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Abstract

Frames in Banach spaces with respect to some sequence space, namely X -

frames were introduced and studied by Casazza et al [1]. Motivated by [1,15],
in this paper, we study dual of X, -frames and independent X, -frame for

Banach space. A necessary and sufficient condition for a X, -Bessel sequence
to be an independent X, -frame have been given. Further, we proved that an
independent X, -frame with respect to model sequence space X, must have a
dual frame.
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1. INTRODUCTION

In 1952 the notion of frames in Hilbert spaces were first introduced by Duffin and
Schaeffer [7] and reintroduced in 1986 by Daubechies, Grossman, and Mayer [6], and
popularized from then on. Frames have many properties of bases but lacks a very
important one, namely, uniqueness. This property of frames makes them very useful
in the study of function spaces, signal and image processing, filter banks, wireless and
communications etc.

Coifman and Weiss [5] introduced a concept, similar to that of frames, called atomic
decompositions for function spaces. Later the concept of frames in Hilbert spaces was
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extended to Banach spaces by Feichtinger and Grochenig [8], who introduced the
concept of atomic decompositions in Banach spaces. This concept was further
generalized by Grdchenig [9], who introduced the notion of the Banach frames for
Banach spaces. Frames in Banach spaces were further studied in [2,4]. In 2006, Sun
[17] introduced the concept of g-fames for a Hilbert space. Recently, various

generalization of frames in Banach spaces have been proposed in [3,4,10,
11,12,13,14, and 16].

Model space of sequences have been introduced and studied in [14]. In this paper, we
study dual of X, -frames and independent X, -frame for Banach spaces. A necessary
and sufficient condition for a X, -Bessel sequence to be an independent X, -frame
have been given. Further, we proved that an independent X, -frame with respect to
model sequence space X, must have a dual frame.

2. PRELIMINARIES

Throughout this paper, E will denote a Banach space over the scalar field K (R or
C), E* conjugate space of E, L(E,F) will denote Banach space of all bounded
linear operators from E intoF and ran(T) is the range of T . The identity operator
on E and kernel of T are denoted by I. and ker(T), respectively. By a Banach

sequence space (often called a BK space), we mean a Banach space of scalar valued
sequences, indexed by N, for which coordinate functionals are continuous.

Definition 2.1 ([1]). A sequence space X, Is called a BK-space, if it is a Banach
space and the coordinate functional are continuous on X4, i.e., the relations

xnz{aj<”)},x={aj}exd, limx, =x imply lime;® =a; (j=12,.....)

The theory of spaces of sequences of scalars admits a natural generalization to a

vector sequence spaces [14]. If ®={G,} is a sequence of Banach spaces, a sequence

space X, associated with {G,} is a linear subspace of ﬁGn (the collection of all
n=1

sequences {y,} withy, €G,, n=1,2,.., endowed with product topology).

n?

The coordinate transformations P, : X, — G, are defined by

P ({¥i})=Yn, n=12,...
Then X, is called a generalized BK-space induced by {G,} if X, is a Banach space
and P, is a continuous operator, for everyneN. The scalar BK-spaces containing all
unit vectors e, are generalized by the spaces X, containing all canonical subspaces
F, ={0}x{0}x... {0} xG, x {0} x... (G, = {0} ,n=1,2...).
|
n™ place

These F,’s closed linear subspaces of X,, . We refer to the space X, as a model space.
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The following is the example of such type of a model space.
Let ®={G,} be a sequence of closed linear subspaces of a Banach space E . Consider
the linear space X, of the system @, that is, the space of all elements sequences

y={¥, }:’:1 for which the series Zyn is convergent equipped with the norm
n=1

[¥lx, = sup Yo €G,(n=1,2...). 2.1)

ZYi
i g

Thus the space X, is complete with respect to (2.1). Indeed, clearly (2.1) define a

norm on X, . Now, let {yﬁk)} (k=12 ) be a Cauchy sequence in X,,. Then for

every ¢ >0 there exists a positive integer N(&) such that

[y} = sup Z( 1 —ym)

X(D 1<n<oo i=1

<& (k,m>N(8)) (2.2)

Then

n-1

> (9 -y™)

i=1

(k)

yl (m)

_'yn

+

(k) _ y(m)
T

<2¢  (k,m>N(g);n=12,...),
whence, since by our assumption each G, is complete, kITl y(k) =y, €G,

n

(n=1,2,...). Hence, from the inequalities (2.2)

S0

i=1

<e (k,m>N(g);n=1,2,...).

