(𝑓𝑖)𝑖=1
∞  is equal tof, the sequence dynamical system (𝑋, 𝑓𝑖)𝑖=1

∞  becomes the 

dynamical system (X, f) and the definitions and results are also coincided.  
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1. INTRODUCTION 

By a dynamical system we mean a pair (X, f ) in which X is a compact metrizable 

space with metric d and f is continuous self map on X. Let (X, f ) be a dynamical 

system, the orbit O(x, f ) of a point xX is defined by O(x, f ) = {f n(x) : n N}, where 

f nmeans the function f is composed n times. A dynamical system (X, f ) is said to be 

transitive if for every pair of nonempty open sets U, V in X, there is a positive integer 

n such that f n(U) Vϕ. A point x X is called a transitive point if the orbit of x is 

dense in X, i.e.  𝑂(𝑥, 𝑓 )̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = X. The set of all transitive points of f  is denoted by . A 

point x is said to be periodic if there exists a positive integer n such that f n(x) = x. The 

set of all periodic points of (X, f ) is denoted by Per( f ). A dynamical system (X, f ) is 

called a minimal dynamical system if there is no proper closed invariant subset. A set 
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Y X  is said to be residual if there exists a sequence (Ui)i ≥ 0 of open dense sets, such 

that ⋂ 𝑈𝑖 ⊆ 𝑌𝑖≥0  [5]. It is well known by Baire theorem [5] that, any residual set of a 

compact metric space is nonempty and dense. In [11], chaos of a sequence of time 

invariant continuous functions on a general metric space has been investigated. The 

authors also introduced quite a few new concepts, such as chaos in the successive way 

in the sense of Devaney, chaos in the iterative way in the sense of Devaney.In [6], the 

dynamical properties of product dynamical systems have been investigated. In [2], 

turbulent maps and strongly transitive maps in general metric spaces have been 

investigated. It has 

been proved that if (fn) is a sequence of continuous functions which is topologically 

transitive in the strongly iterative way in an infinite compact metric space (X, d) the 

uniform limit function in the iterative way is topologically mixing. 

Several authors have studied the dynamical properties inherited by the uniform limit f 
of a sequence (fn) of continuous self-maps. Ithas been shown in [9], that a sequence 

(fn)of continuous and transitive maps that converge uniformly to f , is not necessarily 

topologically transitive. Recently many Mathematicians have studied topological 

transitivity of the uniform limit of a sequence of uniformly convergent transitive 

system. In [8], there is a sufficient condition so that the uniform limit is transitive. In 

[3], also there is a sufficient condition for the transitivity of the limit function. In [1], 

the concept of orbital convergent of a sequence (fn) is defined. They have shown that 

if a sequence (fn) of transitive system is orbitally convergent to f, then f is 

topologically transitive. They also have shown that if a sequence (fn) of chain 

transitive dynamical system is convergent uniformly to f, then f is also chain 

transitive. In [10], the topological transitivity of sequence of transitive maps under 

group action has been studied. They also discuss the G-transitivity of limit functions 

of G-uniformly convergent and G-orbitally convergent sequences. In [4], there is a 

sufficient condition for the transitivity of the uniform limit of a sequence of transitive 

system. In [7], the equicontinuity, minimality of the limit function of a sequence of 

dynamical system have been investigated. An example of orbitally convergent 

sequence of continuous functions has been given. 

 Let F = (𝑓𝑖)𝑖=1
∞ be a sequence of continuous functions on X, the n compositions 

of the first n functions is given by fn◦ fn-1◦... ◦ f1(x). In this connection if we have a 

sequence of dynamical systems (𝑋, 𝑓𝑖)𝑖=1
∞  and we define the orbit of a point x as 

follows  

O(x) = {Fn(x) : n N}, 

where𝐹𝑛(𝑥) = ⋃ 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑥)𝑖1,𝑖2,…,𝑖𝑛∈𝑁   and 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑥) =  𝑓𝑖𝑛
∘ 𝑓𝑖𝑛−1

∘ … ∘

𝑓𝑖1
(𝑥).The sequence (X, F) ,with this definition of orbit, is called Sequence 
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Dynamical Systems. We use the notation 𝑓[𝑖1,𝑖2,…,𝑖𝑛]
−1 (𝑥)to denote the inverse image 

𝑓𝑖1

−1 ∘ 𝑓𝑖2

−1 ∘ … ∘ 𝑓𝑖𝑛

−1(𝑥). Also 𝐹𝑛
−1(𝑥) = ⋃ 𝑓[𝑖1,𝑖2,…,𝑖𝑛]

−1 (𝑥)𝑖1,𝑖2,…,𝑖𝑛∈𝑁 .  A subset A X is 

said to be invariant in (X, F) if fi(A)A for each i N. It can be easily verified that the 

above definitions and terminology of sequence dynamical system (X, F) becomes the 

usual definitions and terminology of the dynamical systems (X, f ) when fi= f for all 

iN. Thus sequence dynamical system (X, F) is generalization of dynamical system 

(X, f ). In section 2, we define various definitions and in section 3, we propose and 

prove some results of equicontinuity, transitivity and sensitivity. 

 

2. DEFINITIONS 

Definition 2.1.Let (X, F) be a sequence dynamical system. We say that it is 
equicontinuous if for each x X, for every ϵ >0, there exists >0 such that 
𝑑(𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑥), 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑦))< ϵ for all y with d(x, y) <, for all n ≥ 0 and for all i1, 

i2,..., inN. 

A sequence dynamical system (X, F) is said to be equicontinous at a point x X  if for 

every ϵ >0, there exists >0 such that 𝑑(𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑥), 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑦))< ϵ   for all y 

with d(x, y) <, for all n ≥ 0 and for all i1, i2,..., inN.The set of all equicontinuous 

points is denoted by . If  = X, then we say that (X, F) is equicontinuous. A subset A 
X is said to be inversely invariant with respect to the sequence dynamical system (X, 

F) if f -1
i(A) A for every iN. The open ball of radius >0 and centrex is denoted by 

B(x) and defined by B(x) = { y: d(x, y) <}. 

Definition 2.2.A sequence dynamical system (X, F) is said to be sensitive if there 
exists ϵ >0 such that for every x X and for every >0, there exists y B(x), n ≥0 

such that d(𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑦), 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑥)) ≥ϵ for some i1, i2,..., inN. 

Definition 2.3.A sequence dynamical system (X, F) is said to be almost 
equicontinuous if is a residual set. 

Definition 2.4.A point is transitive if its orbit is dense. i.e., 𝑂(𝑥)̅̅ ̅̅ ̅̅ = 𝑋 ⟺x is 
transitive point. 

Definition 2.5.A sequence dynamical system (X, F) is said to be transitive if for each 
pair U, V of non-empty open sets, there exists n >0 such that 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑈) V ≠  or 
equivalently 𝑓[𝑖1,𝑖2,…,𝑖𝑛]

−1 (𝑉)U  ≠ , for some i1, i2,..., inN. 
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3. MAIN RESULTS 

For any dynamical system, we have the following result [5]. 

Theorem 3.1. Let (X, f) be a dynamical system and ϵ >0. Let ϵ=  {x X: >0, y, z 
B(x),n≥ 0,𝑑(𝑓𝑛(𝑧), 𝑓𝑛(𝑦)) <  𝜖}. Then ϵ is inversely invariant,  

open and  =⋂ 1 𝑚⁄𝑚>0 . 

It is natural to ask that whether the above result can be generalized in the case of 

sequence dynamical systems or not. Although, the inversely invariant part of ϵ is yet 

to be investigated. There is a similar result in the case of sequence dynamical system. 

 

Theorem 3.2. Let (X, F) be a sequence dynamical system and ϵ >0. Let ϵ=  { x X: 

>0, y, z B(x), n ≥ 0, i1, i2, ... , inN,𝑑(𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑧), 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑦)) <  𝜖}. 
Then ϵ is 

open and  =⋂ 1 𝑚⁄𝑚>0 . 

Proof. In order to show the result, for any x ϵand for which satisfies the definition 

of ϵfor x, we shall show that B/2(x) ϵ. Indeedif y B/2(x) and if z,w B/2(x), then 

z,wB(x), so 𝑑(𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑧), 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑦)) <  𝜖, forall n ≥0 and for all i1, i2,..., 
inN. This showsthat y ϵand therefore B/2(x) ϵ . Henceϵis open. If x 1/mfor 

all m >0, thenclearly x . Therefore 

⋂ 1 𝑚⁄𝑚>0 ϵ . Conversely, if x  and m >0, then there exists>0 such that 

𝑑(𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑧), 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑦)) <  𝜖/2 , for all y B(x), for all n ≥0 and for all i1, i2, 

..., inN. Thus if y, z B(x), then by triangular inequality of metric we have 

𝑑(𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑦), 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑧))𝑑 (𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑦), 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑥)) +

𝑑(𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑥), 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑧))<
1

2𝑚
+

1

2𝑚
.  i.e., 𝑑 (𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑦), 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑧)) <

1

𝑚
.Thisimplies that x 1/mand therefore  =⋂ 1 𝑚⁄𝑚>0 . This completes the proof. 

 

Theorem 3.3.Let (X, F) be a sequence dynamicalsystem such that for each ϵ >0, ϵis 
inversely invariant. If (X, F) is transitive, then it is either sensitive or almost 
equicontionuous. 

Proof. Let (X, F) be a transitive sequence dynamical system such that for each ϵ >0, 

ϵis inversely invariant. Suppose if possible we assume that ϵis non-empty and non-

dense, then U = X \ ̅is open and non-empty. Since (X, F) is transitive, we have 
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U𝑓[𝑖1,𝑖2,…,𝑖𝑛]
−1 (),for some n ≥0 and i1, i2,..., inN. Also we have 

U𝑓[𝑖1,𝑖2,…,𝑖𝑛]
−1 ()U= .This is a contradiction. Therefore any ϵis either empty 

or dense. If all ϵare non-empty, then  =⋂ 1 𝑚⁄𝑚>0 is residual set, so (X, F)is almost 

equicontinuous. If ϵ= ϕ, for some ϵ >0, then for any x Xand for any >0 there 

exists y, z B(x) and n ≥0 such that 𝑑 (𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑦), 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑧)) ≥ ϵfor some i1, i2, 

...,inN. It follows that either 𝑑 (𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑦), 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑥)) ≥ /2or 

𝑑 (𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑧), 𝑓[𝑖1,𝑖2,…,𝑖𝑛](𝑥))≥ ϵ/2. Therefore (X, F) is sensitive with sensitive 

constant ϵ/2. This completes the proof. 

The above result is the generalization of the following theorem 3.4 of a dynamical 

system [5]. For a dynamical system (X, f), the set ϵ  is inversely invariant. The above 

result is after we assume that ϵ  is inversely invariant in the case of sequence 

dynamical systems. 

Theorem 3.4. Let (X, f) be a dynamical system .If (X, F) is transitive, then it is either 
sensitive or almost equicontionuous. 
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