We obtain, for m — oo, we obtain

Zn:(yi(k)—yi)

i=1

<¢  (k>N(g),n=12,..),

n+l

>y

i=n+1

n+

ZYi

i=n+1

Then, <2+ (k>N(g);n1=12,..).

Consequently, since each series Zyi(k) converges and since E is complete, it follows
i=1

that D"y, converges, i.e., {y,} e X,. Moreover, by the above we have
i=1

= sup

Xo 1<n<w

Zn:(ysk)_Yi)

i=1

i}t

which shows that the space X, is complete with respect to this norm.

<g (k >N(5)),
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Lemma 2.2. Let{G,} be a sequence of subspaces of E and {v,}cL(E,G,) be a

sequence of operators vneN. If {v } is total over E, then X = { {vo (X)} XEE} is a

), =l x<E.

Definition 2.3.[15] Let E be a Banach space over F and X, be a model space
induced by {G,}. For everyneN, {v,} be a sequence of bounded linear operator
inL(E,G,). We say that the family T={v,} of bounded linear operator is a X,,-
Bessel sequence for E with respect to X, if there exists a positive constant B such

H <B|x|., forallxE.

Define B, = mq (), <BIM. vX65}

We call B; the Bessel bound of T . Forany T ={v,}, define R; :E — X,, such that

Rr (x)={v,(x)}, for all xeE. Then, we call R; is the analysis operator of T .
Clearly, above definition implies that Ry e L(E, X, ).

Definition 2.4.[15] Let ®={G, } be a sequence of non-trivial subspaces of a Banach
space E and {vn:vn eL(E,Gn),VneN} be a sequence of linear operators (not
necessarily projections). Let X, be a model space associated with E . Then, we say
that ({G,}.{v,}) isa X,,-frame for E with respectto X, if

(a) {Vn(x)}eX(D,for all xeE;

(b) there exist constants A, B with 0 < A<B<oo such that

Al <{{v

X)}HX@ <B|x|.. x<E.

The positive constants Aand B, respectively, are called lower and upper optimum
bounds for the X -frame({G,}.{v,}).

Put A =sup{A>O:A||x||E s‘

{vn (X)}me VXxe E}

O, <BIxle VXGE}

and B; = mf{
These constants A;, B; are called lower and upper optimum bounds of T ={v,}.
3. MAIN RESULTS

In this section, we will study and discuss about dual of X, -frames for Banach space
E with respect to X,, . Let X,, be a model space induced by {G,}.
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Consider the sequence space

T({Gn})z{{yn} ele: ; nZ.il:y:(yn) converges, V{y,} Xm}.

This is a Banach space equipped with the following norm

i)

n

Sl vbryer(ien)

i=1

= sup sup{

Jiyijlst 1<n<eo
ileXo

Then, T({Gn}) IS an isomorphic to the dual of X, under the mapping {y:}—>h,
where

h({ya})=2 ¥ {Va} e Xo heX;,
n=1
Thus, the space X, is also a generalized BK -space.
Hence, forany {y,} e X, and {y,} € X;,, we have <{y:},{yn}>:iy:yn.
n=1

Definition 3.1. Let T={v,} be a X, -frame for E with respect to X,, and Q={u,}

be a X, -frame for E* with respect to X, . If these two X, -frames satisfy the
following conditions:

X=D uv,x, VxeE. (3.1)
=1

X'=>viux, VX eE. (3.2)
=1

Then, we call (T,Q) is a pair of dual frames for E . Here, one of them is called a dual
frame of others. Let T ={v,} be a X, -Bessel sequence for E with respect to X, and

R; be an analysis operator of T ={v,}. Then, we have R; (x)={v, (x)}, VxeE.

It is easy to see that adjoint operator R; of R, can be defined as follows;
R Xg > E", suchthatRy ({y,})=Dovivn,  ¥{vi}eXq.
n=1

Indeed, suppose that R; and R, are the analysis operators of T ={v,} and Q={u,}
respectively, then from (3.1) and (3.2) we find that

RgRTx=R5({Vn(x)})ziu:vnx:x=lEx, VxeE. = RyR; =I¢.
n=1

Similarly, we find that RfRyx=R; ({un (x)})ziv;unx* =X =1_x, vx eE".
=1
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Definition 3.2. A family T ={v,} of operators, where v, eL(E,G,) VneN, is said to
be an independent, if the following condition is satisfied:

3% =0, (X} e X = X, =0, ¥neN.
n=1

Here, we give the necessary and sufficient condition for a X, -Bessel sequence to be
an independent X, -frame.

Theorem 3.3. Let T={v,} be a X,-Bessel sequence for E with respect to X,,.
Then, {vn} is an independent X, -frame if and only if its analysis operator R;is
invertible.

Proof. Assume that {v,} is an independent X, -frame. Then, we have
iv:x: =0, {X;}e Xe = X, =0, ¥neNl.
y
In order to show that R; is invertible. We first to show that R; is an injective.
So let {x; } eker(Rf )= R ({x:})zo. This gives Zv:x: =0. (By definition of R;)
Hence, x =0, VvneN. Thus, ker(R; ) ={0} = Ry is injective.

Now, we see that %(RT)z(ker(R{f ))l ={0}" = X,,. Therefore, range of R;is dense
inXg.

In addition, from the definition of X, -frames, we know that R; is bounded below and
ran(R; ) is closed. HenceR; is invertible.

Conversely, let us assume that R; is invertible. Then R; is bounded below. Thus,
{v,} is aX,-frame. In order to prove that {v,} is an independent X, -frame let, if
possible, {v,} is not an independent X,-frame. Then, there exists a non-zero

sequence {y,} < X;, (assume n, €N, y, #0 ) such that v, y, + > v,y; =0.

n#n,

Vi Yo == Vo Yn- (33)

n=n,
Since y, =0, there exists y, €G, such that y; (y, )=0.

Again, since R; is invertible, there is x € E such that

R (x):{5nno yn}, i.8., Vy (X)=6, Vo VneN.
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From L.H.S. of (3.3), we have
<v:0 Yoo x> =Yn, (vnO (x)) # 0.
Thus, we get
<v:0 Yoo x> #0.
Again, from R.H.S. of (3.3), we have
<—Zw:VZyS, X>=—i<VZy§, K== (¥ )

o0

==>'v (an)=—i Yo (Gony Yo ) =0-

n=ngy n=ng

Thus, we get

<—iv:y:, x>=0.

n=ng

8477

(3.4)

(3.5)

Therefore, from (3.4) and (3.5). We get a contradiction. Hence, {v,} is an independent

X -frame.

In the next result, we have proved that an independent X, -frame with respect to

model sequence space X, must have a dual frame.

Theorem 3.4. An independent X,-frame {v,} for E with respectto X, must have

a dual frame.

Proof. Let T={v,}be an independent X, -frame for E with respect to X,, Then

from Theorem 3.3, its analysis operator R; is invertible and hence R; is invertible.

For anyneN, put u, =P,R*, where P, is the coordinate operator on X. Then,

u, €L(E",G;), vneN and for any X" <E’, there exists a sequence {y;} X;, such

that
EDRAN
n=1
So,

fun () =R () = (R} ) = i e i

and forall x" € E”, we have

* *1y* * *_1 *
“x H: Ry RT(X)SRT X

R;(x*)

<[Re IR
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Therefore,

*

X

*

Ry

<Jfn (N =lrr (O, =[N

Hence, Q={u,} isa Xg-frame for E" with respectto Xg.

*_1 *
-| <Rl
Xo Xo

Forany xeE andx” eE", we have

0

<iv:unx*, x>=i<v:unx*, x>=z<unx*, vnx>
n=1

n=1 n=1

And <x*, iu:vnx> =

=g<PnR;1x*, vnx> = §<Pn ({y:}) V”X>
>

From above, we must have x=>uv,x, VxeE,and X' =) viu,x', Vx eE".
n=1 n=1

This show that Q ={u, } is a dual frame of T ={v, } , i.e., (T,Q) is called a pair of dual
frames for E.
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